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Preface

Giuseppe Del Re was one of the early pioneers of quantum chemistry in Italy.
We, the guest editors of this volume, were among his many students and stiil
retain a vivid and happy memory of his lectures on the subject: he took the
greatest care in clarifying the meaning of all the key concepts and always in-
sisted that the ultimate goal of the beautiful theory he was unraveling before
our eyes was, quite simply, to provide a useful tool for interpreting complex
chemical phenomena. He made it clear to us that even if the Schrédinger equa-
tion provides, in principle, the means of calculating all molecular properties, it
can never provide an “‘explanation” of anything. It has to be considered simply
as a starting point for deriving, through a series of approximations, simplified
models from which one could form concepts and interpretive schemes better
adapted to the task of explaining, for example, trends in behavior of molecules
in a given class and why they differ from those of molecules in another class.
Giuseppe Del Re came from a classical and humanistic tradition and this may
partly account for his continuing interest in philosophy and epistemology, mean-
ing and interpretation, rather than the technicalities of calculation. His lectures
were punctuated by excursions into literature and philosophy and helped us to
appreciate the unity of all scientific and cultural endeavor.

In his own research, Del Re belongs firmly to the old school: he is a strenuous
defender of the interpretive role that theory should have in chemistry, an attitude
that is particularly appreciated by those of us who (growing up in the computer
age) have sometimes been tempted to identify progress in quantum chemistry
with progress in computer science.

The guest editors of this volume, along with many of his past and present
students and cotlaborators, felt that Giuseppe Del Re deserved special recogni-
tion and that a special issue of Advances in Quantum Chemistry in his honor
would be a fitting celebration of his 65th birthday. The idea was warmly en-
couraged by the Editors, Per-Olov Léwdin (with whom Giuseppe began his
work in the field in the 1950s), Michael Zerner, and Erkki Brindas, and enthu-
siastically received by the contributors to this volume.

XV



xvi PREFACE

The contents of this special issue, with their many references to the scientific
work of Giuseppe Del Re, provide an eloquent testimony to his influence. It
remains only for us to draw attention to a few main themes in his activity and
to indicate some of the points at which his contributions have proved, in our
opinion, most original and fruitful.

First, it should be remarked that Giuseppe’s capacity for debate was legendary.
There are many anecdotes about his “‘round table” discussions (a very popular
means of information exchange in Italy), where he would bring together a few
eminent scientists from leading quantum chemistry groups in Europe (usually
in remote and beautiful surroundings, e.g., on an island in the Bay of Naples)
for a few days of almost unbroken discussion and argument about our discipline,
where it was going, and what we were trying to do. The debates were hardly
ever made public, but their impact on the participants was enormous. In those
debates, a recurrent theme was the latent antithesis between the quantitative and
qualitative approaches to quantum chemistry, fueled by the impressive devel-
opment of computer technology and computational methods. Del Re’s stand-
point, supported by his many reminders about the necessity for compromise
between accuracy and understanding, was that all bona fide methods, whether
containing empirical parameters or not, could contribute to our understanding
of observed facts provided they were based on ‘‘good physics.” Among the
ideas that he transmitted to his students and young collaborators was a belief
that a qualitative rule with a vast field of applicability is far better than a quan-
titatively accurate result that gives no hint about general trends. In a certain
sense, the density functional approach illustrates such ideas: it is a direct de-
scendent from the free-clectron gas and other one-electron models containing
orbitals and empirical parameters within a sophisticated mathematical frame-
work, and it appears to give reliable results of wide generality.

One of the earliest and best known contributions of Giuseppe Del Re also
illustrates his quest for simplicity combined with generality: it concerns the
implementation of Roothaan’s SCF approach, in a very approximate form, by a
“multi-local” treatment of each atom in the presence of its nearest neighbors.
The procedure is “cyclic,” involving one atom at a time, and applicable to very
large molecules. Consequently it has been, and continues to be, widely used in
““quantum biology.” The use of localized orbitals, including in particular hybrid
orbitals, is one of his continuing activities: apart from its historical interest, the
concept of hybridization lies at the root of most textbook descriptions of mo-
lecular bonding in organic molecules, in inorganic compounds, and in the solid
state. Del Re’s commitment to localized-orbital descriptions, wherever possible,
together with his a priori procedures for the construction of “optimum’ hybrids,
paves the way for the development of linear scaling procedures for the treatment
of large molecules at both semi-empirical and ab initio levels. It is noteworthy
that recent developments in ab initio valence bond theory add considerable sup-
port to the immense value of the hybridization concept and its use in all such
applications.



PREFACE Xvii

Another seminal paper by Del Re and his collaborators was in the field of
polymers and solids; again it concerned the implementation of the Roothaan
SCF method, this time to systems with a periodic structure. This important area
has developed enormously during the past 30 years, with many applications in
new-materials technology and polymer science, but the contribution by Del Re
et al. was among the very first in the field. Other relevant papers deal with the
problem of surface states and chemisorption, including the definition of electro-
negativity for a species absorbed on a metallic surface.

Already by the end of the 1960s, Del Re had convinced himself that quantum
chemists should not confine their attention to structural and the more traditional
spectroscopic aspects of chemistry, but should take account of the time evolution
of systems prepared in nonstationary states, thus moving from the study of the
time-independent Schrodinger equation to that involving time. With this presci-
ence he no doubt anticipated the development of laser sources, with shorter and
shorter pulses (down to a few femtoseconds) and of time-resolved spectroscopic
techniques that were to fumish results that would provide challenges for new
generations of theoreticians. His own contributions were mainly to the time-
dependent approach to chemical reactions, to nonadiabatic coupling and non-
radiative transitions, to intramolecular energy redistribution, and to electron and
proton transfer reactions.

In recent years, intellectual curiosity coupled with his broad cultural back-
ground, has prompted Giuseppe Del Re to explore areas across the boundaries
between pure science and the humanistic disciplines, leading him into the history
of chemistry, epistemology, the problems of complexity, and the mind-body
relationship.

We hope that this brief presentation will convey some idea of his scientific
and nonscientific interests and of the depth of his influence on others; as a
teacher, his aim has always been not simply to “‘inform,” but rather to form the
minds of his students. It is therefore a particular pleasure for both of us, and
for all the other authors, to have contributed to his special volume of Advances
in Quantum Chemistry.

ALESSANDRO LAMI
VINCENZO BARONE
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2 C. Barbier and Gaston Berthier

1. Introduction : A perennial concept

Through its ups and downs, the concept of orbital hybridization is most
significative for the perspectives opened out by Quantum Chemistry from about
1930. Let us only mention all the disputes in which it was involved during almost
one century with regard to tricky questions of molecular structure (i.e., the
supremacy of valence-bond pictures over molecular orbitals or vice-versa, the
physical content of the resonance theory, the localization versus delocalization
dilemma and so on...). Furthermore, its study gives us a good example of the
specificity of the scientific explanation among chemists (i.e., the rejection of
reductionism to Physics [1] ).

1.1 The first period

The algebraic manipulation of atomic orbitals to which the name of
hybridization has been attached was initiated by Pauling [2]. Merging together
the idea of shared electron pairs of the classical valence theory of Lewis and
the quantum mechanical treatment newly presented by Heitler and London for
the hydrogen molecule [3], he offered a somewhat intuitive description of the
chemical bond in complex molecules by using "hybrid orbitals of maximum
bond-forming power" [4]. More concretely, the four valences of the carbon
atom in the methane molecule were assigned to four sp> orbitals whose axes of
maximum electron density were arranged in conformity with the dictum [5]
“There is a large amount of experimental evidence suggesting that the carbon
atom has four valencies radiating from the centre to the corners of a regular
tetrahedron .

In subsequent independent papers, Pauling [4] and Slater [6] generalized
the valence-bond treatment made for the Hy molecule to polyatomic systems as
H,0, NH3, CHy etc ... where an atom of the first period (the second row) is
linked to hydrogens by several two-electron bonds ; they described the valence
orbitals coming from the central atom by appropriate s and p combinations
known later as hybrid orbitals. At the same time Hund [7] and Mulliken [8]
presented another quantum theory of valence, the molecular orbital method in
LCAOQ form, using the spectroscopic concept of molecular configuration built
from s, p, d ...pure atomic orbitals. The actual status of the hybridization process
was clarified by Van Vieck [9], who showed that the various approximations
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introduced in the quantum mechanical treatment of valence were responsible
for many differences of interpretation rather than the content of the methods
themselves. For instance, hybridization involved in the perfect pairing of
localized electron-pairs and resonance limited to chemically significant bond
functions amount the same thing [10,11] This culminates in the final
equivalence of methods starting from common sets of -pure or mixed- atomic
orbitals (i.e., valence bond or molecular orbital treatments including all the
possible distributions of electrons in the wave function) first proved for very
simple systems [12,13] and later generalized [14,15].

1.2 Valence state theory

From the point of view of Natural Philosophy, the concept of atomic
valence states, developed by Van Vleck, Mulliken and others [ 9,16,17,18)] in
close connection with hybridization, is a major achievement, for it gives a
microscopic picture of the atom in situ taking into account the level of
complexity to be preserved in the theoretical analysis of chemical facts [1]. The
basic ingredient of the theory consists in a formal decoupling of some paired
electrons for the atom considered in accordance with its valence in molecules :
To do that, two steps may be necessary : first, promoting one electron of a 2s
filled subshell, if necessary, into the adjacent p shell (case of carbon s2p2 versus
slp!plp!) or d shell (case of transition metals s2d-2 versus sldn-1) ; second,
randomizing the spins of the valence electrons with respect to each other (i.e.,
by means of the value 1/2 Kj; assigned to the exchange term corresponding to
the valence orbitals of the atoms in question [16]).

The valence state definition above is just operative, for it generates
energy terms calculable from spectroscopic data in the frame of the Slater
model of atoms in their neutral and adjacent ionized states. The valence orbitals
can be defined in pure or hybrid forms, corresponding to familiar s,p tetrahedral
(te), trigonal (tr) and digonal (di) sets for light atoms, or to the huge variety of
s,p,d combinations for heavier atoms [19,20]. To conclude by a fairly common
remark on the valence states, we will add the fact that their building-up process
from atomic experimental data, the Fx and G Slater parameters [21], implies
that they do not be thought as physical observables, but rather to a linear
combination of genuine spectroscopic states [22]. Without going into details of
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chemistry, the energy loss due to the contribution of atomic excited states in this
mixture is said to be largely paid by the formation of bonds.

1.3 The present status of hybridization

Nowadays, the concept of hybridization remains the basis of the most
popular description of the molecular bonding, namely that of 6, ® - and & -
chemical bonds between atoms in organic [23] as well as inorganic compounds
and solids [24]. The terminology of hybridization gives us a simple way to
characterize "atoms in molecules” [25] by their valence states, which in the
same time precises the type of geometry of the atomic site considered. We can
use hybridization not only to sketch the spatial distribution of the binding electron
pairs, but also according to Pauling to describe lone pairs with privileged
directions depending on their percentage of s and p characters [26,27]. If|
finally, we pass over the questions connected to its theoretical origin,
hybridization can be considered as a simple way for describing, both in
speaking and in writing, the so-called molecular observables in terms of atomic
components.

Another reason for the success of such interpretations lies in the fact that
hybridization becomes a flexible mode! applicable to systems of arbitrary shape
when it is equipped with the maximum overlapping principle establishing a link
between bond strengths and overlap integrals of hybrid orbitals centered on
neighbouring atoms [28,29]. As it will be shown in the next section, this is the
guiding idea of Murrell [30], Coulson [31] and Del Re [32] for a priori
calculations of hybrids in a molecule. In the seventies, however, hybridization
has been fiercely criticized by people pretexting that its use supposes a
preliminary knowledge of the molecular structure to be predicted and preferring
the VSEPR orbital-free model of Gillespie instead [33]. In so far as a qualitative
picture of the molecular structure is requested, it would be better to say that both
models are basically isomorphous, mimicking molecules by a set of initially
equivalent sites whose interaction is afterwards governed by an energy criterion
(i.e., the maximum overlapping principle of hybridization, or the hierarchy of
electron-pair repulsions in the VSEPR model [34]). By no means, the quantum-
chemical applications of the hybridization concept are really concerned in this
quarrel ignoring the fact it is first of all a procedure intended to prepare atoms in
a molecule to bonding. To end the matter, suffice it to speak in measured terms
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of hybridization : i) it is a way for constructing"chemical orbitals” , that is 1o say
wave functions which preserve the concept of bond properties [35,36] and in the
same time gives us good starting points for the developpement of various semi-
empirical or ab initio treatments-. ii) it is not an experimentally observable
phenomenon, but according to Coulson merely "a feature of a theoretical
description”.

2. Theoretical determination methods of hybrid orbitals
2.1 Geometrical constructions

To avoid possible problems of linear dependence , it is generally
assumed that the hybrid orbitals hp; centered on a given atomic site A are
orthonormal :

< hai | haj > = & {9

If so, the direction and form of hybrids starting from the central atom A of a
highly symmetrical system, as methane or complexes of transition metals, for
instance [Co(NH3)g]3-, are defined by the geometry of the molecule,
independently of the nature of the nearest neighbours B. In such cases,
hybridization of orbitals on atom A gives us a convenient basis for describing
the set of equivalent bonds A-B by combination with the orbitals of atoms B ;
hybrids of A adapted to the symmetry of the molecule (i.e., to its directed
valences) are easily determined by projecting a set of central-field orbitals
s,p,d ... of atom A into the irreducible representations of the point group to which
the molecule belongs [19]. Lists of all the possible types of s,p,d hybrids for
highly symmetrical molecules and a number of s, p, d, f combinations are given
in the literature [37,38]. Hybrids for some compounds of lower symmetry have
been also reported [39,40].

More generally, hybrids pointing in any direction around an atomic site A
can be obtained by straightforward geometrical constructions {41] provided the
form of the molecule is already known (i.e., by another theoretical or
experimental way). The vectorial character of the px, py, p; orbitals
transforming as the axes of a cartesian coordinate system ensures the success
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of such calculations, except if the valence angles become smaller than 90° : A
well known example is cyclopropane, a three-membered ring with bond angles
of 60° to be described according to Coulson and Moffitt [42] by a model of
hybridized "banana bonds" explaining its conjugation properties as a substituent
on aromatic nuclei. A somewhat similar situation occurs with four-membered
rings, as cyclobutane [43]. It has been suggested [44] that the difficulties leading
to bent banana bonds in small rings could be circumvented by accepting
combinations with complex coefficients as solutions for hybrids. The difficulties
due to the occurrence of broken symmetry solutions with respect to time
reversibility when using complex wave functions can be solved by separating
real and imaginary parts in variational caculations [45]. However, bent bonds
formed from real orbitals are a little more convenient [46].

If we limit ourselves to s and p combinations, we can state without any
doubt that the bonds formed between an atom A and its neighbours B using
appropriate geometrical hybrids verify the principle of "maximum overlapping
of atomic orbitals" (M.O.A.O. criterion) even if the atoms B linked to A are
different. Clearly, the integrated product hahg of a pair of ¢ hybrid orbitals
giving the best bond energy Eap will be as large as possible if the directions of
hp and hp in space coincide, the overlap between ha and hg being maximum.
However, hybridization of d (and f ) put some problems to theoreticians, for
instance the preservation of the cylindrical symmetry properties of s p d hybrids
[47] and the unicity of possible solutions [48], but they are not serious according
to Pauling [49]. The alternative suggested by Daudel and Bucher [50] was
relaxing the orthogonality constraints.

2.2 Maximum overlap criteria : The Del Re method

Methods for a priori determination of atomic hybrids using the principle
of maximum overlapping have been implemented towards the sixties, either in
global form or in a more local form. The procedures used by Murrell for quasi
centro-symmetrical molecules [30] and by Coulson and Goodwin [31] consist in
simply maximizing the sum of all overlap integrals between © paired orbitals.
More or less different techniques have been suggested later [51,52] The method
developed by Del Re from 1963 [32] is a more refined multi-local treatment
involving each atom and its next neighbours in turn. Taking the likeness of the
eigenvectors of the overlap and effective Hamiltonian matrices for granted as a
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consequence of the possibility of evaluating off-diagonal terms approximately
by means of the Mulliken proportionality rule to overlap (see [53,54]), this
procedure is based on a principle of "maximum localization of hybrid orbitals"
(M.L.H.O. criterion). The best hybrids are the ones which lead to a localization
of the overlap matrix of the whole molecule, under the condition that the set of
orbitals assigned in this manner to each atom be orthonormal. Here, the word
"localization” means that the resulting Hamiltonian is -to a certain degree of
approximation- factorized in 2x2 blocks corresponding to the various pairs of
bonded atoms, except if the presence of several large off-diagonal elements
suggests the idea of many-center bonds. Such a definition gives us a unique set
of hybridized functions for each atom of a molecule consistent with the
maximum overlapping criterion and in the same time an efficient computational
procedure for any system. The equations of the Del Re hybridization method
have been written out first in the case of single-zeta s, p valence orbitals of first-
row atoms and generalized later to more complicated basis sets, as it will be
discussed below.

2.2.1 Building procedure of maximum localization hybrid orbitals

Consider a system composed of atoms A, B, C etc ... and let XA, XB, XC
be their respective 2s, 2px , 2py , 2p; valence orbitals defined in a single
coordinate system. The basis set of the whole molecule can be represented by
the row vector ¥ = (XA , XB, XC etc ... ) collecting all these basis functions :

X =(2sa 2pxa 2pyA 2pzA 2SB 2pxB 2pyB  2pPzB --) ()

The overlap matrix S = ()T, %) formed of diagonal elements AA, BB all equal to
the 4x4 unit matrix I and of off-diagonal blocks AB, AC efc .. such as
SaB = (xTA . xB) can be written as follows :

I Sas  Sac

S = 1 Ssc 3)
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where SAR , SAc efc ... are the overlap matrices between pure atomic orbitals
of A,B,Cetc..

<2sAl2sB> <2sAl2pxB> ..

SaB = <2pxAl2sB> <2pgal2pxB> ... @

We have to find a unitary transformation U changing the ¥ basis into a new one
x' such as U only mixes the orbitals belonging to a same atom without mixing
them with those of other atoms. Then the ' basis is changed into

X =(xaUa xBUB xcUc etc ..) &)

and Sap and S into

Sap= UtaSapUs (6)

I UaSaBUp UfaSacUc

UtsU

w
1]

I UtgSpcUc )]
I

The localization would be perfect if each of the off-diagonal blocks S'ag.
S'AC ... contains only one non-zero element on its diagonal, say AAg AAC ... , for
a given hybrid of atom A should form a bond with only one hybrid belonging to
each of its neighbouring atoms B, C ... Therefore, the U transformation has to
keep the diagonal blocks of S unchanged and to transform the remaining part of
the S matrix in order to have only one element in each row and column. It is
always possible to arrange the hybrid orbitals of any (polyatomic) molecule in
such a way that the overlaps < hap | hga > . <hac | hca > erc ... are on the
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diagonal of their S'AB S'Ac etc... respective blocks. The maximum overlap
condition will be practically satisfied if all the S'xy blocks are as close as
possible to diagonal matrices, that is to say if the S’ whole matrix has the
following form :

1 0 0 0 AAB..

0o 1 0 0

0 0 1 0

0o 0 0 1 ..

S'= ABA ... 1 0 0 O (8)

0 1 0 0
0 0 1 0
0 0 0 1

where the terms of the off-diagonal blocks explicitely written are those having
the largest absolute values for bond-hybrid overlaps. For instance, we have:

(UTASABUB)1I = AaB for the AB block
(UtgSTABUA) 11 = ABa for the BA block 9)

with Aga = Aap, Putting Uta| and UTR| for the first rows of Ut and Uty
that is to say :

UtA1SABUB = (AaB)x (1,0,0,0) (10)
Utg1STABUA = (AaB)x (1,0,0,0) (11)

and multiplying Eqs (10) and (11) on the right by U'g and Ut 4 respectively,

we get
Ufa1SaB = Aap U'p) (12a)
U'p1STAB = ag UTal (12b)

or after multiplying Eq. (12a) by STap , substituting Eq. (12b) and transposing :
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SaBStasUAl = A2aB Uay (13)
Similarly,

STABSABUBI = A2 Up

Thus, Ua| and Uy are the eigenvectors associated with the largest eigenvalues
of SABSTAB and STABSAB respectively. If we now pass to the pair of atoms A
C, we can apply the same treatment to the S'ac block matrices, so that we have
a new pair of equations defining Ux and Uc and so on ... This process has be
repeated for each atom, giving a number of conditions depending on its number
of valence orbitals and next-neighbours (here, four).

The eigenvectors computed from the largest eigenvalues of Eq. (13),
say ﬁA1 , fJAz . ﬁA3 , ﬁA4 . ﬁB] , ﬁBz s ﬁB3 , ﬂB4 etc ..., give only a first
approximation U of the unitary transformation U we wanted. It is due to the fact
that the local transformations fJA , ﬁB defined in this way for the various atoms
A, B ezc...are not unitary because the overlap matrices connecting each of them
with its neighbours do not generally commute. This deficiency can be cured by
substituting unitary transformations Up | Up for Ua , fJB etc ... as close as
possible from the latter (i.e., by requiring that the scalar product of the Ua and
U, vectors is maximum) Using Eq. (13), the corresponding variational problem
writes:

8{Z i[A24; (0TAiUA; + UTp; Uap) - ZjMjj UT 5 Uaj 1} = 0 (14)
with a symmetrical set M s of Lagrange multipliers Mjj preserving the unitary
character of the Uy transformations. Differentiating Eq. (14), we get a couple of
transposed equations such as:

UaA27A = MpA Uy (15)

where A2, is a diagonal matrix of elements

Aa1=2A2aB, A2a2=A25C, etc ... (16)
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We can solve them by assuming that the Ua blocks forming the U unknown
transformation are the products of two new unitary matrices V5 and Wty4 | the
first one permitting by the same token to reduce M to its diagonal form my :

Up = VAWT, (17a)
Mj = VAmAVTA (17b)

Then, Eq.(15) and its transpose are replaced by

Ua A24 = Vama Wiy (18a)
A2AUTA = Wamp Vig (18b)
equivalent to UAAZAWL = Vama (19a)
A200TAVA = Wamp (19b)

Multiplying Eq. (18b) by Eq. (19a) and Eq. (18a) by Eq. (19b) on each side, we
obtain two eigenvalue equations, namely :

A2, ﬁTAﬂA AZpaWp = Wam?Zy (20a)
IjAA4A ﬁTAVA = Vam2y (20b)

the resolution of which gives W and V4 , that is to say the hybridization matrix
Ua = Vo W4 for each atom A we were looking for. However, it is necessary
to make sure that the elements of the ma matrix as calculated from Eq. (19a)
have non-negative values, a condition which may be always ensured by
changing signs in the columns of W initially computed from Eq.(19b) [32].
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In Fig.1, we give the flow chart of the computer program to be
implemented in order to determine the best possible hybridization matrix U for a
molecule satisfying the criterion of maximum overlap according to Del Re. The
successive steps of the calculation for a given atom, say A , are :

1. Construct the overlap matrices SAB , SAC ...

2. Compute SAB Stap and STASAR , Sac STac and STac Sac etc ...

3. Evaluate the eigenvalues A2 of the couples of AB, AC efc ... product matrices
4. Select the highest eigenvalues (A2AB)max» (A%AC)max... and the
corresponding eigenvectors and form the U blocks, the columns of which are
the eigenvectors associated with (A2AB)max, (A2AC)max €1 ...

5. Form the diagonal matrix A from the A squared precedent values

6. Calculate and diagonalize the A2p Uta Ua A24 product , the eigenvectors
of which are the columns of the new matrix W and the eigenvalues are the
elements ma;2.

7. Calculate and diagonalize the Ua A44 U4 product, the eigenvectors of which
are the columns of the new matrix V.

8. Form the product V5 W, = U, giving the hybridization matrix of the orbital
centered on atom A (and the angles between resulting hybrids from their s and p
percentages)

9. Repeat for the next atom B and so on ...
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Fig.1 - Résumé of the hybridization algorithm for atom A linked to atoms B, C, D

% = (SAPxAPyAPzX SBPxBPyB PzB SCPxCPyCPzD SDPxDPyD PzD)

SaB Sac Sap
Sas STaB Sac STac Sap STap
diagonalization

A2ai = A28, A%AC . A2AD

Oai = Uap ., UOac , Oap
A2 : diagonal matrix formed Oa: square matrix formed
by the elements A2aj by the eigenvectors Oai
| |
A2, Oty Ua A2, LIPWCT IAIN
1 |
diagonalization diagonalization
{ '
m25 and Wy m2, and Vu

\

VAWTA=Ujx
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The algorithm of Fig.1 works satisfactorily as soon as atom A is able to
use all its valence orbitals to form as many bond hybrids with its partners B,
because a well-defined non-zero A;2 value is effectively found for each hybrid.
In the case of an insufficient number of partners B as in Fig.1, the zero input-
values assigned to orthogonal orbitals corresponding to absent links have to be
treated in different ways according to the structure of the molecule considered :
i) A belongs to a conjugated system ; A24;=0 corresponds to a (2)prt pure atomic
orbital ii) A is a heteroatom bearing a ¢ lone-pair, as nitrogen in amines or
oxygen in carbonyls ; A24; = 0 has to be substituted by an appropriate non-zero
value in order to have a set of hybrids correctly directed [55], as will be
described in Section 2.2.2 iii) A is a radicalic center, as in trivalent carbon
compound ; A24; = 0 is retained or substituted by another value, according as the
species in question is a ® or a ¢ free radical

In passing, we will note that the algorithm first developed for hybridization can
be adapted to the problem of the localization of the normal vibration modes
given by the GF Wilson method [56].

2.2.2 The lone-pair problem

The sole maximum localization criterion is unable to give physically
significant results for the ¢ lone pair of a heteroatom because the not-
overlapping hybrid corresponding to it is completely determined by the
orthogonalization condition with the bond hybrids. As a result, the 2s valence
orbital is ill-balanced between the components of the whole set of resulting
hybridized functions, and so the angles between them is in poor agreement with
the experimental bond angles ; for instance, the bonding hybrids of water appear
to have a high s-character, so that they form a too large angle (138° versus 105°
for the experimental bond angle). In such cases the maximum localization
criterion strictly limited to bond overlaps (i.e., without any restriction on non-
bonding hybrids, except for the orthogonalisation condition) yields undesirable
bent bonds.

The situation is drastically changed by introducing new conditions on non-
bonding electrons, for instance on energetical reasons. According to
considerations going back to Pauling, the fact that non-shared electrons of an
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atom have the propensity of occupying lower energy levels and, consequently,
hybrid orbitals whose s-character is more important that of the bonding ones, can
be envisaged. This was, in fact, the origin of the hierarchy of the electron-pair
repulsion terms in the Gillespie-Nyholm model [33].

The solution retained by Del Re et al. was to treat the question in a
heuristic suitable way. The non-bonding orbitals of A are determined as if they
were overlapping with a non-specified orbital belonging to a phantom partner B’
in addition to its real neighbours By , By ... The corresponding AZanp value
between, say 0 and 0.5 , was adjusted by plotting the angle of the resulting
hybrids, to be associated to the bonds between A and By , By, ... versus the
experimental angle ByAB, in reference molecules, Using ordinary Slater
orbitals for the overlap integrals requested by the Del Re method, it is found that
the value A2y, = 0.25 give bond hybrids practically equal to the experimental
bond angles in water and ammonia, whereas they are slightly smaller than their
experimental counterparts in some methy! derivatives.

In computer programs using hybridization routines, an automatic
procedure for evaluating the weights A2anp assigned to the ¢ lone-pair hybrids of
atom A has been devised, namely the arithmetic mean of the weights A2sp
corresponding to the set of bond hybrids from A divided by a scale factor x.
Different values have been suggested for x, 1.45 [57] or 1.30 [58] according to
the method in which hybridization has been implemented. For generality’s sake,
A2anb is finally multiplied by the number of electron pairs occupying the non-
bonding hybrids : 0 for a vacant hybrid, 0.5 for a ¢ hybrid with a single non-
paired electron (o free radicals), 1.0 for a doubly occupied hybrid (o lone pairs).

A non-empirical alternative supporting a value A2app, close to 0.2 which
has been adopted for lone-pair weights in the preceding treatment was presented
later [59], using the concept of eccentric functions to enlarge the valence basis
set of heteroatoms by means of lone-pair functions (LPF). The NH3 molecule
was studied as a test without and with a LPF in the vicinity of nitrogen. A
reference calculation with Slater orbitals of exponents (N = CZpN = 190,
{1s= 1.24 for valence orbitals gives bond hybrids reproducing the experimental
bond angle HNH provided a weight A2nnp= 0.21 is assigned to the lone-pair
hybrid. If a 1s hydrogenic function of exponent {yp is located on the Cj3
symmetry axis at a non-zero distance Rpp from the nitrogen atom, the standard
hybridization procedure gives a complete set of non-zero eigenvalues A2 ,
hence the possibility of having correct bond hybrids by adjusting the parameters



16 C. Barbier and Gaston Berthier

Cip and Rpp properly. The best result, obtained with a semi-diffuse LPF
(CLp =0.3) close to nitrogen (Rpp = 0.1 a.u.), compares fairly well with the
primitive empirical procedure.

2.2.3 Extensions to enlarged basis sets

The hybridization procedure described in Section 2.2.1 is fulfilled by a
sequence of block transformations starting with overlap matrices Sap
generated, for convenience, by minimal sets of s and p orbitals. This
particularity, however, does not create serious difficulties for possible
extensions to more general basis sets. The 4x4 dimensions of the block matrices
originally considered have to be only increased in conformity with the size of
the bases in question.

The addition of five d orbitals to an s and p set, either as extra orbitals in
the second period (the third row) from silicium to chlorine, or as valence orbitals
for transition metal complexes is taking into account straightforwardly by raising
the dimensions of the block matrices up to nine [60]. However, mixing the d
functions added to the valence orbitals of non-metals, for instance sulphur, or
keeping them in their primitive form, has not a great importance, because they
play just a role of polarization functions in molecular structure calculations using
hybridization [61].

The case of atoms described by extended basis sets with several s and
p functions per shell is a little more complicated [62]. For instance, let us
consider the split-valence sets built in double-zeta form from Slater or
contracted Gaussian orbitals, which are commonly used for ab-initio
calculations of organic compounds. An example is the very popular 3-21 G and
6-31 G sets of Pople implemented in current computer programs of Quantum
Chemistry. For each atom, this description involves an inner group of rather
concentrated functions 2s and 2p and an outer group of more diffuse functions
2s' and 2p' (large exponents and small exponents, respectively). First of all, it is
necessary to begin the procedure by orthogonalizing the inner and outer
functions 2s and 2s', 2p and 2p' centered on a same atom A, for the generally
important one-center overlap between the inner and the outer sets should
destroy the meaning of any hybridization method based on the values of two-
center overlap integrals, The choice of a definite orthogonalization
transformation for this purpose, e.g. those of Schmidt or Lowdin, is immaterial.
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It is then possible to perform all the transformations sketched in Section 2.2.2
after doubling the 4x4 size of the various block-matrices indicated on the chart
of Fig.1. The eigenvectors corresponding to the lowest eigenvalue A2 give
hybridized double-zeta orbitals, to be assigned to bonds and lone pairs as usual,
whereas the existence of a second set of hybridized orbitals corresponding to
the next eigenvalue AZ; suggests other possible applications, for example in
genuine double-zeta valence bond calculations.

Other hybridization procedures for double-zeta basis sets may be
imagined, for instance by using projection techniques [63] : Starting with a set of
hybrids obtained from a parent minimal basis (e.g., STO 3G versus 6-31 G) we
can project the latter hybrids into the space spanned either by the inner subset or
the outer subset of the original split-valence basis. The extension of the Del Re
algorithm for hybridization to multiple-zeta sets does not raise any major
difficulty, which illustrates both the flexibility of the method and the perenniality
of the concept.

3. Conclusions : A multiple-purpose instrument
3.1 Miscellaneous structural applications

For a long time, and still nowadays, hybridization has been used as a
starting point for, so to say, a "linnean classification” of molecular observables ;
it enables us to rationalize a large body of experimental data : Internuclear
distances, bond angles, vibration frequencies and even chemical reactivity
[64,65], or their theoretical counterparts coming from quantum-mechanical
calculations in terms of standard s, p, d ... atomic contributions. We are not
willing to go back to this matter in its entirety, because it is presented in text-
books for most of these properties ; as little less standard topics, we have
preferred to turn us to those properties which are known by the generic name of
spin coupling constants in magnetic resonance spectroscopy.

The quantum-mechanical picture of hyperfine structures presented by
the spin-spin nuclear magnetic resonance (NMR) and electron-spin resonance
(ESR) spectra involves a variety of spin Hamiltonian parameters of molecular
origin whose magnitude determines that of the coupling constants. In such an
analysis, the most characteristic term arises from the Fermi -or contact -
operator :
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HEermi o< z:elec Enuc d (Yelec - Tnuc) Selec Inuc (21)

(see e.g. [66]), the importance of which is connected with the values of electron
densities (in NMR) or spin densities (in ESR) on the nuclei experimentally
tested. The specific form of Fermi operators implies that the magnitude of the
contact terms is determined by the s local character of the molecular wave
function on some nuclei, i.e, by the relative importance of its s atomic
components in these points. Let us add that other spin operators involved in
magnetic resonance spectroscopy, such as the electron-spin and spin-spin
dipole operators give, for their part, contributions determined by the p character
of the wave function. In this matter, hybridization is of paramount importance
for the understanding of spin coupling constants in terms of electronic structure.

The lJxy coupling constants between two chemically bonded nuclei
XandY in NMR give a striking example of the explanatory power of the
hybridization concept, especially for the 13C - H and 13C - 13C couplings, where
the Fermi contact term is known to be dominant over all the other types of
magnetic interactions. Their experimental values can be rationalized by
formulas of the form:

Uxy = ksx sy + ¢ with sy =1 (22)

k and £ being parameters determined from spectroscopic data by least-square
fittings in appropriate series of chemical compounds, and s the s-percentage of
the atomic hybrids forming the X - Y bond. Actually, this relationship works
well for the couplings across the CH and CC bonds of acetylene, ethylene and
ethane, where the s fractional character of the sp, sp? and sp3 standard hybrids
varies from 0.50 to 0.33 and 0.25. Of course, explicite hybridization calculations
are needed for hydrocarbons having particular structures (for instance three- or
four-membered cycles [67)]). The k proportionality factor is much greater than
the ¢ constant, so that the latter may be ascribed to small perturbation effects not
included in the Fermi contact term.

In ESR spectroscopy, the large quantity of data gathered between 1960
and 1980 has been interpreted in terms of ¢ and & spin densities, according to
the orbital description of the unpaired electron in an independent-particle model.
Within this picture, a ¢ radical has a singly occupied orbital belonging to the



Half a Century of Hybridization 19

same subset as the hybridized bond and lone-pair o orbitals, while a  radical
uses an orbital built from atomic functions perpendicular to the planar or locally
planar ¢ framework [68,69]. So it is easy to understand by symmetry reasons
why the electron-spin coupling constants of the ¢ free radicals are dominated by
the direct contribution of the contact term, the magnitude of which depends on
the s character of the singly occupied orbital, whereas the couplings of the «
radicals have indirect contributions due to 6-m spin-polarisation mechanisms
only [70,71].

Still, the concept of hybridization is relevant even for electron-proton
couplings ajH because their values are practically determined by the spin
density p; located on the next-neighbour atom i of the proton considered, for
instance the unsaturated carbon C to which H is attached. These couplings are
governed by relationships of the form

aill = Qp; (23)

where Q is a proportionality factor possibly depending on other characteristics
of carbon C;. If the spin densities are known, it is possible to derive an empirical
value Qexp for this factor using experimental data. The variation of Qexp inside
a series of related molecules enables us, by comparison with the bond angles, to
see whether the usual hypothesis of atomic hybrids directed to each other has to
mitigate in some cases.

To illustrate the last point, we will consider the ESR spectra coming from
an unpaired electron in ® electron systems of unsaturated monocycles C,Hp,.
Using 1/n as spin densities p;™ for carbon Cj , the ratio Qexp = all/ p;™ computed
from the experimental data does not change appreciably, in spite of apex angles
CCC deviating very much from the 120° standard value for n = 6. This fact is
easily understood in the frame of the hybridization theory by assuming that Qexp
is not determined by the values of the cyclic bond angles, but by the less
sensitive values predicted by the Del Re hybridization theory {72] ; in other
words, the straight bond hypothesis has to be relaxed for strongly strained
systems.

Let add that similar considerations cannot be developed without caution in
the case of long-range spin parameters of NMR and ESR spectroscopies,
because these couplings result from a delicate balance of many effects (see
[73]). Their study (including possible vibrational contributions) requires much
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sophistification in the application of quantum mechanical methods to the
evaluation of spin-hamiltonian parameters by perturbation theories at the semi-
empirical level (see e.g. [74]) as well as at the non-empirical one. A striking
example in ESR spectroscopy is the calculation of the electron-proton spin
coupling constants for vinyl, the prototype of & free radicals [75].

3.3 Quantum-chemical flashback

Beside its various applications to structural purposes in Chemistry, the
concept of hybridization has a long story in Theoretical Chemistry as an
intermediate tool in the construction of realistic molecular wave functions. In the
old days of Quantum Mechanics, it was confidently used to determine bond and
lone-pair functions for molecular orbital and valence-bond treatments,
especially in the frame of the perfect pairing approximation (see e.g. [5]). Later,
this approach was revived in order to start with convenient building blocks for
writing a total wave function where electronic interaction can be introduced
either in a perturbative way, as in the PCILO method [76], or in a variational
way passing through quasi- localized orbitals at various approximation levels of
the VB and MO theories. (for a recent example see [77]). Presently, SCF-CI
treatments using delocalized molecular orbitals seem to be still preferred, but it
may be interesting for many reasons including Chemistry to have the possibility
of replacing a set of pure s,p.d etc... functions by its equivalent in terms of
hybrids adapted to the structure of the molecule in question. This is the aim of
hybridization procedures, like the Del Re method. Both points of view have
been exploited in the CS-INDO-CI semi-empirical method [78,79], where the
basic core parameters responsible for the agreement with experiment as
concerns conformations and spectra are determined on a set of hybrid orbitals,
but the CI computation of the electronic spectrum itself uses pure atomic
orbitals, just for convenience's sake.

To conclude this review, we should like emphasize the fact that no
serious argument can be presented for an exclusive use of pure atomic orbitals
in quantum-chemical calculations, except that of the separation of the radial and
angular parts of the wave function in the Hartree-Fock picture of the atoms
themselves [80]. To the defenders of the traditional s, p, d ... orbitals, we wish to
reply that there are four coordinate systems for which the Schrodinger equation
of the hydrogenic atom can be solved [81], instead of eleven for a wave
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equation without any potential term (see e.g. [82,83]), and that one of them, the
parabolic system, gives rise to sp hybrids directly [84]. Taking this argument
stricto sensu , we could be tempted to connect the origin of hybridization to the
degeneracy of the s and p levels in hydrogen-like atoms ; and so its importance
should gradually decrease from carbon where the 2s and 2p levels have very
close orbital energies to nitrogen and oxygen atoms, in conformity with the
primitive ideas of Pauling. However, we can also state that the formation of a
chemical bound creates an internal electric field suggesting by its analogy to a
Stark effect that the polar-coordinates picture is not really adequate for atoms in
molecules. More generally, hybridization can be considered as a way to prepare
a local set of orbitals belonging to some irreducible representations of a certain
point group [19], in other words to break the isotropy of the atom and to raise the
organization level of matter in this way({85].
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Summary

The hybridization principle of atomic orbitals used from the thirties up to
the present days as a prelude to the formation of chemical bonds is surveyed.
The exposé is centered on the ab-initio procedure of overlap-matrix
localization suggested by G. Del Re in 1963 (Theoretica Chimica Acta 1,
pp 188-197), and its successive extensions and various applications in Quantum
Chemistry are described. Some conceptual aspects of hybridization are
discussed.

Keywords : valence states, hybridization, localization, magnetic resonance
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Abstract

The core-valence electron partitioning in molecules is adequately de-
scribed by the energy formulas EY = (Vi— Vi ,+V™)/1j for the valence
region of atom k in a molecule and E‘°“ = (V“e E V“)/‘y for the kth
ionic core left after removal of the valence electronic charge, where Vi
and V5, , are, respectively. the total potential energy involving center k
and the core nuclear-electronic potential energy of its N[ core electrons.
VY denotes the interaction between Nf and the electromc and nuclear
charges found outside the core region k. Properly selected 7,‘; and 7§
parameters, treated as constants, lead to valence-region energies in good
agreement with those deduced from the total molecular energies E and
the equation E¥ = E — 3", Ei°". The point-charge-potential model for
VY, embodied in V¥ = -N,‘[(V;c - V< )/ Zi], improves the accuracy of
the results. These formulas are best suited for atom-by-atom (or bond-
by-bond) descriptions of molecules because E} is expressed solely in
terms of the appropriate electrostatic potentials at the individual nuclei
and does not depend on any particular mode of partitioning a molecule
into atomic subunits.
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1 Introduction

Two popular concepts of chemistry are tackled in this paper, namely i) the
partitioning of the electronic charge of ground-state atoms, ions and molecules
into core and valence parts and i7) the mental decomposition of molecules into
‘atomic subunits’. The familiar core-valence separation, of course, translates
the old idea that chemical properties are largely governed by the outer {or
valence) atomic regions, while the subdivision into ‘atomic’ subunits aknowl-
edges the fact that atoms-in-the-molecule - such as those defined by Bader [1],
for example - are convenient model building blocks for the interpretation of
molecular properties. Both concepts are intuitively appealing but neither is
cast in formal theory and the way they overlap certainly merits attention.

Let us first comment on the theoretical partitioning of a molecule into
atomic subunits. The total energy. F, of that molecule in its ground state is
most appropriately expressed as a sum of atomic-like terms Ey, with no extra
contributions, i.e., £ = Y, E;. (Incidentally, note that this atom-by-atom
decomposition of a molecule easily transforms into an equivalent bond-by-
bond description of the same [2, 3]: the concept of a molecule viewed as a
collection of chemical bonds is just another facet of the atoms-in-a-molecule
description.) Now, little needs be added in that matter because - as we shall
see - our results do not depend on the way the virtual boundaries of the atomic-
like subunits in that molecule are defined. What does matter, however, is that
such a partitioning is consistently made in real space.

Turning now to the core-valence separation of electronic charge, theory
is relatively straightforward in the familiar orbital space where the energy is
partitioned from the outset into orbital energies ¢; = €y, €25, €tc. Things are
somewhat more involved in real space, however, if we abandon the orbital-by-
orbital electron partitioning in favor of a description based on the stationary
ground-state electron density p(r) [3]-[6]. Sure, our real-space and the orbital-
space core-valence separations appear for what they are: two facets of the
same reality, but the real-space approach is clearly preferred in the present
context because atom-by-atom (or bond-by-bond) descriptions are by their
very nature treated in real space.

In real space, our core-valence separation is valid only for discrete solutions,
namely for N¢ = 2 core electrons for the first-row elementsor N =2 and 10 e
for the second row. For ground-state atoms, ions and molecules we get [3]-[6]:

X 1
E = (I +2V) (1)
i 1 rec
Bt = [T+ a2V, + V) 2)
E =

Ev +ZEion (3)
k
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(1) for the valence-region energy EY, (2) for the energy Ei°" of the kth ionic
core - i.e., the ion left behind after removal of the valence-region electrons -
and (3) for the total energy, E, of the entire system, atom, ion or molecule.
Equations (1)~(3) were successfully tested for atoms and ions, both near the
Hartree-Fock limit [4] and with SDCI wave functions [5]. Numerous examples
were also given for molecules [6]. using SCF Gaussian-type basis sets.

Yet, these formulas are not congenial with our atom-by-atom descriptions.
This is primarily due to a host of two-electron Coulomb and exchange terms
~ such as valence-other-valence and core-other-valence multi-center integrals -
which, besides being intrinsically complex, require beforehand specification of
the boundaries delimiting the individual *atoms’ in a molecule. Hence the idea
of bypassing this sort of problem in favor of a considerably simplified approach,
one that highlights the role of the electrostatic potentials.

The total (electronic and nuclear) potential energy involving nucleus Z,

. = p(r) Z
=-z [Py 2 4
k LA r— Ry| k#k R (4)
plays a prominent part in the formulas developed earlier {3, 4, 6], such as
v 1 C /CcY
atom & — ﬁ (‘/k - Vne,k + ‘k ) (5)
ion  __ 1 rc cv
Ek - E ( nek T Yk ) (6)

where 4} and 4§ are valence and core parameters, respectively, of atom k.
(These equations apply both to isolated atoms and to atoms in a molecule.)
At first, it does not seem relevant to inquire into these ¥ and 4§ parameters.
Indeed, if 1/4 denotes the appropriate average (in a molecule) of all the
individual (1/47)’s weighted by the (Vi — Vi, + V) terms of Eq.(5), one can
show that [3, 6]

val R
B-1)E =3 [ usiFodr (7)

where [**...dr means: integration over the valence space, F and ¢; being the
familiar Hartree-Fock operator and the ith eigenfunction with occupancy v,,
respectively. Combining this result with the formula E¥Y = ¥\ E}, o & using
Eq. (3), one eliminates 1" and gets Eq.(1). We proceed in a similar manner to
get rid of the - parameters and end up with Eq.{2}. Briefly, the 4 parameters
are not an issue in our final energy formulas (1)~(3). In the present instance.
however, we find it useful to examine the 4} and 4§ parameters and their merits
in energy calculations featuring the total electrostatic potentials at the nuclei.
In this perspective. remembering the definition of V{, ,,

o _ " p(r)
‘/ne.k = Zk[) |I‘ — Rkl dr, (8)
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we obtain our basic working formula from Egs. (4)-(6), namely [6]

1 ( ’C\
Ezzk:;i[ /rb:.l—Rfd +ZZRH Z (nek )

I#k
(9)
Equation (9) is a form of (3). The first right-hand-side term is E¥. Note that it
is given as a sum of atomic-like terms, thus achieving a ‘natural’ atom-by-atom
partitioning with no reference to any particular definition of atomic regions in
the molecule.

2 Working formulas

The form of E¥ represented in Eq.(9) is not convenient because it contains 1;7*.
This quantity is presently difficult to evaluate, although an approximation has
be offered for it [6]. but we can simplify things as follows. In the right-hand
side of (9) we add and subtract the quantity

Z ,71: (vncek ch)

k

and write the last term of (9) using Eq.(6). Thus we get EY from (3), namely

1 ( '7; .
EY = —_|=Z d + Z —Fen 10
Zk: Tk [ k/O r — ;L:k Ry Xk: w ok (10)

Now, the most obvious merit of this equation is that it expresses valence-region
energies in terms of the total (electronic and nuclear) potential energies of the
individual nuclei Zx. Contrasting with Eq. (9), V¥ is not any longer required.
Applying Eq. (4), we can reformulate (10) in a more compact manner:

1

E' = ¥ = (Vi - n%E) (11)
k ik

E¥ = Z(E—E}f“) (12)
& Tk

with

1 1 1 1
— ==V, =V + V) + = Vi) x —.
i IZ,‘“: ( k ne,k k ) + 72. ( nek )] vk
It is thus clear that 4}, 4f and 7, cannot all be treated as constants. It is
our task to sort out the better approximation: a constant «, for each chemical

species k or at least approximately constant 4) and 4§ parameters instead.
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The pertinent numerical v; parameters can be obtained from the appropriate
potentials [7]-[9] by applying Eq. (12) in its form E¥ + 3, Ei® = ¥, Vi /7,
To get the 4} parameters, on the other hand, we use Eq. (11).

In doing so, we can tentatively associate a constant i companion with each
atom concerned. This is an approximation, of course, implying that V£, | — V¢
is treated as a constant for every atom k, as revealed by Eq. (6). We shall now
lift this constraint and use an approximation for V¥ instead, namely (6]

o0 Zl
Ve = N“/ W) g N A
¢ ¢ myx [T — Ry , 1#k Ry
NE
= _?f (Ve = Vi) -

(This approximation is similar to the point-charge-potential simplifications
introduced [10] for core-other-core and core-other-nucleus interactions, showing
that the net effect of the core interaction energy is to shield the nuclear charges
in the internuclear repulsion energy.) Hence the E¥ of Eq.(9) becomes

B =Y Z*;—f* (%= V)| (13)

v
x Tk

and conveys the instructive picture of an atomic-like valence-region energy E}
determined by the potential, (Vi — 1.5 ;)/Zk. of the whole of the charge exterior
to the core k, in the field of a nucleus with ‘effective’ charge Z$f = Z, — Nt
Ni = 2 electron for the first-row atoms. In principle, one should compute
V< x in situ, ie., for the core k with 2 electrons as it stands in the actual
molecule. In practice, we approximate this term by taking its free-atom value.
This should not be too poor, however, because these VS, energies are rather
insensitive to changes taking place outside the core, as exemplified by the study
of ions [5, 6], at least as regards charge variations, but we are less firm about

hybridization changes that could eventually affect Vi, ,.

3 Results

3.1 Ground-state atoms A and their ions A" and A~

The 7Y parameters are easily obtained from Eq. (5) or (7) and the EV given
by (1). A few examples (Table 1). worked out at a near-Hartree-Fock level.
using Slater orbital bases optimized by Clementi and Roetti [11], illustrate this
point. SDCI calculations [5] of E¥, V.X.. V< and V., on the other hand, give

the results offered in Table (2) for 4¥ and 7¢, from (5) and (6), respectively.
and for the corresponding average v parameter, i.e., vy = (V¥ + V<)/E.
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Table 1: Calculation of 4 using Eq. (1) and either (5) or (7)%: selected SCF
results (au) assuming N¢ = 2 electron for the first-row atoms and N¢ = 10
electron otherwise

Atom  EY Ve Ve TillveiFedr oM

C -5.29213 -17.93001 5.73185 -3.67875 2.30491
N -9.67722 -31.68660 8.66992 —6.01506 2.37844
0 -15.76258 —50.63349 12.12703 —8.77867 2.44299
Ne -34.90915 -109.15785 20.93432 —16.50036 2.52728
Si —-3.41577 -25.80118 18.15187 —2.59824 2.23938
Ar ~-18.76438 -102.66606 56.33979 -9.96330 2.46894
Ti -52.51967 -238.18801 106.92894 —-26.29829 2.49925
Cr —79.78837 -345.31702 142.03989 -36.08587 2.54772
Fe —114.95163 —-478.88367 181.76337 —-47.75977 2.58463

¢The results indicated for 1" are the averages of those obtained from (3) and (7).
The scatter about each 7Y, one-half the difference between the two estimates, is
approximately 0.00002 (N, Ti, Cr), 0.00005 (C, Ne. Si) and 0.00010 {O. Ar, Fe).

Table 2: Ground-state atoms. Calcula-
tion® of 4, Eq. (3). 2% Eq. (6). and of
their average value. v = (VX + V{)/E

Atom ot o 5
Be 1.959049 2.323379  2.299300
B 2.152885 2.330617 2.312081

C 2271768 2.341700 2.331715
N 2.352893 2.352991  2.352973
0 2417977 2361730 2.373685
F 2.468382 2.370470  2.394329
Ne 2.508181 2.378835  2.414150
Mg 1.901697 2.399881  2.397877
Si 2217002 2.3%7883  2.385824
S 2.366828 2.3%1580 2.381240
Ar 2.453850 2.378879  2.381571

8SDCI results using van Duijneveldt's
(135 8p) basis [12] enriched by two d and
one f functions from [13] for Be-Ne,
with N¢ = 2 electron. The second-row
atoms were calculated with the 6-311G*
basis of [14], with N =10 e,
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The verification submitted in Table 1 is relevant because of the pivotal role
played by the f v, ¢! F #; dr integrals. They represent the link between orbital
theory and our real -space model [4]: it is the identity, for isolated atoms,

S [TrisiFo dr =T 4 Ve 4 VE 42V
i ‘T

(and a similar expression for molecules [6]) that takes us from Eqs.(5) and (7) to
Eq.(1). This sum of integrals also equals }; NY¢;, where N} = f°° v, ¢7; dt is
the number of valence electrons of orbital ¢,, a result dupllcatlng that given by
direct evaluations of T, V¥, V.5¥ and V¥ and corroboratmg those of Table 1.
Now, considering the little we l\now about the 4¥ parameters, it may seem a
good idea to conceal them by using Eq. (7), but we look for more and better,
of course. in view of anticipated applications of Egs. (11)-(13).

Selected ions A* and A~, as well as their corresponding neutral ground-
state atoms A, were probed with the help of SDCI computations using Atomic
Natural Orbital (ANO) bases [5], namely ANO[7s6p3d] [15]. The 4" results
for carbon are 2.0367 (C*), 2.2755 (C) and 2.5120 (C~). For nitrogen we get
2.1585 (N*), 2.3571 (N) and 2.5451 (N~). The results for oxygen are v* =
2.2482 (0%), 2.4231 (0O) and 2.5851 (O~). Finally, fluorine gives 2.3229 (F*),
2.4730 (F) and 2.6140 (F~). Addition and withdrawal of one e provoke roughly
similar absolute changes of 4¥. Using the finite-difference approximation, we
can thus offer rough estimates for d¥/8.N. namely: 0.238 £0.001 (C). 0.193 %
0.005 (N), 0.168 £+ 0.006 (O) and 0.146 % 0.005 for F. The average 4 = (V% +
VE)/(EY + E°™) parameters, on the other hand, change less rapidly than the
corresponding 7*’s. For carbon we get + values of 2.2700 (C*), 2.3316 (C) and
2.3844 (C~). The results for nitrogen are 2.2949 (N%), 2.3529 (N) and 2.4000
(N7) and for oxygen we get 2.3191 (O*), 2.3735 (O) and 2.4200 (O~). The
corresponding 0y/0N derivatives are, in our approximation, 0.057 4+ 0.004 (C),
0.053:0.005 (N} and 0.050+0.004 for oxygen. The relevance of these estimates
is in the fact that they may suggest that possible differences between the 4's
(or 4¥'s) of like atoms in a molecule cannot be ruled out a priori, although
they are anticipated to be minor for small differences in electron populations,
ALY, between these atoms. This point is relevant in the study of molecules.

As concerns the core ¢ parameters in the ion-atom series A*. A and A~
inspection of Eq. (6} reveals relatively small changes, owing to the relatively
small variations suffered by V5, — V. For example. in ANO[7s 6p 3d] calcula-
tions, one finds 7° values of 2.3050 (C*), 2.3417 (C) and 2.3629 (C~) or 1¢ =
2.3490, 2.3688 and 2.3828 for F*, F and F~, respectively. Generally speaking,
the 4¢ parameters of the ground-state ions and atoms vary less rapidly than
the corresponding valence parameters, 4", but, of course, this does not imply
that the 4°’s could be treated as constants.



34 Sandor Fliszar et al.

Table 3: Core parameters of selected atoms®, au

Parameter C N 0

Ve -70.198495 —96.664711 —127.435155
25§ 3.925284 4.735331 5.566473
Ve 5.732918 8.672469 12.127447
Te 35.384361  49.651339 66.607747
Fion —32.387354 —44.735807 —59.043206
5¢ 2.344477 2.354650 2.363737

3SCF results in the [5s3p] basis, for N¢ = 2 electron.

3.2 Molecules

A substantial part of the results presented here was obtained with Dunning’s
contracted GTO(9s 3p|6s) — [5s 3p|3s] basis [16]. A few results were deduced
with an enlarged GTO(9s5p2d|6s2p) — [5s3p 1d|3s 1p] basis [8]. Finally, we
also discuss some post-Hartree-Fock density functional (DFT) results, using
namely the B3LYP functional [9, 17] with Pople's 6-311G(2df, 2p) basis 13, 14]
and the vD(2df, 2pd) set obtained from van Duijneveldt’s (13s 8p 2d|8s 2p) basis
[12] enriched by f functions on C and d functions on H taken from Ref. [13].
We close with a wealth of B3LYP/6-311G(d. p) tests of our energy formulas.

Let us now start with the results obtained by means of the [5s 3p|3s] basis.
The required potentials at the nuclei, 3; Vi/Zk, summed for the individual
atoms k = H, C, N, etc., are taken from Ref. [§], along with the corresponding
conventional total energies, E. Table 3 collects additional pertinent parameters
for use in conjunction with these Hartree-Fock SCF calculations. Table 4
presents applications of our formulas (11) and (12). The latter, identified as
‘Approximation A’, uses one single v for each individual atom C, N, etc.
The results under the heading ‘Approx. A’ are obtained with v, = 2.208281,
e = 2.326420, vy = 2.346751 and vy = 2.371427: they compare reasonably
well with the valence-region energies E¥ deduced from Eq.(1). The root-mean-
square (RMS) deviation between the two sets of results, i.e., Approx. A and
Eq.(1), is 0.1162 au. We should not attach too much importance to the value
found for 4y, however. at least not to the present one obtained from a fit with
SCF potentials. Tests made for the same collection of molecules assuming
T = 2 gave v values of 2.332084 (C), 2.347693 (N) and 2.371472 (O) and a
RMS error of 0.1563 au. These parameters unfortunately elude very accurate
definitive determinations, particularly as concerns hydrogen.

The application of Eq. (11), ‘Approximation B’, considers constant core
and valence parameters, 7&, 5, etc., and ¢, 7%, etc., respectively. The data
analysis using the potentials of Ref. [8] and the parameters of Table 3 led to the
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Table 4: SCF calculations of valence-region energies using
the contracted GTO(9s 5p|6s) — [5s 3p|3s] basis

EY, atomic units®

Molecule Approx. A Approx. B Approx. C Eq. (1)
C, -10.7091 -10.5107 -10.6742 -10.6015
CH4 —7.6857 -7.8058 -7.7852 —7.8120
CqHs -14.3253 —14.4611 —14.4396 -14.4380
CsHg -20.9759 -21.1271 -21.0978 -21.0765
i-C4Hyg —27.6310 -27.7981 -27.7565 —27.7250
¢-C3Hsg -19.8357 ~-19.8750 —19.8760 —19.8867
CyHy -13.2204 —-13.2443 -13.2366 —13.2626
CsHsg ~19.8466 —19.8849 -19.8759 —19.8869
1-C4Hg -26.4897 -26.5426 —26.5266 —26.5311
CaHy -18.7100 -18.6373 —18.6609 -18.7106
CyH, -12.0856 —11.9967 -12.0119 -12.0114
CeHg -36.4762 -36.2313 -36.2731 -36.3221
N, -19.3385 —19.2954 —19.3333 -19.3456
NHj3 -11.4667 —11.5976 —11.5084 -11.4116
cis-NyH, -20.6064 —20.6631 -20.6004 -20.5070
N.Hy -21.8288 —21.9906 -21.8590 —21.6286
HCN -15.8321 -15.7632 -15.7525 —15.7104
CH;N; -25.6958 —-25.6558 —25.7570 —25.9382
NH,CN —26.1254 —26.0828 —26.0444 —26.0586
CHLCN —22.3470 -22.2862 —22.3063 -—22.3400
0, -31.4699 —31.4847 -31.4765 —31.4155
H,0 -17.1864 -17.2790 ~17.1370 -16.9789
CcO -21.2441 —21.1483 —-21.1932 -~-21.2472
CO, -36.9046 —36.8036 —36.8898 —37.1025
HCHO -22 4878 -22.4880 -22.4615 -—22.3908
H,CCO -27.7562 —-27.6611 -27.7275 -—27.8637
CH3;0H -23.7362 —23.8430 -23.7407 —-23.5925
(CH3),0 -30.2651 -30.3869 —-30.3258 -30.2148
(C,H5),0 -43.6220 —-43.7761 —43.6884 —43.5330
N0 —-34.7434 —-34.6955 —-34.8352 -34.9742
HCNO -31.53344  -31.4531 =31.4750 -31.4924

¢Approx. A: from Eq.(12). Approx. B: from Eq.(11) using
¥ = 2 and the appropriate 4/’s for C. N and O. Approx. C:
from Eq.(13), assuming 1y = 2 and the 7 parameters (k =
C, N, O) indicated in the text.
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Table 5: DFT tests of Eq. (12) for E¥, using the B3LYP functional,
and comparison with experimental results (atomic units)

EY, 6-311G(2df, 2p)° EY, vD(2df, 2pd)

Molecule Approx. A Eq. (3) Approx. A Eq. (3) Exptl*
CH, -8.1189  -8.1203 -8.1133  -8.1179  -8.1079
C:H, —12.5468 —12.5271 —12.5409 -12.5227 -12.5239
C.H, -13.8071 -13.7865 —13.7920 -13.7821 -~13.7754
CoHg -15.0354 -15.0285 -15.0317 -15.0233 -15.0119
¢-C3Hg -20.6682 —20.6887 —20.6685 —20.6810 -20.6756
CeHs —-37.8201 -37.8252 -37.8035 -37.8089 -37.8165

®Approx. A: calculated with v = 1.921351 and yo = 2.324862. The
root-mean-square {RMS) deviation relative to the results given by Eq.
(3) is 0.0148 atomic units. In Eq.(3) we have used EX" = -32.4164 au.
bApprox. A: calculated with vy = 1.939924 and 7o = 2.322853. The
RMS deviation relative to the results deduced from Eq.(3)is 0.0109 au.
Ei*m was taken at ~32.4236 atomic units in applications of Eq.(3).
‘Using E¥™ = -32.416 and E2°™ = —37.8558 atomic units. from the
appropriate sums of ionization potentials [18], and the experimental data
reported in Refs. [3] and [9].

following +; values: 4y = 2.219194. 4¢ = 2.219904. 7% = 2.309741 and 1§ =
2.398473. The RMS deviation between the results given by this approximation
and those of Eq. (1) is 0.1168 au. i.e., practically the same as that found for
Approximation A. Brute-force tests were also made assuming 4y = 2. In this
manner we get & = 2.239024, 4N = 2.315356 and 4§ = 2.399152. Again, the
RMS error, 0.1388 au, is practically the same as before.

Now we come to Eq.(13). Tests conducted with N° =2 e for C, N and O
and the VS parameters of Table 3 lead to vy = 2.106044, 1¢ = 2.179528,
1 = 2.288607 and 1§ = 2.377505. which reproduce the pertinent EV energies
with a RMS deviation of 0.0814 au. With 4 = 2, on the other hand, the
same data show that 1& = 2.199068, 1% = 2.291413 and 4§ = 2.377765 and
the RMS deviation is now 0.0983 au (Table 4, ‘Approximation C’).

All theses 4 parameters were obtained from squared-error minimizations.
The data analysis reveals that the best fits for hydrogen follow a very shallow
‘minimum valley’, so that the reported vy parameters obtained from these fits
should be taken with a grain of salt. The value 935 = 2 which was tested here
is consistent with - and loosely justified by - the virial ratio for H, Vj,./E = 2.
A reasonable explanation for possible distortions of the 4 value is perhaps
linked to the basis used for hydrogen. This point is briefly examined with the
help of DFT results {Table 5) and SCF computations using enriched bases.
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Calculations made with the GTO(9s5p2d|6s2p) — [5s3p1d|3s1p] basis set
for C;, CHy, C;Hs, cyclo-C3Hg, CoHy and C;H; lead to vy = 2.030123 and
7c = 2.331540. The enriched 6-311G(2df,2p) and vD(2df. 2pd) basis sets
and implementation of the B3LYP functional further lower 4y, which is now
~1.940, with 7o ~2.323 (Table 5). Under the circumstances, we may consider
Y4 = 2 as an acceptable simple approximation in applications of Eq. (12).

As a rule, all the pertinent parameters occurring in Egs. (11)—(13) ideally
follow from genuine direct calculations in the basis selected for the molecules.
For use with the reported B3LYP DFT computations, however, we resort to
large basis set SDCI results [5] — which are our best estimates - namely Ei°®
energies of —32.42360 (C), —44.75357 (N) and —59.07876 au (O), 4{Ei*® values
of —75.92636 (C), —105.30473 (N) and —139.52809 au (O). as well as VS, ,
core energies of —70.19056. —96.65147 and —127.43866 au for C, N and O,
respectively. (No effort was made to ‘adjust’ any of these parameters to achieve
better fittings or a better agreement between theory and experiment.)

In this fashion, applying here Eq.(11), the vD(2df, 2pd) basis set and the
B3LYP functional give 4y = 1.942245 and ~¢ = 2.215875, which reproduce
the expected valence energies of Table 5 with a RMS deviation of 0.0115 au.
The results obtained with Chipman’s so-called TZ2P'f basis [9, 19} and the
B3LYP functional are similar to those given by the vD(2df. 2pd) basis, namely
I~ 1.94, yo ~ 2.322 and 4& ~ 2.21, with RMS deviations of ~ 0.01 au.
Finally, using the vD(2df. 2pd)/B3LYP potentials in Eq.{13), we get for the
hydrocarbons of Table 5 that vy = 1.926485 and 4¢ = 2.146586, and the RMS
deviation now drops to 0.008 au with the use of this approximation.

Additional tests were carried out with the popular 6-311G(d, p) basis [14]:
70 molecules were studied at the HF level and 50 with the B3LYP functional.
Our three approximations, Eqgs. (11), (12) and (13), yield Hartree-Fock results
similar to those given by [5s3p|3s] calculations, with RMS errors of 0.159.
0.161 and 0.106 au, respectively, for 7y = 2 and slightly better results - with
RMS errors of 0.114, 0.115 and 0.079 au for Approximations A, B and C,
respectively - when the constraint vy = 2 is lifted. DFT calculations in the
same basis, using the BJLYP functional, are reported in Table 6 for vy = 2.
Approximation A makes use of Eq. (12) with 7o = 2.322864. v = 2.343435
and o = 2.365145. From Eq.(11) - Approximation B - one gets the valence
parameters v¢ = 2.216423, 9% = 2.300834, and 9§ = 2.376273. Approximation
C, Eq.(13), gives v¢& = 2.141722, 4% = 2.253417 and 4§ = 2.345518. The RMS
errors, 0.098, 0.101 and 0.066 au for Approximations A, B and C, respectively,
illustrate the merits of our simple formulation of atomic-like valence-region
energies and of letting 9 = 2. Though systematic, the improvements achieved
by lifting the latter constraint are not truly significant. as indicated by the
corresponding RMS deviations of 0.092, 0.094 and 0.066 au, respectively.
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Table 6: Valence-region energies deduced from DFT potentials at the
nuclei, using the 6-311G(d, p} basis and the B3LYP functional (yy = 2)

EY, atomic units®

Molecule Approx. A Approx. B Approx. C Eg. (3) Exptl.?
CH, -6.7729 -6.7711 -6.7896 —-6.7409 -6.7439
CHj- —7.4098 —17.4104 -7.4126 -7.4302 -7.4305
CH=C. -11.8518 —-11.8453  -11.9016 ~11.7823 -11.8401
CH,CH- -13.0918 -13.0913  -13.1072 -13.0798 -13.0974
CyHs- -14.3136 -14.3154  -14.3156 -14.3363 -14.3401
CH4 —-8.0373 -8.0397 -8.0294 -8.1102 -8.1079
CzHe —14.9432 -14.9465 -14.9364 -15.0091 -15.0119
CsHsg -21.8473  -21.8521 —21.8386 —21.9099 -21.9195
C4Hyo —28.7527 -2B.7588  -28.7419 -28.8105 -28.8279
i-C4Hyo —28.7464 -28.7528  -28.7348 -28.8115 -28.8304
¢-C3Hg ~20.6049  —20.6038  —20.6180 -20.6592 -20.6756
CoHy -13.7466  ~13.7483  -13.7459 -13.7668 —13.7754
C3He —-20.6468 -20.6505  —20.6441 -20.6732 -—20.6877
1,3-C4Hg -26.3215 -26.3234  -26.3348 -26.3441 -26.3689
Isoprene -33.2186  -33.2219  -33.2302 -33.2483 -33.2314
CH,=C=CH, -19.3940 -19.3936  -19.4142 -19.4223 -19.4369
CoH, -12.5644 ~-12.5667  —12.5630 ~-12.5075 -12.5239
CeHs —-37.8125 -37.8151 -37.8351 -~37.7670 -37.8165
N, -19.9979  -19.9964  -20.0251 -—20.0488 -19.9844
NH; -11.9257 -11.9309  -11.8569 -11.8225 -—-11.7839
N.H, —-22.6071  -22.6141 —22.5157 -22.3944 -22.3160
CH;NH, -18.7846 —18.7880  -18.7345 -18.7113 -18.6757
+C3H-NH, -32.5677 -32.5736  —32.5152 —32.5200 -32.4979
CH3NHNH, —29.4137 -29.4181  -29.3480 -29.2915 -29.2162
(CH3);NNH,  -36.2467 -36.2496 -36.2015 -36.1880 -36.1200
cis HNNH -21.2106 -21.2123  -21.1925 -21.1563 —21.0858
CHaNNCH3; -34.9682 -34.9674  -34.9659 -34.9730 -34.8971
Pyrrole -35.8537 -35.8593  -35.8428 -35.7781 -35.7735
Pyrrolidine -38.3004 -38.3039  -38.2697 —38.1878 -38.1840
Pyridazine -45.0084 -44.9933  —45.0943 -45.1502 -45.1097
Pyrazine -45.0311  -45.0141 -45.1176  -45.1799 -—-45.1408
HCN —16.3470 -16.3439  -16.3372 -16.2749 -16.2463
CH3CN -23.1603 -23.1554  -23.1667 -—23.1926 -23.1645
NH;CN -26.9281 -26.9270  -26.9094 -26.8985

O, -32.3421  -32.3604  -32.3200 -32.2073 -32.0239
H,0 -17.6779 ~17.6847  -17.5468 —17.3687 -17.2864
Cco -21.8222 -21.8215  -21.8449 —-21.8439 -21.7687

CO, -37.9904 -37.9856  -38.0111 -38.0600 -—37.8921
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Table 6: B3LYP/6-311G(d, p) valence-region energies {continued)

E¥ atomic units®

Molecule Approx. A Approx. B Approx. C Eq. (3)  Exptl?
HCHO -23.1610 —23.1572 —-23.1232 -23.0340 -22.9508
CH;CHO -30.0416 —30.0369 —-30.0003 -20.948¢ -29.8726
n-C3H-CHO —-43.8096 —43.8057 -43.7751 -—-43.7530 -—-43.6877
(CH3),CO ~36.9447 —-36.9404 -36.8959 -36.8633 -36.7916
H,CCO —-28.6521 —-28.6464 —28.6776 —28.7218 -—-28.6473
{CH3)20 -31.2550 -31.2525 —-31.2029 -31.1459 -31.0660
(C3Hs5),0 -45.0731 —45.0732 —45.0155 -44.9587 —-44.8903
HCNO -32.3024 -32.2970 -32.3433 -32.3667

NO, -42.0831 —42.0011 —-42.1446 -42.2216 —42.0049
CH3NO -33.5659 -33.5620 -33.5723 -~33.4795 —-33.4686
CH3NO, ~49.6731 -49.6700 -49.6835 -49.7469 —49.5390
NH=CH-NO, -38.8654 —-58.8577 —58.9487 ~59.1303 -58.8913
2The EP", 4§El" = V£, , — V¥ and V5, , parameters used in Eqs. (11)-(13)

are SDCI results in the va(lSs 8p 2d 1f ) basis, taken from Ref. [3].

*Deduced with E¥® = -32.416. Ei® = -44.802, Ei® = -59.194, EX™ =
~37.8558, E}°™ = —54.6121 and E}°™ = —-75.1102 au (from the appropriate
sums of ionization potentials [18]) and the thermochemical data found in [20].

4 Conclusions and Prospects

Perhaps the first question that comes to mind when subdividing a molecule
into atomic-like parts is about the boundaries of the so-called ‘atoms-in-the-
molecule’; then one may proceed with the identification and calculation of all
the relevant energy components. namely the electronic kinetic energy of each
individual ‘atom’ k, I, etc, the potential energy of the electronic charge of
each ‘atom’ k in the field of its own nucleus Z, and the two-electron integrals
involving exclusively the same charge. plus all the interactions between the
nucleus and electrons of one ‘atom’ with the nuclei and electrons of the other
‘atoms’ found in a molecule. All this is feasible and rests on a partitioning
in real space. This approach also implicates a postulate. however, regarding
the distribution of the two-center terms, say, those involving "atoms’ k and /,
among the partners involved. The usual } and ! assignment may be criticized.
perhaps not on grounds of fairness, but on scientific merit. Yet, we shall assume
that all these problems are adequately solved and contemplate a core-valence
separation on top of the atom-by-atom partitioning. Briefly, here we look for
atomic-like valence-region energies.
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This endeavour clearly requires the use of a core-valence separation that is
described in real space. This is possible in principle because the equation exists,
E¥ = }(T" +2V"), but we still face, with added complications, the problems
met with the above ‘atoms-in-the-molecule’ model. Future considerations will
perhaps encourage direct use of this equation for EY, but at this point in time
we find it instructive to achieve that goal by means of simple approximations.

The very simplest one is rooted in Politzer’s formula E;, = Vi /v connecting
E,, the energy of atom k, to Vi/Zj, the total potential at its nucleus with
charge Z,. The v, parameters are treated as constants for each type k =H,
C. etc and their proper selection is known to give reasonably accurate results.
The valence energy E} = E; — E°® calculated on this basis (approximation A)
for atom k is not a direct product of, but is consistent with, our core-valence
separation in real space.

When this separation is taken into account, E} depends parametrically on
the potential of the sole electronic and nuclear charges found outside its core. in
the field of both the nuclear charge Z; and the charge of its N core electrons.
This picture is translated by the equation E} = (Vi = V5, + V") /9% where
VS« and VY are, respectively, the core nuclear-electronic potential energy of
its N core electrons and the interaction of /N with the exterior of that core.
As before, Vi denotes the customary total potential energy involving Z,. The
kth ionic core left after removal of the valence electronic charge is described by
the equation Ei*™ = (V& , — V&)/45. Two approximations were considered by
reference to these expressions for £} and Ei°". The first one, approximation
B. assumes that v} and 9§ can be treated as constants for each type of atom
while the second, approximation C, rests on a simple approximation for V&

Approximation B lends itself to very convenient tests if we rewrite our basic
formula as follows: E} = V, /9¢ — (v/4Y)Eie™. Its accuracy turns out to be
virtually the same as that of approximation A. This can be understood because
the latter obeys to practically the same formula, namely E} = V, /v, — Ei°",
Still the fact remains that we cannot justify both our approximations, A and B,
because their parameters, v, 7§ and 9§, cannot be simultaneously constant.
This is so because 1/+; is the weighted average of 1/} and 1/4f (Section 2)
and V. at least, is certainly not to be treated as a constant. This criticism
illustrates the pitfalls of these formulas when used with approximate constant
2% parameters, notwithstanding the acceptable numerical results. On the other
hand, this definition of the average 1/v; pin-points the place of Politzer's
formula in the framework of core-valence theory in real space as a simple form
of the basic relationship E, = E} + Ei°".

Our third approximation, C, describes V,* in the point-charge-potential
model. Again, E} depends solely on the charges found outside the core region
k. but in the field of an expanded ‘effective nuclear charge’, Z§¥ = Z, — N§.
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Numerical tests, using large basis sets such as the (9s 5p}6s) — [5s3p|3s],
the 6-311G(d, p) and the van Duijneveldt (13s8p) set enriched by 2d and 1f
functions, for example, conducted for representative collections of molecules,
consistently indicate, both at the Hartree-Fock level and in post-Hartree-Fock
B3LYP DFT calculations. that our approximation C is more accurate than the
other two, A and B. The constraint of a constant +§ included in B means indeed
that Vg, , — V¥ is treated as if it were constant. Now, V, , itself is reasonably
close to being a constant, but not Vi, as suggested by the approximation
Ve = = NE[(Vi — V& 1)/ Z,] used in C. This may help to explain why our third
approach outperforms the other two. Future studies could perhaps enhance
accuracy by using V. , terms as they are in the actual molecules instead of
their free-atom values (as done in this work), but only on a minor scale.

Let us now go back to the more basic concepts depicted in our equations.
In a molecule, each nucleus Z; surrounded by the train of its Nf core electrons
is considered (in turn) in the field of all the other (electronic and nuclear)
charges of that molecule. This description carries important corollaries. It is
atomic-like to begin with. What this means is that we need not worry about
the boundaries of "atoms-in-the-molecule’ to get atomic-like valence energies,
in sharp contrast with the situation that would prevail in applications of the
formula EY = %(Tv +2V"). The calculation of E} only requires the knowledge
of the conventional fotal potential at the nucleus k, which is easy to compute.
Finally, as a direct consequence of the latter requirement, it is possible to gain
access to EY by means of density functional methods.

In Kohn-Sham theory, Pauli and Coulomb correlation, as well as the cor-
relation contribution to the kinetic energy, are incorporated in the exchange-
correlation functional EX%[p]. No problem arises with straight sums of kinetic
plus potential enegies, but the calculation of the kinetic energy plus twice the
potential energy would require special consideration. Now, no such difficulty
exists in our present use of DFT results, based on the potentials at the nuclei.

Our extensive numerical analyses have surely benefited from the precision
added by the use of DFT methods. The 6-311G(d, p) basis set and the B3LYP
functional have proven most adequate at a level approaching experimental
accuracy. It is thus welcome that introduction of the point-charge-potential
approximation not only reveals its soundness in our present applications but
also improves the utilization of the formula for E} by adding to its precision.
It is fair to conclude that we are now in a position to associate a reasonably
accurate valence energy with each individual atom in a molecule or, perhaps
more vividly, an equally accurate difference AEY = EY — E}, ,m) With respect
to the free-atom valence-region energy. The latter information, which is a
measure of the binding of an atom in a molecule, may find its way in future
atom-by-atom (or bond-by-bond) descriptions of molecular properties.
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Glossary

In our real-space core-valence separation, r,, defines the boundary of the
region around nucleus k that contains the N{ core electrons associated with it.
The pertinent energy components are:

o T%, the kinetic energy of the valence electrons.
o T, the kinetic energy of the N core electrons of the kth ionic core.

e V. ,, the attraction between the Ni core electrons and the nucleus with

charge Z; belonging to the kth core.

o V. = Vae = Ty Vi the nuclear-electronic attraction of the valence
electron, V. being the total nuclear-electronic potential energy of the
system (atom or molecule).

e V.Y, the repulsion involving exclusively valence electrons.

o V5. the interelectronic repulsion between the Vg electrons of core k.
o Vo= Vee— 54 Vi, where

o V.. is the total interelectronic repulsion of the system {atom or molecule).
e V., the internuclear repulsion energy.

o VV=VX 4+ VY + V,,, the ‘valence’ potential energy for use in Eq. (1).

A particularly important potential-energy component is

o VS = interaction energy between the N{ core electrons and the electronic
and nuclear charges found outside the kth core region containing Zi and
N§. For isolated atoms, V¥ reduces to V¥, the repulsion between core-
and valence-region electrons.
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Abstract

This contribution is devoted to the impact of density functional (DF) theory in the
field of computational chemistry. After a short discussion of the theoretical
background, the attention is focussed on the role played by exchange and
correlation functionals in determining the overall performances of DF methods.
The theoretical behavior of the most common exchange functionals, like those
proposed by Becke in 1988 and by Perdew and Wang in 1991, will be compared
with that of more recent proposals. A particular attention will be devoted to high-
gradient low density regions, which dominate weak non covalent interactions. An
analysis of the most common correlation functionals, e.g. those introduced by
Lee, Yang and Parr and by Perdew and Wang in 1991, will be also carried out.
Next, the most recent development of DF theory, namely the adiabatic connection
methods (ACMs), will be treated. The numerical performances of the most recent
ACM approaches will be examined in detail, with special reference to the
development of new parameter-free ACMs. Finally, some results obtained on a
standard molecular data set and on some "delicate" chemical systems will be
discussed.
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1.INTRODUCTION

The quantum mechanical approach to chemistry has two long standing goals. The
first one is the a-priori prediction of the structure, properties and reactivity of
molecules formed by atoms of the whole periodic table. The second, and not less
ambitious, objective is the interpretation of the above results in terms of chemical
concepts, such as bond energies, inductive effects and electronegativity, for
example. Thanks to the impressive development of computer power and to the
implementation of very efficient algorithms, the most sophisticated post Hartree-
Fock (HF) methods (like multireference configuration interaction and coupled
clusters) [1-6] are nowadays able to provide, when coupled to large basis sets [7-
9], data of chemical accuracy for geometrical structures, binding energies and
physico-chemical properties. However, their scaling with the number of active
electrons is so heavy (at the 7th or 8th power) that applications to chemically
significant systems remain prohibitive. Furthermore, interpretation of the results
in terms of chemical concepts is very complicated. Less sophisticated
conventional methods, like HF or low-order many-body techniques (e.g. MP2
[10]), work well essentially for the ground electronic states of closed-shell
molecules formed by main group atoms [10,11].

Methods rooted in the density functional (DF) theory [12] are more promising,
since they are able to include a large amount of correlation energy in a formalism
that requires in essence the same resources as the HF method. In particular the
Kohn-Sham (KS) approach [13] has led to DF implementations strongly
resembling the corresponding HF algorithms [14-20]. As a consequence, most
popular ab-initio programs now include DF capability, and specialized DF
packages are well established. In the following we will make explicit reference to
the Gaussian implementation [21] concering both algorithms and computations.
The development of GGA (generalized gradient appoximation) and beyond GGA
functionals in the last years [22-43] has significantly improved the results
provided by the so called local density approximation (LDA) [44-46]. Together
with the reasonable scaling with the number of electrons, the major strength of
these DF methods is their consistent accuracy both for closed- and open-shell
systems along the whole periodic table. As a rule of thumb, it can be said that
current functionals including gradient corrections provide for any molecular
system results of the same quality as the MP2 method for organic molecules. It
must be pointed out also that, from a chemist’s point of view, all the KS methods
are particularly interesting, since they retain the ease of interpretation of single
determinant methods.

Furthermore, recent work has shown that the approaches rooted in the adiabatic
connection method (ACM), in which a fraction of HF exchange is mixed together
with DF exchange, provide even better results [47-59]. Some questions are open
about the empirical parameters which rule the ratio between HF and DF
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contributions. In fact, a possible drawback of ACM approaches is that the
percentage of HF and DF exchange terms could depend on the particular kind of
atom, interaction, and/or property investigated. Although systematic analyses are
still lacking, an increasing number of studies suggest that the same set of
parameters provide reliable results for the strength of standard covalent bonds,
electron deficient interactions, harmonic and anharmonic frequencies, and one-
electron properties. At the same time, some limitations of the current ACMs have
been recently rectified, especially concerning non-covalent interactions, like those
found in van der Waals and charge transfer complexes, or the activation energies
governing some organic reactions, like proton tranfer and the Walden S\2
inversion. Next the reduction or the complete removal of optimized parameters in
ACMs has brought some significant enhancement in the field of hybrid HF/DF
methods.

The aim of the present contribution is to illustrate the state of the art in this
complex scenario and to better define the field of application of classical DF and
less-conventional adiabatic connection approaches. To this end, after a short
introduction about the foundation of DF theory, we discuss in some detail the
physical behavior of the exchange and correlation functionals. The ACMs are next
introduced devoting particular attention to the most recent developments. Finally
a number of examples, covering different chemical situations, are illustrated.

2.THEORETICAL BACKGROUND

2.1 The Kohn-Sham approach

Density functional (DF) theory rests on the two theorems of Hohenberg-Kohn
(HK) [13]. The first of these states that for systems with a nondegenerate ground
state and a given electron-electron interaction there is a one-to-one mapping
between the external (local) potential and the ground state wave function as well
as the diagonal one-electron density. Therefore the wave function is uniquely
determined by the one-electron density, i.e. it is a functional of the density, and so
are all properties, being ground state expectation values of the associated
operators. In particular also the total energy and its components, such as the
kinetic energy, are functionals of the density. The second HK theorem defines a
density functional for the energy, E,[r], for a system with given external potential
v. This energy functional will have a minimum for the exact ground state density
associated with that external potential.

It has not proven possible to find sufficiently accurate approximations for E,[r], so
that a single Euler-Langrage equation for the density would yield an accurate
density and energy. In particular, it is very difficult to find a good density
functional for the kinetic energy. Therefore applications of DF theory in
chemistry invariably use the one-electron model of Kohn and Sham (KS). They
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introduced an auxiliary system of noninteracting electrons moving in a local
potential called v(r). This potential has the property that the occupied KS orbitals
give the exact (correlated) electron density of the system. It has been proven that,
under certain conditions, such a potential exists, and by HK theorems applied to
noninteracting electrons, it must be unique. The important quantities in KS theory
may be now defined. Suppose the KS potential v(r).is known, then the KS
equations

hes@:(r)=¢€,9,(7) (1
with
=] -2 3,00 @)
give the exact density as
o) =Sl @)

Since the KS potential is uniquely determined by the density, the same applies to
the solutions of the KS equations. Therefore, the kinetic energy of the electrons
described by the KS orbitals is a functional of the density:

N R 1
Tlpl = X(#[p)]|- 5 V| 8Le)] @
From these equations, we get the exact total energy of the system:
1. p(r)p(ry)
E =T [p]+ [olnv(n)dr, +5 [=2=
12

dndr, + E . (5)
Here v is the external potential of the system, in our case always the nuclear
potential

) =V,(n)= Z[R _r| 6)

The only unknown quantity in eqn (5) is the exchange-correlation energy E,,,
which is therefore defined by this equation. This quantity plays a crucial role in
DF theory. It is, after a KS calculation, the only quantity for which a reliable
estimate is needed to obtain a good total energy.

Moreover, it determines also the KS potential itself. It is possible to prove that the
KS potential is given by:

v, = i) + [ o dr +,[p(r)] ™
where v, is the funtional denvatwe of Exc
Ve[ ()] = M) ®)

So the KS equations have the final form:
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1
kxslé(r)=l:—EV2+VN+VC+V,C(r)j]¢,.(r)=6}¢,-(I') 9
where the Coulomb potential is given by

Ve(r) = Ilf—(_r—}.,dr' (10)

2.2 The generalized SCF model

The solution of the KS problem, expressed by eqn. (9), is similar to the procedure
utilized for the HF model, both methods resting on a self consistent field (SCF)
solution for the evaluation of the total energy. The SCF equations are built by
expanding the ¢ in a set of one-electron basis functions:

() = ga,,z,,(r) (11)

so that the electron density can be described in terms of these functions and of the
corresponding one-body density matrix P

pr) =2 P2, (N, () (12)
Hv
The total SCF energy is:
1
Esee =L Py H, +5 3 B, Py (uio) + E, a3
uv pvic

where the H,, are the matrix elements of the one-electron operator
1
Hmre Z—EVZ +VN (133)

In a spin unrestricted formalism

pr) = p*(r)+ p* (r); P(r) = P*(r) + P"(r) (14)
and the KS equation (9) is transformed into a secular equation from which the
eigenvalues and eigenfunctions are obtained:

F°C° =8C7¢° (15)
with the orthonormality conditions
(co)sco=1 (16)

where o refers to either o or B spin. The F° are Fock-like matrices, whose
elements are
Fo' — ngCF
uv 4
ar;,
C” are the matrices of the molecular orbital coefficients, § is the atomic overlap

matrix and &° are diagonal matrices of the KS orbital eigenvalues. Now the
difference between HF and KS approaches resides in the term £, which is

(17
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1
EN = ——( T PP+ P,fini)(MI vr) (18)
VAT
in HF theory, and
ES = [f(p*p")dr (19)

in KS theory. In most cases the integral (19) cannot be computed analyticaily and
must be obtained by numerical quadrature. This introduces a number of technical
problems, which, although resonably well under control in the most recent
packages [60-64], suggest the development of grid-free methods [65,66].
Furthermore, many current KS implementations employ various auxiliary fitting
or projection techniques to aid in the evaluation of the Coulomb and/or exchange-
correlation potential [14,15,19,20]. Although fitting can reduce the computational
effort for small systems, this is no longer the case for large molecules. In some
particularly efficient procedures, the integrands of eqn (19) can be obtained
without evaluation of the Hessians of the densities, even though these appear in
eqn (8). As a consequence, the cost of the exchange-correlation part of the
electronic calculation scales linearly with the size of the atomic basis set used in
the expansion of the molecular orbitals. Of course, the evaluation of the Hessians
cannot be avoided when computing analytical gradients, or second derivatives.
This task is, however, performed only once in each optimization step.

2.3 Density functionals

The key-problem in KS theory is to determine an analytical form for the E, . term.
The knowledge of the exact expression of the E, term leads, through eqn (5), to
the exact total energy. Unfortunately, this expression is unknown, and
approximations must be used. The most common approach to the problem of the
representation of E, is to separate the correlation contribution from the exchange
counterpart. This distinction is somewhat artificial in the context of DF theory,
but the separation between these two terms considerably simplifies the discussion.
Let us start with the simplest DF approach to the problem of exchange functional,
i.e. the local spin density approximation (LSD), in which the functional for the

uniform electron gas of density p is integrated over the whole space:

EFP = 4.3 [p,(r)Pdr (20)
where

A4 = Z(i) N 21

*T 2\4rx 1)

Such an approach underestimates the exchange energy by about 10%. Starting
from eqn (20) several corrections for the nonuniformity of atomic and molecular
densities have been proposed. In particular, those based on density gradients have
received considerable attention, due to their simplicity. These corrections,
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collectively referrred to as generalized gradient approximation (GGA), are usually
expressed in terms of an enhancement factor over the exchange energy of the
uniform electron gas, so that the total exchange energy takes the form:

ES* =E - 2] Flxp, (1) dr 2)
[+
where x is the dimensionless reduced gradient:
_ Ve, |

x= a3
(e.)
A number of semiempirical GGA exchange functionals, which contain parameters

obtained by fitting the exchange atomic energies have been proposed. Roughly
speaking, these functionals can be divided in two main classes. In the first one, we
may group those which can be considered as modifications of the functional
proposed by Becke in 1988 [25] (hereafter referred to as B), whose enhancement
factor can be expressed as

(23)

b’ 24

1+ 6bxsinh™ (24)
where b is a constant. In this class we include the functional developed by Perdew
and Wang in 1991 (hereafter PW) [46], the so-called CAM family of functionals
[17], and the exchange functional of Chermette and co-workers [29].

The other class contains all the functionals which can be expressed as polynomial
function of the reduced density gradient. Among them, we can mention those
introduced by Becke in 1986 (B86) [22,23], by Perdew and Wang in 1986 (P)
[24], by Lacks and Gordon in 1993 (LG) [27] and the very recent functional of
Gill (G) [30], either in its original form or in the modified form proposed by
Handy. For instance, the enhancement factor of the P functional is:

F= [1 +a,s* +a,s’ +c16s6]m5 (25)

F?[x]=

where
1

§= 2(37%)" x
and a,, a,, and agare constants
It is possible to have a rough idea about the performances of the different
exchange functionals by computing the total exchange atomic energies for the first
and second rows of the periodic table. Standard exchange functionals usually give
total atomic exchange energy within 1% of the HF exchange energies, as is well
evidenced by the data reported in table I.
All the above mentioned functionals generally provide atomic or molecular
properties with a reasonable precision, so that conventional DF methods are
claimed to deliver results comparable to those obtained by second-order many
body perturbation approaches (MP2). From a purely formal point of view, the
reasons for such good performances are not yet evident.

(26)
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In particular, a number of physical conditions that must be satisfied by an
exchange functional have been established, but only few of the current exchange
functionals obey to them.

Table 1. Magnitude of the exact exchange energy (Hartrees) and difference between exact
exchange energy and various density functional for the exchange energy, for neutral atoms. All
calculations employ Hartree-Fock densities for the computed ground-state configuration and term
and the aug-cc-pVQZ basis set (unless explicitly noted)

atom HF ALSD APW AB AG ALG
H -0.313 +0.045 +0.006 +0.003 +0.002 +0.003
He -1.026 +0.142 +0.009 +0.001 -0.003 -0.002
Li -1.781 +0.243 +0.018 +0.006 +0.003 +0.001
Be -2.666 +0.354 +0.001 +0.009 +0.010 -0.002
B -3.770 +0.474 +0.015 +0.010 -0.016 -0.007
C -5.077 +0.590 +0.027 +0.009 -0.022 -0.010
N -6.607 +0.706 +0.030 +0.011 -0.022 -0.010
0 -8.219 +0.835 +0.016 -0.005 -0.050 -0.033
F -10.045 +0.956 +0.002 -0.019 -0.066 +0.051
Ne -12.110 +1.076 +0.006 -0.029 -0.034 +0.057
Na -14.018 +1.234 +0.013 -0.010 -0.010 +0.038
Mg -15.992 +1.383 +0.016 -0.006 -0.011 +0.039
Al -18.091 +1.541 +0.026 +0.003 -0.024 +0.029
Si -20.304 +1.696 +0.036 +0.012 -0.023 +0.017
P -22.642 +1.849 +0.046 +0.020 +0.002 +0.001
S -25.035 +2.012 +0.053 +0.024 -0.030 +0.007
Cl -27.545 +2.168 +0.057 +0.029 -0.033 +0.018
Ar -30.185 +2.322 +0.061 +0.031 -0.004 +0.031
abs. aver. 1.090 0.025 0.013 0.019 0.019

error

max error 2.322 0.061 0.031 0.066 0.0587

Among others, three conditions are of particular importance. The first constraint
is related to the behavior in the small x region, where the GGA exchange
functional should reduce to E;-*” in order to recover the correct uniform gas limit.
The second condition was defined by Levy, who showed that some scaling
properties can be satisfied if the asymptotic form of the functional for large x is x°
@, where a > ¥ [68,69]. The last condition is the so called "Lieb-Oxford bound"
[70], which states that:

E,2E_>-16794, [p(r)* dr @7
The behavior of some of the most common functionals with respect to these three
constraints is reported in table II. The B functional does not obey neither the Levy
condition nor the Lieb-Oxford bound, but its numerical performances are better
than those provided by the PW functional, which respects all the above mentioned
constraints.
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This situation is, of course, quite disturbing and some efforts have been done to
design an exchange functional which couples a rigourous theoretical formalism
with good numerical performances. For instance, we have recently found that
some mofidications of the PW exchange functional (hereafter referred to as mPW)
induce significant improvements of its numerical results, while retaining the same
parameters and correct physical behavior of the original model. Furthermore, the
correct asymptotic conditions are less important in the high density (which
corresponds to covalent bonds), than in low-density region. This point is of
particular importance, since these latter regions are responsible for non-covalent
interactions, such as H-bond, van der Waals (vdW) and charge transfer(CT) [39].

Table II. A set of minimal physical requirements for the exchange functional

requirement B PwW B86 LG G
correct Yes Yes Yes Yes Yes
uniform gas
limit
Levy No Yes No Yes No
condition
Lieb-Oxford No Yes No Yes No
bound
good fitting of Yes Yes Yes Yes Yes
atomic exange
energies

The situation is well evidenced by computing the HF and DF differential
exchange energy for the He dimers, i.e; the exchange energy of the atom pair
minus the exchange energy of the two free atoms. In figure I are reported the DF
errors, computed with respect to the HF differential exchange energy, for the He
pairs. This plot evidences the significant error obtained in the long-range region
(¢>2.0 A) by using conventional exchange functionals. In contrast, an improved
behavior is obtained by properly designed functionals, like the mPW or the LG
one.
Many approximate functionals have been proposed for the remaining part of the
total energy, i.e. the correlation energy. The development of an improved local
form of this functional is of special interest for large systems because the
complexity of the system will be significantly reduced. Recently, a new form of
E.[p] based on the functional expansion and the adiabatic connection formulation
of DF has been advanced which is a sum of integrals of various powers of the
density [37]:

E.=CN+C, [p*(rdr+C, [p"* (r)dr (28)
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where C,, are constants to be determined and N is the number of electrons in the
system. In spite of its accuracy, this functional, called the Liu-Parr (LP)
correlation functional, has the fundamental deficiency, that the corresponding
correlation potential approaches infinity for all densitites that fall to zero at large
values of r. This fact rules out the possibility of applying the LP functional,
without truncation, in a KS-SCF procedure.
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G986 o mPW
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Figure 1. Computed DF fractional error for the exchange energy in the He-He interaction.

Starting from eqn (28) and applying the Padé summation approximation, it is
possible to define a family of correlation functionals, which has the general form:
(C)
[,. N = [ pr) B2 Pn
= |p o
Here, g“"p , the superscripts label the order of the Padé approximant employed,

and p,, and g, are polynomials of order m and n, respectively. The lowest
expansions of eqn (29) are:

29

EPY = [p(r) 5 b vl (30)
EM = | p(r)(b—%;%‘%g—z)dr (1)

Equation (30) is the form proposed by Wigner over sixty years ago [70].
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A different approach to the problem of the correlation representation starts from
the definition of a local correlation functional with the correct asymptotyc
behaviour, which i.e. correctly reproduces the correct uniform gas limit. The most
common functional with this characteristic is the Vosko-Wilk-Nuisar (VWN)
parametrization of the Monte Carlo results of Ceperly and Alder [45]]. More
recently Perdew and Wang proposed an improved local correlation functional
[46]:

1
ELPA = _2ap(1+ a1, )log 1+
za(Blfsl/z + Bty + Bt + |34rs4)

(32)
where a, a;, B, b [, and S, are constants, and

3 /3
= (E) (33)

As for the exchange functionals, local correlation functionals reproduce only in
part the total correlation energy and GGA corrections are in order. In particular
the correlation functional proposed by Lee, Yang and Parr (LYP) [71] embodies a
Wigner-like functional (eqn 30) as the local contribution. The analytical
expression of the LYP functional is:

4a p,,,Dﬂ 3
LYP=_ _211/3_ 3 242/3 b 8/3+ 8/3
Et‘ 1+dp-1/3 p 10( T ) a w(p)papﬂ(pn pa )

LYP LYP Lrp
+————Vp Vp, +———Vp Vp, + ———Vp,Vp (34)
Np,Vps P T g, P pvp,

where
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——f—— = —gb = 47-75(p)| - = p° 35
Fpim w(p){gpapp[ ]-3p (35)
PELYP {1 { Py
— = —abw(p) = pappil—38(p)-[8(p)-11] 1 - p2
oV, (P) 5 PaPy p)-[ ]p
@(p) = < p
1+dpp-l/3
~-1/3
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and a, b, ¢, d are constants.

In a similar way, the local PW correlation functional of eqn (32) can be
significantly improved by adding a gradient correction. The resulting GGA
correlation functional is;

E(PWQ] = ECLDA +pH (36)
where
H_.g.z_lo 1+2£_L2f_4’_4__ +C [C C ]tZ -1005% 37
"2a g ﬂ 1+At2+A2t4 c0 c cl e H ( )
2 2 -
= e -1] f (38)

C, +Cyr, + C,r}
+ ;
1+ Cyr, + Crl +Cor}
__va
4 ws |72
2 —(3x?
o]
& = pE™ (1)
and ,5,C, C.1. Cp Cy, Cy, C,, Cs, C4and C; are constants.
As for the exchange functionals, a set of "minimal" requirements has been
established (see table III). In this connection it must be mentioned that the LYP
functional does not reach the exact uniform electron gas limit and does not allow

for a distintic treatment of parallel and antiparallel spin correlation, but gives
vanishing correlation for one-¢lectron systems

C.=¢

[4

(39

t= (40)

Table III. A set of minimal physical requirements for the correlation functional

Requirements PW91 LYP
exact uniform gas limit Yes No
parallel and anti-parallel spin Yes No
treatment
vanishing correlation for one- No Yes
electron system
good fitting of atomic Yes Yes

correlation energies

Despites its theoretical weakness, the LYP functional is one of the best forms of
the correlation functional currently available, generally performing better than the
PW functional, especially for molecules containing first-row atoms.

In table IV are reported the total correlation energies for the atoms belonging to
the first two rows of the periodic table.
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Table IV. Exact correlation energy and errors of some density functionals (in a.u.) for neutral
atoms.  All calculations employ Hartree-Fock densities for the computed ground-state
configuration and term.

atom Exact PW LYP
H 0.000 -0.006 0.000
He -0.042 -0.003 -0.002
Li -0.046 -0.011 -0.007
Be -0.094 0.000 -0.001
B -0.125 +0.001 -0.003
C -0.157 +0.001 -0.010
N -0.189 -0.007 -0.005
[¢] -0.258 +0.003 -0.007
F -0.322 +0.006 -0.004
Ne -0.390 +0.014 +0.007
Na -0.398 -0.005 -0.010
Mg -0.444 -0.004 -0.015
Al -0.479 -0.008 -0.017
Si -0.520 -0.010 -0.011
P -0.553 -0.018 -0.013
S -0.634 -0.004 -0.001
Cl -0.714 +0.012 +0.040
Ar -0.787 +0.019 +0.036
abs. aver. error 0.007 0.010
max error 0.019 0.036

2.4 Adiabatic connection methods

The adiabatic connection formula is at the root of the ACMs. This formula is
usually expressed in the form:

= fU,M (42)
with
> J'J-P(r )P(" )

Upr = (¥, V.| ¥

ee

drdr' (43)

xc,A

here A is an electronic coupling strength parameter that switches on the Coulomb
repulsion between electrons and U, , is the corresponding potential energy of
exchange and correlation for electron-electron interaction at intermediate coupling
strength A. The integrand of eqn (42) refers explicity to the potential energy only,
the kinetic part of the exchange correlation energy being generated, by the A
integration. This formula connects the noninteracting KS reference system (A=0)
to the fully interacting real system (A=1), through a continuum of partially
interacting systems (0 <A<1), all sharing a common density p. Becke showed that
the simplest approximation to eqn (42) can be expressed by a two-point formula
[48]:
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ExAcCM = —21-(Exc,1=0 + Exc,A:l) (44)

An application of eqn (44) is the so called half-and-half (h&h) ACM approach,
which is obtained if E,, 1-,=E,"", the HF exchange, and E,, ;-;=E,**", the LSD
approximation to exchange, are used. Variants of the h&h method, including
GGAs, are defective in several resepects and cannot be considered significant
improvements over standard functionals, even if they provide good results for
some difficult systems. A more valuable approach has been next obtained by
Becke using a three parameter equation [47]:

EfM =a EFP +(1-a,)E[ +a AET + EFP +a AET (45)
where AE,(GGA and AECGGA are the generalized gradient contributions to the
exchange and correlation contribution, and EXLSD and E;°° their LSD
counterparts. The three semiempirical parameters, a,4 a,; and a,, have been
determined by fitting the heats of formation of a standard set of molecules. Even if
the original work uses the Perdew-Wang (PW) correlation functional, the most
popular implementation is the so-called B3LYP method, which uses (in a self-
consistent way) the B exchange functional together with the LYP correlation
functional:

EPYW =g EM? +(1-a )EM +a,AE? + E/" +a AEM" (46)
where the LSD contribution to the exchange energy is that of a uniform spin-
polarized electron gas and the local correlation component is represented by the
VWN parametrization. Since the local (Wigner) part of the LYP correlation
functional is not too different from the correlation energy of the uniform electron
gas, the last term is usually replaced by:

AECLYP - ECLYP _ ECVWN (47)

This protocol is nowadays considered as the most powerful among all the ACM

approaches, providing, at a fraction of the computational costs, numerical results

close to those obtained by the most refined post-HF methods. On the basis of

such an experience, Becke has recently proposed a single-parameter version of
his ACM approach [49]:

EfM =a EfF + (1-a (E° + AES)+ EFP + AEF™ =
a,(E;" —EJ™)+ EZ* (48)

where a, ranges between 0.28 and 0.16, depending on the choice of the GGA
correlation functional. This parameter is, once again, chosen to obtain the best
fitting to the experimental data of a standard set of molecules.

Very recently, several authors focused their attention on the theoretical evaluation
of the exact mixing coefficients in ACM approaches In particular, Perdew and
co-workers argue that the optimum integer value ruling the HF/DF exchange ratio
can be determined by the lowest order of the Gorling-Levy perturbation theory
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which provides an accurate description of the dependence of E,., upon the
coupling constant A. They showed that the E,., term has a correct dependence ,
i.e. it is has the correct value, slope and second derivative at A =1, only for a;=1/4
[53].

Following these works, we have introduced a parameter-free version of the
B3LYP approach, in which only the HF and the DF exchange contributions are
mixed together in the ratio 1/4, while the correlation part is entirely included at the
DF level [54]. Starting fron eqn (48), we have defined the BILYP protocol, which
uses the Becke exchange and LYP correlation functionals as:

EilLyp =%EXHF +(1_£)(E:SD +AEB)+E:/WN +AECLYP =

%E:’F +§(E,”" +AE®)+ EM” (49)
Note that, while slightly different B3LYP functionals are obtained choosing
different fittings for the correlation energy of the free electron gas, this problem
completely disappears in the BILYP model. As is the case for the popular B3LYP
protocol, the BI1LYP approach has been used in a fully self-consistent way, that is
the iterative determination of the KS orbitals is performed by the whole functional
including contributions from GGA and HF exchange.

3 APPLICATIONS

3.1 Covalent interactions

The so called G2 set of molecules is nowadays considered a standard for the
validation of new quantum chemical approaches [72]. Table V collects an error
statistic for several quantum mechanical approaches concerning the geometric and
thermodynamic parameters of 32 molecules belonging to the G2 set, together with
dipole moments and harmonic vibrational frequencies.

From these data, it is clear that all the GGA methods provide geometric
parameters with comparable accuracies, the error ranging between 0.012 and
0.014 A. In contrast, a variety of results are obtained for the atomization energies,
the BLYP protocol being the less accurate (9.6 kcal/mol) and the mPWPW the
most accurate (6.7 kcal/mol) one. In particular, it is remarkable that protocols
including exchange functionals with the correct asymptotic behaviour (i.e. LG and
mPW) provide thermochemical parameters with a greater precision than those
obtained by more conventional exchange functionals (i.e. B and PW).

As concerns the correlation part, the PW functional seems to outperform the LYP
functional, the results obtained at the BPW level being better than those provided
by the BLYP protocol.The inclusion of some HF exchange induces a significant
improvement of the performances. In particular, the mPW3PW protocol performs
at least as well as the B3LYP version and should be preferred in view of its
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improved asymptotic behaviour. In the same vein, a comparison between BILYP
and mPWI1PW approaches shows that both models give results close to those
provided by 3-parameter ACM methods, thus offering a significant improvement
over the underlying GGA functionals (BLYP and mPWPW) without adding any
additional parameter. Furthermore, all the ACM methods approach the accuracy
of the most refined post-HF methods, such as CCSD[T]. Note, however, that the
comparisons offered in table V are quite unfair for some post-HF methods, which
would require larger basis sets to give converged results.

Table V. Mean absolute deviations obtained by different methods for some properties of 32
molecules of the G2 data set. Bond lengths, bond angles and harmonic frequencies are computed
using the 6-311G(d,p) basis, set while atomization energies and dipole moments are evaluates by
the 6-311++G(3df,3pd) extended basis set.

Method Bond lengths D, Dipole moments Harm. freq.
(A) (kcal/mol) (D) (cm™)
HF and post-HF
HF 0.022 82.0 0.29 144
MP2 0.014 237 0.28 99
CCSD[T] 0.005 115 0.10 31
local and GGA
LSD 0.017 435 0.25 75
BPW 0.014 6.0 0.11 69
BLYP 0.014 9.6 0.10 59
LGLYP 0.013 7.2 0.10 60
PWPW 0.012 8.6 0.12 66
mPWPW 0.012 6.7 0.11 65
three-parameter ACM
B3LYP 0.004 24 0.08 31
B3PW 0.008 48 0.08 45
mPW3PW 0.008 2.6 0.08 37
parameter-free ACM

BILYP 0.005 31 0.08 33
BIPW 0.010 5.4 0.10 48
LGILYP 0.005 4.0 0.10 45
mPWI1PW 0.010 35 0.10 39

The results reported above give some indications about the performances of the
different DF protocols. It must be remarked, anyway, that the geometries and
harmonic frequencies of the G2 set of molecules are relatively well described by
all the most common quantum mechanical methods. There are, however, well
known molecular systems which are much more demanding, some of which are
considered in the following.

As a first test, we have selected cis-FONO, which has been recently investigated
in detail by several other methods [73]. The results collected in table VI
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unambiguosly show that the BILYP protocol outperforms the MP2 method
concerning both geometries and harmonic vibrational frequencies. In particular,
both the average and maximum error on frequencies are nearly half the
corresponding B3LYP values. Furthermore, contrary to HF and post-HF
computations, at the BILYP level even the relatively modest 6-311+G(d,p) basis
set provides satisfactory results, thus significantly enlarging the dimensions of
difficult systems amenable to quantitative studies.

Table VI. Geometrical parameters( A and degrees) and harmonic frequencies (cm’®) computed for
cis FONO by different methods, using the TZ2Pf basis set.

CCSD[T] MP2 LSD BLYP B3LYP BILYP BILYP*

F-O 1.433 1.414 1.704 1.779 1.441 1.428 1.438

O-N 1.445 1.488 1.182 1.205 1.397 1.421 1.424

N-O 1.116 1.155 1.168 1.187 1.158 1.153 1.155

FON 1104 108.4 114.6 177.0 1132 1124 112.8

ONO 115.8 114.6 1374 137.4 118.1 117.1 1172

,(a") 1747 1744 1871 1695 1756 1803 1816
,(a") 933 977 1284 1170 925 954 932
05(a") 787 799 578 704 802 823 804
04(a") 441 329 500 455 341 394 359
os(a") 277 267 185 171 174 263 247
w¢(a") 381 366 741 536 449 407 405
avg.abs. 33 199 107 51 33 37

err.

Max error 112 360 237 103 56 82

The structures and the hyperfine splittings (hfs) of organic free radicals provide
another severe challenge to theoretical chemistry, since they are related to subtle
details of the ground state electronic wave function. Here we analyze the
dihydronitrosyl radical for which both experimental and refined theoretical results
are available in the literature [56-59]. The most relevant physico-chemical
observables obtained by different methods for H,NO are shown in table VIIL
From these data, it is quite apparent that the BILYP approach provides results
very close to the B3LYP one, conceming both geometric and magnetic
parameters. Taking the UQCISD[T] results as a reference rather than experimental
values (which involve significant vibrational averaging ), both the BILYP and
B3LYP models provide reliable results. The only departure from the reference
values concerns a slight underestimation of the isotropic hfs of nitrogen, for which
the BILYP approach offers even some improvement over the B3LYP method (8.3
vs. 7.6 G). As has been already reported in literature, the PW correlation
functional provides quite poor isotropic hfs for non-hydrogen atoms and the
situation is only slightly improved by adding some HF exchange.



62 Carlo Adamo et al.

Table VII. Geometrical parameters (A and degrees) and isotropic hyperfine splittings (hfs, G) for
H,NO, computed by different methods.

Parameter QCISD[T] BLYP BPW B3PW B3LYP BILYP exp
a
d(NO) 1.278 1.294 1.282 1.296 1.277 1.276 1.280
d(NH) 1.016 1.024 1.023 1.014 1.015 1.013 1.010
HNH 119.0 118.5 118.2 119.0 119.0 119.0 122.7
™ 16.9 16.6 16.4 16.0 16.6 16.7

hfs (*N) 10.1 6.5 53 6.0 7.6 8.3 9.7

hfs (H) -11.0 <95 -9.6 -12.0 -10.9 -11.2 -10.5

a) TZ2P basis set; b) out-of-plane angle.

3.2 Non covalent interactions

Van der Waals complexes, such as the dimers of rare-gas atoms, are very difficult
to handle in the framework of DF methods. In particular, standard methods,
including some ACM approaches, significantly underestimate the stabilities of
these complexes. The structural and energetic characteristics of the energy
minima of He and Ne dimers, computed by a number of DF methods, are
collected in table VIIIL.

Table VIII Bond lengths and dissociation energies for He2 and Ne2. All values are computed
using the 6-311++G(3df,3pd) basis set.

Dimer method d(A) D, (eV)

He, BPW, BLYP, BILYP, B3LYP unbound

PWPW 2.61 0.010

mPWPW 3.06 0.003

mPWI1PW 3.07 0.002

exact 2.97 0.001
Ne, BPW, BLYP, BILYP, B3ILYP unbound

PWPW 2.85 0.020

mPWPW 320 0.008

mPWI1PW 3.18 0.007

exact 3.09 0.004

Two limiting situations are evidenced by these data. From the one hand, all the
protocols using the B exchange functional predict a vanishing interaction between
He atoms, while, from the other hand, a strong interaction is found at the PWPW
level. Between these two extremes, the mPWPW conventional DF approach gives
much improved results and an even better agreement with the exact values is
obtained at the mPW1PW level.

The results are better evidenced in the graphs of figure 2, which represent the
potential energy profiles for the He-He interaction, computed by several DF
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methods. All the plots are comprised between the BPW repulsive curve and the
strong attractive curve of the PWPW functional. In the middle, and close to the
exact profile, lie both the mPWPW and the mPWI1PW plots.

g MPWPW . .a - BPW

0.04 oo PWPW o MPWIPW
a exact
< 0034
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w  0.02
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Figure 2. Potential energy curves for the interaction of two He atoms

A similar behaviour is obtained for the Ne dimer, where a variety of situations is
predicted by standard pure DF approaches, while a good agrement with the
"exact" data is found for all the models which include the mPW functional (see
table VIH).

An even more stringent test is represented by CT complexes, and in particular
those arising from a ©—o type interaction, such as that of ethylene with a halogen
molecule. These systems are very difficult to describe either at the post-HF and
DF levels. Among the well characterized CT systems, we have focussed our
attention on the simple ethylene-chlorine complex. Furthermore, even if several
possibile molecular arrangements are possible, the axial-perpendicular structure is
the most stable one. So we have limited our attention only to this molecular
arrangement, whose main molecular parameters are reported in table IX.

The most striking features in the calculations with the different methods are the
chlorine-ethylene distances, which are directly related to the interaction strengths.
In this connection, all the GGA methods provide very short intermolecular
distances, even if the LGLYP result can be considered a significant improvement
over the other GGA values.
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Table IX Some relevant geometrical parameters (A), harmonic stretching CI-Cl frequencies (cm™)
and complexation energies (kcal/mol) for the Cl,-C,H, complex. The energies are computed at
the 6-311++G(3df,3pd) level, using 6-311G(d,p) geometries and are corrected for BSSE and ZPE

MP2 mPWPW BLYP LGLYP mPWIP BILYP LGILYP exp

w
d(Cl- 3.003 2.627 2.707 2.728 2.834 2.901 2.887 3.128
plane)
d(CI-Cl)  2.044 2.149 2,183 2.203 2.062 2.093 2.104
w(CI-Cl) 506 379 359 362 467 447 460
AE omp -1.6 -3.2 -2.6 -2.9 -14 -1.1 -1.3 -1.7/

-2.7

The inclusion of some HF exchange increases the distance up to 2.83 A for the
mPW 1PW model. This last value is equal to the B3LYP estimate (2.84 A), but its
is not accurate enogh to describe this parameter properly. The best agreement
with the reference MP2 value (3.00 A) is found at the BILYP level (2.901 A). In
contrast, it must be remarked that all the methods provide geometries for the free
molecules (not reported in table IX) which are in good agreement with
experimental results.

The trend in the geometrical parameters is reflected in the harmonic frequencies
and, in particular, in the stretching of the CI-Cl bond. In this complex, the
intermolecular distance is directly related to the o—n electron donation from
chlorine to ethylene, which weakens the CI-Cl bond. As a consequence an
overestimation of this interaction induces a vey low CI-Cl stretching frequency.
This is the case for the conventional DF approaches, which predict harmonic wave
numbers significantly lower than the experimental estimate. In contrast, a better
agreement is found at the mPWI1PW level, whose value is close to the MP2
prediction (467 vs. 506 cm’”| respectively).

In the same table are reported the interaction energies, corrected for both zero
point energy (ZPE) and basis set superposition error (BSSE) effects [74]. As
expected, these energies show a strong correlation with the intermolecular
distances. For instance, the BPW model predicts a strong Cl,-C,H, interaction (-
3.6 kcal/mol), which is reduced to -1.4 kcal/mol at the mPWI1PW level. This last
value is only sligthly lower than the MP2 estimate (-1.6 kcal/mol) or the
experimental findings (between -1.7 and -2.7 kcal/mol).

3.3 Reactivity

As a first test of kinetic predictions we have chose the Sy2 reaction, whose
importance in organic chemistry is well evidenced by the accumulation of a large
body of experimental and theoretical data [75-80]. From a theoretical point of
view, several studies have shown these reactions to be extremely sensitive to the
theoretical model used [77,78]. Already the simple Walden inversion:
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Ci'+CH,4Cl— CICH;+CI'

is difficult to describe by quantum mechanical methods. This reaction is
characterized, in the gas-phase, by a double-well energetic profile, with two
minima corresponding to the formation of a pre- and post- reaction ion-molecule
complex (C1..CH;Cl) and with a saddle point (SP) of D3, symmetry (CICH,CI).
The most significant quantities are the complexation energy of the ion-molecule
complex (AE,,,), the activation energy, i.e. the relatlve energy of the Dy, saddle
point with respect to the ion-molecule complex (AE®), and the overall barrier
(AE,,,), defined as the difference between these two energies. The geometrical
parameters of the ion-molecule complex and of the SP are collected in table X.
The key parameter differentiating the various functionals is the distance between
the chloride anion and the carbon of the methyl chloride. Once again, the MP2
results can be considered as the reference data, the distance being 3.270 A and
2.317 A for the ionic-complex and for the SP, respectively. All the GGA models
lead to a too short distance for the ion-molecule complex and a too long bond
length for the CI-Cl bond in the SP. The inclusion of some HF exchange
significantly improves the performances, even if the computed values are still far
from the MP2 results.

Table X. Main geometrical parameters of the ion-complex CI"..CH;Cl and of the corresponding
saddle point for the Walden inversion. All values are computed at the 6-311+G(d,p) level.

Parameter MP2 BPW mPWPW LGLYP mPWIPW LGILYP BILYP

ion-complex
d(C...C1) 3.270 3.133 3.108 3.113 3.157 3.168 3.189

d(CCY) 1.810 1.870 1.870 1.922 1.828 1.862 1.857

d(CH) 1.085 1.090 1.089 1.088 1.083 1.082 1.081

a(CICH) 108.8 107.9 107.9 106.9 108.5 107.8 107.9
saddle point

d(CCl) 2.317 2.366 2.362 2.444 2.328 2.395 2373

d(CH) 1.073 1.079 1.079 1.078 1.072 1.071 1.071

These geometrical trends are reflected in the computed energetical parameters (see
table XI). In particular, an increasing of the CI-C distance induces a significant
stabilization of the SP structure with respect to the minimum. The effect may be
so relevant to induce a negative value for AE,,, . This is true for all the
conventional DF methods considered in the present paper, as well as all the
ACMs which embody the LYP correlation functional. In particular, the BILYP
method predicts an overall barrier of -0.8 kcal/mol. In contrast, the mPWIPW
approach predicts a positive, albeit small, value for AE,,, thus restoring the right
trend.
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Table XI. Complexation energy of the ion-molecules complex (AE,,), activation energy (AE"),
and overall activation energy relative to reactants (AE,,,) for the Walen inversion. All the values
are in kcal/mol.

G2+(MP2) BPW  mPWPW LGLYP mPWIPW LGILYP BILYP exp

AEcomp 10.6 94 10.5 11.6 10.0 10.7 98 122
+2.0
AE 13.0 6.4 6.3 10.6 10.4 8.9 89 133
£2.0
AE,, 2.6 3.0 4.2 -1.0 0.4 -1.8 09 1.0
1.0

As concerns the other energetical quantities, we found that complexation energies
are relatively well reproduced by all the DF methods. A greater sensitivity to the
functional used in computations is found, instead, for AE*, whose estimates range
between 6.3 (mPWPW) and 10.6 (LGLYP) kcal/mol.

Table XII. Energy barriers (Ea), activation energies at 0 K (Ea(0)) and reaction energies (Er) for
addition to trans-butadiene according to different methods using the SVP basis set. BILYP
geometries have been used in all the computations and all data are expressed in kcal/mol.

dienophile parameter __ HF MP2  CAS(6,6) QCISD(T)  G2M B3LYP
C,H, Ea 45.0 17.9 4338 25.0 208 24
Ea(0) 475 19.4 46.3 275 233 249
Er 428 -52.5 -46.5 -41.3 -43.1
H,CO Ea 45.9 20.8 50.0 26.5 233 217
Ea(0) 48.9 23.8 53.0 29.5 26.3 24.7
Er -26.0 31.6 -283 -24.7 274
H,CS Ea 264 45 26.4 11.1 4.8 6.7
Ea(0) 28.8 6.9 288 13.5 72 9.1
Er -40.6 -48.1 424 -39.1 -40.2

The mechanism of the Diels-Alder (DA) reaction has attracted interest and
stimulated debate since its discovery [81]. Both experimental data and quantum-
mechanical calculations indicate that the reaction occurs through a concerted
mechanism, although, in some cases, stepwise mechanisms involving diradical
intermediates are only slightly less favourable [82,83]. In particular, for the
reaction between ethylene and butadiene thermochemical estimates indicate that
the activation energy for the formation of the biradical intermediate is only
slightly higher (by 2.7 kcal/mol) than the barrier governing the concerted
mechanism [82,84]. While the QCISD(T) approach reproduces quantitatively this
trend, the CAS method overstabilizes biradical species leading to a preference for
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the stepwise mechanism [85]. Since the effect of dynamical correlation (not taken
into account in the CAS model) should be even larger for the addition of H,CO
and H,CS due to the presence of lone pairs, we will take QCISD(T) results as our
references. Then UQCISD(T)/SVP results indicate that the stepwise mechanism
is even less likely for H,CO and H,CS than for C,H,. As a consequence we have
concentrated our attention on the concerted mechanism. The experimental
activation energy for addition of ethylene to trans-butadiene is 27.5 kcal/mol,
which gives an estimated value at 0K of 25.1+ 2 kcal/mol. Adding the zero point
correction to bare energy barriers, only QCISD[T], G2 and B3LYP results fall
within the error bar of the experimental estimate (see table XII).

The energy barriers and reaction energies for the three prototypical DA reactions
are compared in table XII. The most striking aspect of this table is the non
negligible effect of basis set extension in post-HF methods and the remarkable
agreement between G2 and B3LYP approaches. On the other hand, the HF and
MP2 methods are not sufficiently reliable, whereas MP4 results are quite close to
QCISD[T] ones. This would allow to avoid the lengthy iterative computations
involved in all the variants of the coupled cluster approach, but the huge basis set
needed to obtain G2-like results is prohibitive for larger systems.

TZ3PF

[ JnoPonH
P or2PonH

TZ2PF

TZ2P

TZP

TZVP

SVvP

0 '5' ' 1'0 : 15 ' 20
Ea (kcal/mol)

Figure 5. Effect of the basis set on the MP2 activation energy of the DA reaction between
ethylene and butadiene.
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A better analysis of basis set saturation can be performed by a progressive
refinement of the starting SVP basis set. The results obtained for the energy
barrier governing addition of H,CO are shown in figure 5. Very similar trends
have been found for addition of C,H, and H,CS. It is quite apparent that
polarization functions on hydrogen atoms are playing a negligible role, whereas
the balanced description of m bonds in different stages of formation requires a
triple-C valence space coupled to double sets of polarization functions on non-
hydrogen atoms. The role of f functions, although not completely negligible, is
comparatively less important, whereas addition of a third set of polarization
functions is essentially useless.

In summary, the smallest basis set suggested for quantitative studies of DA
reactions by post-HF methods is of TZ2P quality, possibly with a single set of
polarization functions on hydrogen atom. However, coupling these basis set
requirements with the need of a refined treatment of correlation (at least MP4)
produces a computational model which becomes prohibitive for all, but the
smallest prototypical reactions.

The situation is even worse considering that comparison between concerted and
stepwise mechanisms requires the use of the even more expensive coupled cluster
approaches. In such circumstances we think that a much more viable route is
offered by the BALYP/SVP model, which provides quite reliable resuits for all the
aspects considered in this paragraph [85].

3.5 Molecular properties: NMR chemical shifts

A number of approaches have been proposed for the computation of NMR
properties in the framework of DF approaches [86-91]. Here we will make explicit
reference to the GIAO model, which appears particularly effective [92,93]. It has
been recently pointed out that the MP2 method predicts chemical shifts which are
closer to experiment than those obtained using DF approaches, including the
B3LYP model [93]. It is so natural to include, as a stringent test, the computation
of chemical shieldings. In particular, we have selected some examples in order to
investigate the different possible hybridizations of carbon atoms. We have next
added the ozone molecule, which is a particularly difficult test for NMR properties
[90,92]. The results are collected in table XIII.

Let us first analyze the results for C. From the data reported in the table, it is
apparent that all the computational methods provide reliable results for chemical
shieldings of sp3 carbons. For instance the mPWIPW value for the methylic
carbon of formaldehyde is 154 ppm, wheras the MP2 value is 163 ppm, both
values being close to the experimental finding (153 ppm). In going to sp2 carbon
atoms, like the carboxylic one in the same molecule, a dramatic change is
observed. In particular both MP2 and B3LYP methods fail in predicting the
shielding constants, the computed values being 1 and -27 ppm, respectively. In
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contrast, the mPWIPW approach gives results close to the experimental value.
Finally, the chemical shifts of the sp carbon, in CH,CO, is well reproduced by the
mPWI1PW model (-10 ppm), which gives values close to MP2 (-11 ppm) and to
experiment (-8 ppm). In contrast a dramatic difference is observed for the B3LYP
value (-38 ppm).

It must be noted that for chemical shifts of first-row nuclei, and carbon in
particular, the inclusion of HF exchange has a small effect. For instance GIAO-
BLYP and GIAO-B3LYP chemical shifts have been shown to differ by few ppm
[91,93]. So the differences found in the present study can be attributed to the
improved asymptotic properties of the underlying GGA functional.

Table XIII. Absolute isotropic NMR shieldings (ppm) computed by the 6-311+G(2d,2p) basis set
at 6-31G(d) geometries.

molecule atom HF MP2 B3LYP mPWIPW  exp.
0O, O central -2767 2875 -10110 -1046 -724
O terminal  -2861 1248 -1426 -1459 -1290
CH,CHO C(CH,) 162 163 148 154 153
C(CHO) -15 1 -27 -14 -14
CH,CO C(CHy) 177 190 174 189 188
C(CO) -38 -11 -38 -10 -8
CH,CH,OH C(CH,) 174 178 164 170 170
C(CH,) 136 134 118 127 132

A more demanding test is represented by ozone, since correlation effects play a
huge role both on the structure and on the NMR properties of this molecule. The
results obtained by the mPWI1PW model are compared in table XIII to those
obtained by HF and MP2 methods [141]. The most striking feature of these data
is the poor performance of the MP2 approach in predicting the shielding constants
of both oxygens, concerning absolute values and even signs. In contrast, all the
ACM methods, including the mPWI1PW one, give the right trend, even if the
absolute values are significantly underestimated with respect to the experimental
data. It must be emphasized, anyway, that quantitative accuracy cannot be
expected from single-determinant calculations in this situation, where the use of
multiconfigurational approaches is mandatory [92]. Furthermore, the role played
in this case by the neglected current dependency of the exchange correlation
functional [86] could be particularly significant.
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3.6 Electronic excitation energies

Time-dependent DF theory (TD-DF) provides a formally rigourous extension of
Hohenberg-Kohn-Sham DF theory, which is time independent, to the situation
where a system, initially in its ground stationary state, is subject to a time-
dependent perturbation medifying its external potential, v [95]. A stationary action
principle may be derived, analogous to the minimum energy principle of
Hohenberg-Kohn theory, and this can be used to derive the time-dependent KS
equations [95]. Since the dynamic polarizability describes the response of the
dipole moment to a time-dependent electric field, it may be calculated from the
response of the charge density obtained from TD-DF. This allows the
determination of the electronic excitation spectrum in the usual dipole
approximation, because the poles of the dynamic polarizability determine the
excitation energies [96]. Here we adopt the implementation of the TD-DF model
introduced by Scuseria and co-workers [97] using, on the basis of previous studies
[97,98], the 6-31+G(d) basis set of Foresman et al. [99].

There is a growing interest in the application of TD-DF to the calculation of
abiabatic excitation energies [96-98,100,101]. The results obtained for low
excitation energies are usually superior to the those obtained by HF-based
methods, like the Random Phase Approximation (RPA) [102], or the Configuation
Interaction with Single excitations (CIS) [98,100,103]. In addition, given that the
time dependent HF (TDHF) scheme can be derived along the same lines as TDDF,
Bauernschmitt and Ahlrichs [98] have also included the ACM model in the
calculation of energies, showing that the B3LYP functional represents a further
improvement over conventional DF methods. In this connection, it has been
suggested that the numerical performances of the different functionals strongly
depend on their ability to predict reliable molecular ionization potentials (IP) [96].
This points out that, like in ground-state computations, the domain of applicability
of TD-DF rests on the development and validation of suitable functionals. We
expect that the mPW1PW functional gives results at least comparable with those
provided by other ACM approaches, because it provides comparable IP's, but has
an improved long range behavior.

In table XIV are collected our mPWI1PW results together with HF-based and
experimental data from ref. 98. The chosen molecular set, even if limited, is in
our opinion quite representative, since it includes n—n*, oc—n* and non*
transitions.

The table shows that reliable results are obtained also in this case by the
mPW1PW model, which provides data slightly closer to the experiment than their
B3LYP counterparts. An even larger improvement is found with respect to RPA
and CIS values. It is interesting to note also that the largest deviation is found for
C,H,, whose IP is one of the less accurately predicted by the mPW1PW model.
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Table XIV. Vertical excitation energies (eV) computed at different theoretical levels using the 6-
31+G(d,p) basis set at 6-31G(d) geometries.

molecule transition CIS RPA  TD/B3LYP TD/mPWIPW exp.
N, Oy T 10.0 9.8 9.4 9.3 93
H,CO n—m* 4.6 44 4.1 4.1 4.1
C,H, n>T* 7.7 7.8 8.5 8.5 8.0
CsHsN n—o7* 6.1 5.9 5.1 5.2 5.0
n—* 6.8 6.8 5.3 5.4 5.4

4. Conclusion

The present contribution explores the reliability of current density functionals
concerning a number of structural, thermodynamic, kinetic and spectroscopic
properties. Together with local and gradient corrected functionals, hybrid models
including some Hartree-Fock exchange have been also considered.

A very important point is that, contrary to methods based on a Hartree-Fock zero-
order wave function, those rooted in the Kohn-Sham approach appear equally
reliable for closed- and open-shell systems across the periodic table. Coupling the
reliability of the results with the speed of computations and the availability of
analytical first and second derivatives paves the route for the characterization of
the most significant parts of complex potential energy surfaces retaining the
cleaness and ease of interpretation of a single determinant formalism. This is at
the heart of more dynamically based models of physico-chemical properties and
reactivity.

Very recently the time dependent DF approach has given access also to excited
electronic states via a theoretically sound and computationally effective model.
Also in this case the first results are very promising and open the doors of the
realm of photophysical processes. Finally, coupling of these models with effective
treatments of polarizable continua and of translational periodicity starts to allow
the study of chemical processes in condensed phases.

Despite these remarkable features, it remains still frue that the exact density
functional is unknown, and approximations must be introduced. Like in the early
days of semiempirical methods, current density functionals are based on some
combination of two limiting strategies, namely 1) fitting of some set of
experimental data and 2) fulfillment of a number of well known physical
constraints. Although most existing functionals combine both approaches,
attention is being shified to the first aspect even at the expense of introducing a
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huge number of parameters, of overemphasizing the thermochemistry of organic
molecules, and of abandoning even the most fundamental physical constraints
(e.g. the free electron gas limit). On the other side, a new ACM method has been
recently introduced in which all the parameters (other than those in its local spin
density, LSD, component) are fundamental constants. Furthermore, the first
numerical tests show that this model is competitive with current highly
parametrized functionals. Thus it should allow the analysis of general trends along
classes of molecules and, hopefully, the derivation of new thumb rules. This is
exactlty in the spirit of one of the most constant remarks of professor Del Re,
namely that "one should always select the method which gives the greatest insight
into one's physical or chemical problem, keeping in mind that a qualitative rule
covering many data is far better than a very good quantitative result which gives
no hint as to general trends”.
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Abstract

In a recent publication [R.G. Parr and S. Liu, Chem. Phys. Lett. 267, 164(1997)],
it has been argued that the total electron-electron repulsion energy density functional
Veelp] can be expressed as a sum of functionals homogeneous of degrees one and two,
with respect to density scaling. In this paper, starting from the Levy-Perdew virial
relation, we demonstrate that one of the components of Vga[p], the exchange energy
density functional Ex[p], can be expressed reasonably well in this way in a simple form.
Namely, Ex[p] can be expressed as a linear combination of the classical electron-electron
repulsion J[p] and the various electrostatic potentials at nuclei due to the electrons.
Numerical tests are made for atoms, ions, and a few molecules. Good agreement between
the accurate and the estimated exchange energies is observed.
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1. Introduction

Density functional theory (DFT) [1,2] provides a convenient approach for
investigating electronic structures of atoms, molecules, and solids. It is theoretically
simple, conceptually meaningful, and computationally effective. Much effort has been
devoted to its development in recent decades [3.4]. According to the Hohenberg-Kohn
theorems [S], every atomic or molecular ground-state property is a functional of the
electron density. Working with the density p instead of the wave function ¥, DFT is
capable of much reducing calculation because p is a function of only three spatial
variables while W is a function of 4N variables, with N the number of electrons. In the
Kohn-Sham DFT scheme[6], in which the concept of orbital is still retained, the results of
DFT are in principle exact, even though calculations employ a single Slater determinant
wave function, just as in Hartree-Fock theory.

The central problem in DFT is to find the exact, or at least good approximate
functional form for the universal energy density functional F[p], which is the sum of the
kinetic energy functional Tg[p]. the nuclear-electron attraction Vpelpl, the classical
Coulomb inter-electron repulsion J{p], and the exchange-correlation energy functional
Exclp). In the Kohn-Sham scheme, only Ex[p] is unknown. The oldest model is the
local density approximation (LDA) proposed by Thomas [7], Fermi [8}, and Dirac [9)
long ago, in which Tg[p] and Ex[p] are homogeneous functionals of degree 5/3 and 4/3 in
p(r), respectively. LDA is exact for the homogeneous electron gas. It has been recently
proved [10] that in the LDA approximation for inhomogeneous systems these same
homogeneities of Tg[p] and Ex[p] hold.

LDA, however, is too crude an approximation to be quantitatively useful for
atoms and molecules. A relative energy error of around 15% is typical. An immediate
improvement for F[p] is to include contributions from the density gradient. giving the
gradient expansion approximation (GEA) and the generalized gradient approximation
(GGA) [11,12]. These approximations are exact when the density gradient IVp(r)l is
everywhere very small, i.e., the density of the system is slowly varying. Good results from
these approaches are found, especially in energetics, geometry prediction, rotation-
vibrational spectroscopy, etc. A relative error of less than 5% is routinely obtained.

On the other hand, energy functionals based on the GEA/GGA and their Padé
approximations are much less satisfactory in determining functional derivatives [13] as
well as in some other applications, such as in describing London dispersion forces [14],
spin resonance phenomena [15], transition states of chemical reactions [16, 17], and
structures of some molecules [18, 19]. The main failures of these functionals are three: (i)
failure to give the correct asymptotic behavior [13,20] of their functional derivatives; (ii)
failure to reproduce the behavior of the potential near the nuclear cusp; and (iii) failure to
treat the regions where a large gradient of density is present [21]. In atoms and molecules,
gradients are not everywhere small.

In our own recent efforts to develop new theoretical means to approximate the
universal functional F[p], the functional expansion viewpoint has been featured [10,22-
33]. For a finite electronic system, it has been shown that for any well-behaved functional
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QIp] there exists an infinite functional expansion in terms of functional derivatives
[20,24]:

10T ool )ole )0l s, o,
J'U p(I)p(Z)p(3)5p(rlﬁp(r2)5p(r3)d d rdr,

(1)
This functional expansion series can be reexpressed [24] as the sum of functionals
homogeneous of degree 0, 1, 2, ..., respectively, with respect to the density scaling [22]:

Q[p1=gﬁ,[p1

(2)
where Hj[p] is a density-homogeneous functional of degree j, that is [22,24],
& lpl
[pr)—~=dr = jH [p]
dp(r) (3)

Applications have been carried out for the correlation energy density functional E_[p]
[22,28,31,32], the kinetic and exchange energy functionals [24], the kinetic component of
the correlation energy [32,33], the current-density functional theory [29], the second-
order density matrix [30], and the total energy of atoms and molecules [23].

Very recently, it has been argued that for some special energy density functionals,
such as the electron-electron repulsion Vee[p] [25], the kinetic energy density functional
Tg[p] [26], and thus the universal functional F{p} [27]. the functional expansion series
may take a simplified form. For example, for Vee[p], the series truncates at the second
order, and for Tg[p], the series truncates at the first order. This suggests that the electron-
electron repulsion can be expressed as the sum of functionals homogeneous of degree |
and 2, respectively, with respect to the density scaling [25], and the kinetic energy density
functional can be taken to be homogeneous of degree | in density [26]. In the present
paper, starting from the Levy-Perdew virial relation [34], we construct an approximation
along this line for the exchange energy density functional E4[p]. Applications are made
for atoms, ions, and simple molecules. Atomic units are used throughout.

II. Theory: Exchange-Energy Density Functional

For any well-behaved density functional Q[p] whose homogeneity in coordinate
scaling is degree k, one has the identity [35]:
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_ ] 50lp]
olpl= —;jp(r)r-V 5o()

The exchange functional Ey[p] is well known to be homogeneous of degree one in
coordinate scaling [1,2], that is, the Levy-Perdew relation [34],

(r)dr. {4)

E [p]=~[p@)x Vv, (mdr, )

where vy (r), defined as

v, (r)= 6E:[P]’
3p(r) (6)
is the exchange potential.

Now, taking functional derivative of the two sides of Eq. (5) with respect to the
density, one obtains

- ey 90
vx(r)——r.va(r)—Jp(r)‘-V ) dr'. .

If the second-order functional derivative term is neglected, Eq. (7) becomes

v,(r)=-r-Vo,(r)

whose simplest solution is

(8)

r 9
where ¢ is a constant to be determined. Hence, the approximate exchange energy density
functional up to the first order takes the following form

Ellpl=a 2

r (10)
Equation (10), however, does not satisfy the translation invariance condition, proposed by
Leeuwen and Baerends [36],

[p(eR -V, [T)dr =0, (1

where R is an arbitrary translation vector. Combining Eq. (11) with Eq. (5), one has

Elp]=-[p(t)r ~R)- Vv, (m)r. 12

Repeating the procedure from Eqgs. (7) to (10), one obtains the following formula for the
exchange energy density functional to the first order,

El[p]:c, P(l') dr.
J‘|"“R| (13)
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For atomic systems, with the obvious choice R = 0, Eq. (13) reduces to Eq. (10). For
molecular systems, it is convenient to choose R as the coordinates for some nucleus.

Taking the functional derivative with respect to the density again in Eq. (7), and
neglecting the third-order term, one gets

v, rr)=-r-Vo (rr)-r V., rr) (14)

where

S5E [p] dv (r)
v {ror)= <
Sp(r )50( ) 5P(T) (15)
One simple solution of Eq. (14) is

v'x (r r‘) _C_z_.

r-r]’ (16)
where ¢, is another constant to be determined, giving
E; [p] c, U——Q(Ld dr',
(7

Therefore,

Elpl=E'+El +.= ZCI,J' plr) dr+ ”————drdr+
e (18)

Notice that in Eq. (18), the first term at the rxghl-hand side is a linear combination of the
electrostatic potentials due to the electrons at the various nuclei R;. These quantites have
been of interest in many theoretical works that estimate the total energy and binding
energy (37,38], etc. For atoms, the first term is just -Vpe/Z. where Ve is the nucleur-
electron attraction energy and Z is the nuclear charge. The second term in Eq. (18) is just
the classical electron-electron Coulomb repulsion energy. One then can rewrite Eq. (18)
for atoms as

Elpl=E +E*+-=— K’L’Jrzczj b
' z (19)

From the density scaling point of view, the first term in Eq. (18) is homogeneous of
degree one, and the second term is homogeneous of degree two. This formula is
consistent with our general description that any well-behaved functional can be expanded
in terms of functionals homogeneous of degree 1, 2, ... [24]. In addition, if one takes just
the first two terms in Eq. (18) we see that E([p] thereby has been expressed as the sum of
functionals homogenous of degrees one and two.

From the theoretical point of view, Eq. (18) belongs to the regime of the
weighted-density approximation (WDA) [39,40], in which an energy density is expressed
as a function of r and p(r), i.e.,
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Elpl=[e,(r. p(r)kr. (20)

The approximations most often employed in atomic and molecular studies are the local
density approximation (LDA), in which the energy density is a function of the density
only, and its extension, the gradient expansion approximation and/or generalized gradient
approximation (GEA/GGA), where besides the local density, the nonlocal density
gradient is included in the energy density function formulation; that is,

E [p]= fe.(o(e)[Vo(r)hr. 21)

Elsewhere {41], two of the present authors, have shown that even for the simplest
hydrogen-like systems, a proper description for both the energy functional and its
potential must go beyond WDA and GEA/GGA frameworks. The approximation needed
takes the form

E[pl= Je.x (r,p(r),le(r])dr. (22)

We thus anticipate that because of the rather different form Eq. (18) takes, its capability

to reproduce accurate exchange energy results for many-electron atoms and molecules

may be limited. Aiso, the exchange potential stemming from Eq. (18) is divergent at a

nuclear cusp, and it does not in general decay as -— when r is very large. These flaws,
r

however, do not detract from its interest as an example of constructing new approximate

functionals from homogeneous functionals. .

I11. Computational Methods

Neutral, positive, and negative atomic systems from H to Xe, and the Be iso-
electronic series from B* to Cr+20 and Ne series ions from Ne*t! to Net9 are
investigated. A few first-row monohydrides from LiH to HF are examined as an example
of the application to molecules. The restricted Hartree-Fock wavefunctions of Koga et al.
[42] have been used for atomic systems. For molecules, calculations are performed at the
B3PW91/6-311++G(3d, 2p) level.

Neutral atom results are used as data sets for least-square fits to determine the two
constants ¢y and ¢). Since it is expected that Eq. (18) is not generally applicable because
of its simple form, we fit the constants for every period. After the constants are
determined, predictions are made for cations and anions, as well as other ionic series, the
Be iso-electron series and the Ne ion series. For the molecules studied, the sum of the
electrostatic potentials at the two nuclei is used, and a separate least-square fit is made.
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1V. Results and Discussion

Table | shows the exact and fitted exchange values for neutral atoms up to Z=54.
The fitted constants for each period are listed in the bottom of the table. From the table,
one finds that except for the hydrogen atom, the overall relative deviation is around 1-2%
for the first row, with the error becoming smaller for later rows. For example, for the
fourth period, Z = 37 ~ 54, the average error is 0.06%. The relative magnitude of E,' and
E,* for large atomic number atoms vary little as Z varies. For Z = 10, 18, 36, and 54, for
example, E,' is 72, 74, 69, and 70% of the total. For Z = 2, E,' is 92% of the total.

The large error found in the hydrogen atom case presumably results from the
discrepancy between Eq. (18) and the correct formalism for the hydrogen-like system
{41]. For the one-electron atomic system, the classical interelectron repulsion should
cancel the total exchange energy [43,44], i.e.,

Ey =-I, (23)
so that there is no net two-electron interaction energy. This requirement is not satisfied in
Eqg. (18), in which Ey depends on both V,./Z and J for atoms.

In Tables 2 and 3, predictions are made of exchange energies for the first positive
and negative ions of atoms, respectively. Good agreement with the accurate values is
found. The general tendency and the average error percentage of these predictions are
about the same as those of Table 1 on which the least square fits were made. The forth
row of elements generates the best data. The average error of this row in Table 3 is just
0.09%, and in Table 2, 0.13%.

Another example showing that Eq. (18) produces good results for heavy atoms is
exhibited in Table 4, where accurate and predicted exchange energies for the Be iso-
electron series are given. The estimated results are calculated by using the constants of
the first-row fit. One sees that as the atomic charges Z increases from B, the error
percentage decreases from 1.11% to 0.13%. The larger the atomic number, the more
accurate the estimated result.

Table 5 shows the accurate and predicted exchange energy results for the Ne
positive ions series. Except for the one-electron Net9 cation, one finds the relative error
is less than 2% for each species, falling in the same range of error as the first-row species
in Table 1.

To test the more general applicability of Eq. (18), we have investigated a few
molecular species. Table 6 shows the ab initio and estimated results for the first-row
mono hydrides. Ab initio results are obtained at the B3PW91/6-311++G(3d, 2p) level
with the optimized geometry. The quantities computed include the classical Coulomb
repulsion energy J, the electrostatic potential at each nucleus Vpe{ and Vpep, and the
exchange energy from the B3PW91 functional. Then, a least-square fit is performed to
determine the constants ¢y and ¢ in Eq. (18) for this set of molecules. The absolute error
of the fitted results is less than 0.02 a.u., the relative error around 1% or less. Equation
(18) is a good approxiation for molecular systems.
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Table 1. The accurate and fitted exchange energies for the first 54 neutral atoms (a.u.)

Atom | Accurate | Fitted Error% Atom | Accurate | Fitted Error%
1 -0.3125 | -0.2929 -6.27 28 -61.624 | -61.559 -0.10
2 -1.026 -1.042 1.56 29 -65.793 | -65.750 -0.07
3 -1.781 -1.796 0.86 30 -69.640 | -69.577 -0.09
4 -2.667 -2.706 1.46 31 -73.517 | -73.407 -0.15
5 -3.744 | -3.764 0.53 32 -77.444 | -77.345 -0.13
6 -5.045 -5.009 -0.72 33 -81.432 | -81.365 -0.08
7 -6.596 -6.457 -2.11 34 -85.493 | -85.488 -0.01
8 -8.174 -8.108 -0.80 35 -89.635 | -89.717 0.09
9 -10.000 | -9.997 -0.03 36 -93.852 | -94.055 0.22
10 -12.110 | -12.140 0.24 37 -97.895 | -98.049 0.16
11 -14.020 | -14.058 0.27 38 -101.9531-102.066| 0.11
12 -15.990 | -16.035 0.28 39 -106.185]-106.270f 0.08
13 -18.070 | -18.082 0.07 40 -110.5421-110.586}F 0.04
14 -20.280 | -20.254 -0.13 41 -115.1221-115.137| 0.01
15 -22.640 | -22.553 -0.39 42 -119.6901-119.676 | -0.01
16 -25.000 | -24.974 -0.11 43 -124.169|-124.148 ] -0.02
17 -27.510 | -27.530 0.07 44 -129.1231-129.059| -0.05
18 -30.19 | -30.229 0.13 45 -133.989]-133.904] -0.06
19 -32.677 | -32.745 0.21 46 -139.1421-139.060} -0.06
20 -35.212 | -35.294 0.23 47 -144.0401-143.9101 -0.09
21 -38.031 | -38.096 0.17 48 -148.916|-148.814] -0.07
22 -40.993 | -41.039 0.11 49 -153.826|-153.713] -0.07
23 -44.089 | -44.116 0.06 50 -158.780 ] -158.6891 -0.06
24 -47.489 | -47.505 0.03 S1 -163.766 ) -163.738 | -0.02
25 -50.686 | -50.681 -0.01 52 -168.8251-168.8621 0.02
26 -54.190 | -54.162 -0.05 53 -173.9241-174.062( 0.08
27 -57.835 | -57.790 | -0.08 54 -179.0921-179.337] 0.14

The fitted parameters for £ Apl= J———-dr +2c ”Mr—drdr‘
r-R| Ir=r]

(). Cp=-0.27615and Cp=-0.053636 forZ=1 - 10;

(i) C]=-0.31864 and Cy=-0.034591 forZ=11- 18;

(iii). Cy=-0.34814and Cp=-0.02593 forZ=19-36;

(iv). C1=-0.39475and Cy= -0.01870 forZ=137-54.
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Table 2. Predicted exchange energies for the first cation of the first 54 elements (a.u.).

Cation ] Accurate] Predict | Error% | Cation |Accurate| Predict | Error%
2 -0.625 | -0.5858 | -6.27 29 -65.063 | -64.816 | -0.38
3 -1.652 | -1.662 0.57 30 -69.511 | -69.197 § -0.45
4 -2.507 | -2.515 0.31 31 -73.344 | -73.065 | -0.38
5 -3.492 | -3.53] 1.1] 32 -77.242 } 76952 | -0.36
6 -4.712 | -4.710 -0.03 33 -81.201 | -80.936 | -0.33
7 -6.124 | -6.083 -0.67 34 -85.227 | -85.022 1 -0.24
8 -1.739 | -7.665 -0.96 35 -89.332 | -89.208 | -0.14
9 -9.566 | -9.474 -0.96 36 -93.109 | -93.504 | 0.43
10 -11.617 } -11.527 | -0.77 37 -97.812 | -97.832 | 0.02
11 -13.902 | -13.866 | -0.26 38 -101.86 |-101.820] -0.04
12 -15.863 | -15.804 | -0.37 39 -105.93 |-105.878] -0.05
13 -17.893 | -17.855 | -0.21 40 -110.25 {-110.164| -0.08
14 -20.045 | -19.982 | -0.31 4] -114.67 1-114.552] -0.10
15 -22.307 | -22.232 | -0.34 42 -119.42 |-119.227] -0.16
16 -24.687 | -24.610 | -0.31 43 -124.06 |-123.834] -0.18
17 -27.075 | -27.12t 0.17 44 -128.53 |-128.329] -0.16
18 -29.820 [ -29.766 { -0.18 45 -133.65 |-133.356] -0.22
19 -32.294 ) -32.565 1 0.84 46 -138.58 }-138.274} -0.22
20 -35.108 | -35.086 | -0.06 47 -143.95 |-143.548] -0.28
21 -37.673 | -37.685 | 0.03 48 -148.78 |-148.426| -0.24
22 -40.621 | -40.596 | -0.06 49 -153.66 |-153.3631 -0.19
23 -43.703 | -43.639 | -0.15 50 -158.59 |-158.307] -0.18
24 -46.917 | -46.816 | -0.21 51 -163.56 |-163.324] -0.14
25 -50.572 | -50.377 | -0.38 52 -168.58 |-168.416| -0.10
26 -53.752 | -53.584 | -0.31 53 -173.66 |-173.582| -0.04
27 -57.379 | -57.181 | -0.34 54 -178.81 [-178.8251 0.0}
28 -61.149 | -60.924 | -0.37 55 -184.02 1-184.147} 0.07

Parameter values from Table 1.
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Table 3. Predicted exchange energies for the first anion of the first 54 elements (a.u.).

Anion |Accurate| Predict | Error% | Anion |Accurate| Predict | Error%
1 -0.3955 | -0.421 6.48 28 -61.899 | -62.007 | 0.17
3 -1.827 | -1.867 2.17 29 -65.846 | -65.964 | 0.18
5 -3.843 | -3.899 1.46 31 -73.595 | -73.614 | 0.03
6 -5.150 | -5.205 1.06 32 -71.564 | -77.610 | 0.06
7 -6.648 | -6.712 0.97 33 -81.587 | -81.689 | 0.12
8 -8.352 | -8.443 1.08 34 -86.200 | -85.864 | -0.39
9 -10.274 | -10.412 1.35 35 -89.852 | -90.143 | 0.32
11 -14.062 | -14.162 | 0.71 37 -97.925 | -98.171 0.25
13 -18.150 | -18.221 0.39 39 -106.32 |-106.517] 0.19
14 -20.373 | -20.444 | 0.35 40 -110.71 }-110.8711 0.15
15 -22.711 | -22.788 { 0.34 41 -115.17 |-115.322] 0.13
16 -25.168 | -25.262 | 0.37 42 -119.74 |-119.870] 0.12
17 -27.749 | -27.871 0.44 43 -124.38 1-124.520] 0.11
19 -32.715 | -32.846 | 040 44 -129.17 |-129.2711 0.08
21 -38.203 | -38.347 | 0.38 45 -134.00 |-134.123] 0.09
22 -41.173 [ -41.310 | 0.33 46 -139.01 {-139.080| 0.05
23 -44.283 | -44.414 | 0.29 47 -144.09 |-144.143| 0.04
24 -47.535 | -47.650 { 0.24 49 -153.91 [-153.942] 0.02
25 -50.917 ] -51.025 | 0.21 50 -158.89 |-158.974] 0.05

26 -54.436 | -54.539 | 0.19 51 -163.92 }-164.068| 0.09
27 -58.095 | -58.200 | 0.18 52 -168.99 1-169.2321 0.14
53 -174.13 |-174.469] 0.19

Parameter values from Table I.
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Table 4. Predicted exchange energies for the Be-isoelectronic series from B to Cr (a.u.).

Accurate Predict Error%

B+ -3.492 -3.531 111

c+2 -4.314 -4.352 0.88
N+3 -5.135 -5.172 0.72

o+4 -5.956 -5.992 0.61

F+5 -6.776 -6.811 0.52
Ne+6 -7.596 -7.630 0.45
Nat+7 -8.415 -8.449 0.41
Mgt8 9235 9.268 0.36
Al+9 -10.054 -10.09 0.33
Si+10 -10.874 -10.906 0.29
p+il -11.693 -11.725 0.27
s+12 -12.513 -12.543 0.24
ci+l3 -13.332 -13.362 0.23
Artlé -14.152 -14.182 0.20
K+15 -14.971 -14.999 0.19
Catl6 -15.79 -15.818 0.18
Sct+17 -16.61 -16.637 0.16
Ti+18 -17.429 -17.455 0.15
v+19 -18.248 -18.275 0.15
cr+20 -19.068 -19.093 0.13

Evaluated using ¢; =-0.27615 and ¢, = -0.0053626. See Table 1 and text.
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Table 5. The accurate and predicted exchange energies for the Ne cation series {a.u.}.

Accurate Predict Error%
Net? -3.125 -2.929 -6.27
Net8 -6.028 -5.997 -0.52
Ne+7 -6.843 -6.808 -0.52
Ne+6 -7.596 -7.630 0.45
Net5 -8.552 -8.467 -0.99
Net4 -9.446 -9.290 -1.65
Ne+3 -10.265 -10.084 177
Net+2 -10.994 -10.835 -1.44
Ne+! -11.617 -11.527 -0.77
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Table 6. The approximated density functional and fitted exchange energies for a few first-
row monohydrides. The calculated data were obtained at the B3PW91/6-3114++G (3df,
2p) level. See text.

Ex
Mols. J Viel " \ DFT Fitted (Error %) *
LiH 5.192 2.235 6.073 -1.685 -1.704 (1.10)
BeH 8.544 2.741 8.807 -2.421 -2.428 (0.30)
BH 13.284 3.269 11.830 -3.260 -3.271 (0.33)
CH 19.917 3.894 15.191 -4.290 -4.276 (-0.32)
NH 28.664 4.582 18.864 -5.454 -5.444 (-0.18)
OH 39.872 5.324 22.885 -6.814 -6.795 (-0.28)
FH 53.834 6.112 27.216 -8.315 -8.334 (0.22)
* Vnel is defined as the electrostatic potential J.——Ldr at the hydrogen nucleus, and

Ve is defined as the electrostatic potential J

\_H\

plr

** The fitted formula for this series of molecules is:

E,[p]=-o. 176652]’

R)|

——(E—dr 0. 09088j j

)

l‘l‘|

——dr at the other atom.

I'Xl

—r)p—)ddr
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V. Summary

To illustrate the argument that any well-behaved functional can be expressed as
the sum of density-homogeneous functionals, starting from the Levy-Perdew relation, we
have shown that the exchange energy density functional can be written, at least
approximately, as the sum of functionals homogeneous of degree one and two,
respectively, with respect to the density scaling. This formula is consistent with the recent
suggestion that the functional Vee[p], of which Ey[p] is a part, has a truncated functional
expansion and can be expressed as a combination of density homogeneous functionals of
degrees one and two. Though an approximation, the formulation gives good estimation of
the exchange energy for both atoms and ions, especially for large systems. Extension to
simple molecules, the first-row monohydrides, also gives good fits.
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Abstract

A series of gas-phase properties of the systems has been investigated by using
different exchange-correlation potentials and basis sets of increasing size in the
framework of Density Functional theory with the aim to determine a strategy able to
give reliable results with reasonable computational efforts.
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1. Introduction

The last decade has known an extraordinary and unexpected increase of the use
of Density Functional Theory (DFT) in a wide variety of chemical fields ranging
from material science to homogeneous and heterogeneous catalysis, to organic,
organometallic and inorganic chemistry, to biochemical and pharmacological
problems [1-10]. This occurred when the traditional computational techniques
(Coupled-Cluster, Multireference Configuration-Interaction, and Generalized
Valence Bond approaches) resulted in great advances in their accuracy. The appeal of
DFT stays in the fact that it accounts for electron correlation with a computational
effort of the same order as the simplest Hartree-Fock (HF) methods.

The main characteristic of DFT is to consider the electron density as the principal

variable rather than the wave function. The reliability of this theory depends on the
goadness of the functionals used to describe the exchange-correlation energy.
The availability of many exchange-correlation functionals derived by different
approximations (gradient-corrected, adiabatic connection), together with the
possibility to express the derivatives analytically, allows to DFT to reach an high
accuracy 1n the description of electronic and spectroscopic features of the molecular
systems. This is well documented in a series of recent reviews and books [1-9].

As suggested by Kohn, Becke and Parr [11], the use of DFT is preferable (over
the traditional methods) for systems with more than 5-10 atoms for which a lower
accuracy is acceptable. This does not mean that for system with a less number of
atoms the DFT is not reliable. With regard to this fact we mention the recent work of
Seminario [6], in which, the DF atomization energy of water, obtained with different
exchange-correlation functionals, is well reproduced: the results are closer to the
experiment than that obtained at CCDS(T) high level of theory which is often chosen
as reference when the experimental data are not available.

Despite the large number of DFT applications, relatively few works have been
devoted to the reproduction or prediction of many gas-phase thermochemical
properties [12-23] that are currently obtained with the modern muss-spectrometric
techniques.

In this work we will show the potentiality of DFT in obtaining gas-phase
chemical properties such as the proton affinity (PA), the gas-phase basicity (GPB)
and acidity (GPA) and the metal ion affinity (MIA).

In addition we will consider the possibility to obtain reliable theoretical
information on the preferred attach sites for proton and metal cations and on the
potential energy surfaces (PES) that cannot be determined experimentally even with
the most modern and sophisticated mass-spectrometric instruments [22,23].
Furthermore, we will propose the way to rationalize some of chemical properties by
using the concepts of hardness, softness and other reactivity indices (Fukui
functions) for which an exact definition exists only in the framework of DFT |11].
These last fascinating tools can contribute to increase furthermore the DFT use going
in the "core" of molecules to predict and explain basic chemical concepts.

2. Theoretical background

The implementation of density functional theory is based on solving the non-
relativistic Kohn-Sham one-electron equations [24] which differ from the Hartree-
Fock ones by the inclusion of the exchange-correlation potential Uy ( r), and must
be solved self-consistently:
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[—%V2+ v(r)+ ,[—‘_p(_r,),| dr’ +0y(r) - 8jj(pj(r) =0 W

[r=r
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p(r) = X [oj(r) )
=l
_ SExc[p(r)]
V(1) = 50() )

The ground state energy is given by

where €j and p are the self consistent quantities and Exc[p] is the exchange-
correlation energy functional which is unknown. So, for the practical use of this
theory, a good approximation for Exc[p] is necessary. The most widely used
exchange-correlation functional employs the so-called local density approximation
(LDA) [25]. In the LDA the exchange-correlation energy is given by

ELPA[p(r)] = [exe(P(r))p(r)dr 5)

LDA or its local spin density (LSD) formulation [26] reproduces well the geometries
of many-particle systems, but fails in the description of their energetic features.

The introduction of the generalized gradient approximation (GGA) [27],
improves considerably the reliability of the method also for the computation of the
energetic parameters. In the GGA the exchange-correlation energy functional is:

ESOA = [£(p(r)|Vp(r)|)dr ©)

N ’
E= Zej - %J'p?r;)_pg—)drdr’ - _l'uxc(r)p(r)dr +Ey.[p(r)] @
}

where f(p,lel) is a function of the density and of its gradient at a given position.

Several gradient corrected exchange [28-30] and correlation { 31-34] functionals have
been proposed. In our study we use different combinations of those of Becke [28)]
and Perdew and Wang [30] for the exchange and the functionals proposed by
Perdew [31] and Proynov [34] for the correlation. Recently, Becke {291 has
introduced the so-called hybrid functional that is based on the "adiabatic connection"
formula [35]. Because of its reliability, largely validated in the literature [36-38], we
employ in our work also the B3LYP functional which uses the Becke gradient
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correction to the exchange [29] (B3) and the Lee- Yang-Parr [32) (LYP) one to the
correlation part. The explicit formula of this potential is:

ESEYP = (1- A)EJ™ + AERF + BEB  CELYP + (1-C)EYWN ()

where the Ex exchange terms are that of Slater [39], that calculated by the Hartree
Fock method and that proposed by Becke [29] and the E¢ terms are the correlation
functionals of Lee-Yang-Parr [32] and Vosko-Wilk- Nusair |40}, respectively.

2.1 Reactivity Indices
The reactivity and stability of a system can be studied applying the concept of

chemical hardness. Incorporation of the concepts of hardness and softness into DFT

has led to the mathematical identification of T as the second derivative of the total
energy with respect to the number of electrons N [41,42]:

| 2%E
=197
o) (®)

ap}
n =[—
IN Ly ©)

where the chemical potential, [L, is the first derivative of the total energy relative to

the electron number. Derivatives are taken at constant external potential V(r).
Softness is defined as the inverse of hardness:

or, equivalently:

il (10

Conventionally, the hardness is obtained from the values of the ionization
potential (I) and the electron affinity (A), =(I-A)/2, through the finite difference
method. While the chemical potential is constant everywhere within the molecule, the
hardness, and then the softness, is a function of the position. Thus, in addition to the
global definition of M and S, the local hardness [43] and local softness [44] have
been introduced.

The ab-initio SCF and DFT computations [45-52] of ] are generally performed
using the simple molecular orbital theory that allows one to compute the hardness as
the energy difference between the highest occupied orbital (HOMO) and the lowest
unoccupied orbital (LUMO) [53]:
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_ €Lumo ~EHomo
2

This approximation fails if the HOMO-LUMO energy difference is close to zero.

Moreover, for a more accurate computation of 1), the contribution to the hardness of
various orbitals should be taken into account. Recently, different approaches,
accounting for the orbital hardness values, have been proposed [54-56].

The computations, presented here, are based on an approach that uses the
fractional occupation number concept [57-58]. The original idea to exploit fractional
occupation numbers in the framework of DFT is due to Janak {59} who generalized

the earlier work of Slater [60], using the Xa approach.
The validity of the Janak theorem in DFT, for N- and v-representable densities, has
been discussed by many authors [61-66].

In this approach, when the principle of the electronegativity equalization [67] is
satisfied, the hardness matrix elements can be defined [68,69] as the first derivative

of the Kohn-Sham orbital eigenvalues (€;) with respect to the orbital occupation
numbers (nj):
aei

an i

MNht (1)

nj; (12)

This expression takes into account the response of the i-th orbital to the change of the
occupation number of the j-th orbital.

Applying the Pearson's principle {70], that states the more localized system is
less reactive, the orbital hardness can be interpreted as a measure of the degree of
electron localization of a given orbital [71].Moreover, in such a manner, the two
particle interelectronic interaction, that is the most significant contribution in the
hardness evaluation, is considered [69].

Numerically, the hardness matrix elements are calculated by the finite difference
method [57]

ei(nj-Anj)—ei(ni)
nij: Anj A

(13)

The reciprocal of hardness matrix is the softness one [6§] (S;j}:{mj}'l . Then,
the absolute hardness is calculated by:

n= (14)

1
2.8
;

The 1} value is directly related to the electron localization (system stability) and the
softness is associated to the reactivity indices [68,71]. The hard (soft) systems
correspond to a high (low) stability.



98 T. Marino et al.
The formalism of DFT allows one to introduce another important local variable,

the Fukui function f(r), originally defined by Parr and Yang [68] as the first
derivative of the electronic chemical potential [ with respect to the external potential

v(r):
1 du | _[op(r)
f(r){au(r)L{ N L ()

The Fukui function measures how sensitive a system'’s chemical potential is to an
external perturbation at a particular point. In the approach used by us, the Fukui
indices are approximated by the equation:

_Ong _ An aﬂ( )
=N T an (apj IN E‘U (16)

with zfl =1,
i

Following this formalism, the chemical potential can be computed from the orbital
softness values through the use of the orbital Fukui index.

_0E An;
— gif;
aN 2 on; ( ) ; ()

2.2 Thermochemical properties

Gas-phase proton affinity (PA) is defined as the negative of the enthalpy for the
process:

B + Ht --->BH*
and can be calculated as follows:
PA = -AH=-[E;] (BH™) - Eo1 (B) + (Evip(BH™) -Evib(B))] + 5/2 RT (18)

The E¢p terms are obtained from the calculations and Eyip includes the zero point
energy and temperature corrections to the vibrational enthalpy derived by computed
harmonic vibrational frequencies. The corrections due to translation, vibration and
rotation are treated classically, using the equipartition theorem. The consideration
that BHY and B rotational contributions are quite similar, that the proton has only
translational degrees of freedom and that the eventually different populations of the
vibrational states that originate bringing the system from zero degrees to room
temperature, are practically cancelled in the calculation of PA, yield us to consider



Density Functional Computations and Mass Spectrometric Measurements 99

only a further contribution of 3/2RT. Thus 5/2RT represents the translational energy

of proton and the A(PV)= RT term necessary to convert the energy in enthalpy.
The absolute gas-phase basicity (GPB) is calculated as the negative of the
standard free energy AG :

AG = AH - TAS (19)
The entropy contribution is given by
-TAS =-T [S(BH*) - § (B) - S(HH)] (20)

where, at 298 K, the TS(H*) term has a value of 7.76 kcal/mol {72].

In the case of gradient corrected calculations the BH™ and B entropies have been
obtained by a simple procedure that uses the theoretical harmonic frequencies and the
equilibrium geomertries.

Two different processes must be considered to calculate the gas-phase acidity
(GPA) and the metal ion affinity (MIA), respectively:

BH --->B- + Ht
B + Mt --->BM+

The way to obtain the GPA is the same as in the case of GPB, whilst, the
computations of MIA follows the criteria used tfor PA determination.

2.3 Computational details

Gaussian 94 |73], DeMon | 74| and DGauss |75] packages have been employed
for the calculations.

Full geometry optimizations without symmetry constraints have been executed in all
cases. Vibrational analyses have been performed in the framework of internal
procedures implemented in the used codes.

The five functionals employed are:

- BALYP (Becke exchange + Lee ,Yang and Parr correlation) [ 29,32}

- BP (Becke exchange +Perdew correlation) [28,31]

- PWP ( Perdew and Wang exchange + Perdew correlation) [ 30,31]

- BLAP3 (Becke exchange + Proynov correlation) |28,34]

- PLAP3 (Perdew exchange + Proynov correlition) [30,34]

The first three have been chosen because they represent the currently most
popular functionals for applications to molecular systems, while the latter two
because they have been used, until now, in few cases.

The basis sets selected consist of:

- The Gaussian 94 internal 6-31G** [76] to which polarization and/or diffuse
functions, as specified in the Tables, have been added .

- Valence triple-C basis set (TZVP) of Godbout et al. | 77|
- ce-pVT(Q)Z and AUG-cc-pVT(Q)T triple- and quadruple- § basis set of Dunning et
al. [78]
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For Se, Te and Ni heavy atoms the Huzinaga type-model core potentials have
been used that treat explicitly the 3d10 452 4p# , 552 5p# and 3p® 3dY 4s! electrons,
respectively.

3. Results and discussion
3.1 Ton geometries

The performance of DF methods in the reproduction of reliable geometrical
parameters for neutral molecules has been largely confirmed [1-10]. Usually errors
of about 0.02 A and few degrees with respect to the experimental data, are found for
bond lengths and valence angles, respectively. Less data exist, in the literature, for
the charged species probably because of a minor experimental information. The few
density functional works {12-19] demonstrate a reasonable reliability also in this
case.

We report here the structures of some cationic systems in order to contribute to
the validation of DF methods.

In Figures 1 and 2, the geometrical parameters of CH2SOH™ and O3HT,
obtained at PWP/TZVP, BP/TZVP and B3LYP/6-31G** levels, are reported
together with other theoretical results {79,80). The data of protonated cytosine
reported in figure 3 are obtained at BP/TZVP level and compired to the experimental
ones [81,82].

H
AN S 0 ~N
C=—S H
H/
1
Parameters PWP B3LYP BP MP2
C-H 1.099 1.085 1.096 1.085
C-S 1.621 1.597 1.614 1.597
S-O 1.645 1.604 1.629 1.610
O-H 0.995 0.975 0.987 0.977
H-C-§ 122.2 123.1 122.6 121.7
Hi-C-§ 116.1 115.6 115.7 116.2
C-S- 102.9 103.8 103.3 102.8
S-O-H 109.8 111.0 110.1 110.7

Figure 1. Protonated sulfine geometry. Distances are in A
and angles in degrees.

As is shown the DF gradient corrected structures are characterized by bond lengths
which are sometime longer than the corresponding distances obtained by B3LYP/6-
31G**, MP2/ 6-31G** | 79] und CCSD/DZ+P [80] computations.

In the case of O3HY, MP2/6-31G** method is unable to distinguish between the
two O-O lengths. Valence angles are, instead, of the same order in all the
calculations.
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Parameters PWP

01-02 1.187
02-03 1.529
O3-H 1.008

01-02-03 114.5
02-03-H 100.4

0
0—07 3 Ny

1 2

BP

1.189
1.490
1.006
114.1
100.4

CCSD

1.200
1.342
0.994
112.8
101.2

MP2

1.265
1.274
0.996
114.4
104.3

Figure 2. O3H* geometry. Distances are in A and angles in degrees.

parameters
C4-C5
C5-C6
Co6-N1
N1-C2
C2-N3
N3-C4
N4-C4
C2-02
C4-C5-C6
C5-C6-N1
C6-N1-C2
N1-C2-N3
C2-N3-C4
N3-C4-N4
N1-C2-02

124.5

from ref. §2.

Figure 3. Protonated cytosine geometry. Distances
are in A and angles in degrees. a) from ref. §1; b)

101
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For protonated cytosine (see Figure 3) it is possibie to compare our BP/TZVP
results with those coming from two sets of experimental determinations [81,82]. The
agreement, now, is very good. A similar concordance was found for protonated
adenine [19] nucleic acid base.

3.2 Preferred attach sites

It is well known that experimental gas-phase studies are often unable to predict
the preferred attach site of the proton or metal cations on a molecular system, but,
this information is of fundamental importance for understanding the chemical
reactivity of a given species. Thus, theoretical investigations can represent a very
useful alternative to solve this problem. Reliable predictions on this matter are
possible only if high level theoretical methods are employed. There are already
evidences [14,17,19] that the DF methods are powerful tools for this type of
determination.

In the schemes 1-3 three different protonation processes, that we have studied,
are depicted and Table 1 collects the relative results obtained using different
functionals.

The protonation of X3 (X=0, S, Se, Te) species can give rise to the a, b and ¢
isomers (see scheme 1).

X H* )
X/ \ X/ a

X=0,8§, Se, Te

Scheme |

Our study shows that the trans form a is favoured over the other two in the case of
oxygen, sulphur and selenium but not for tellurium for which the cyclic form b is
the most stable one. The energy difference between the absolute and the relative
minimum b decreases significantly in going from O3 to Se3 systems and becomes
negative in the Te3 one. For O3H™ and S3H™ species the comparison is possible
with previous ab-initio QCISD calculations [79,83]. The stability order of isomers is
the same and the energy differences quite similar.
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In the sulfine (CH2SO) molecule proton can attach, in principle, the carbon as
well as the oxygen and the sulphur atoms (see Scheme 2) for obtaining three cationic
forms. Qur study, performed employing the PWP gradient corrected and B3LYP
hybrid functionals, shows that the structure a (in which H* binds oxygen atom ) is
the most stable one followed by b ( proton on carbon) and ¢ (proton on sulphur)
forms with the latter at about 50 kcal/mol above the global minimum (see Table 1).

O\ + .
cs—y”  HT a

O / O

\ O

/

CH5—! ¢

\H +

Scheme 2
NH3*

NH»
. / b
T
NH»
C
& ~H
H

Scheme 3

The PWP and B3LYP results confirm the experimental hypothesis that indicates the
a isomer as the most abundant and quantify the energy difference between the three
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stable minima.

The protonation process has been rationalized computing the orbital Fukui

indices of neutral sulfine.
Following the procedure previously described and briefly reported in the method
section, we found (at PWP level ) that the Fukui index associated with orbital lone
pair of oxygen in sulfine, has the value of (.04 eV, while those associated with
carbon and sulphur, are 0.19 and 0.21 eV, respectively. Speaking in terms of hard-
soft theory of Pearson, we can indicate the orbital with the lowest Fukui index as the
most reactive in the electrophilic reaction with H*.

The protonation of aniline is the object of our next example (see Scheme 3).
Notwithstanding different experimental gas-phase studies [84-86] the question
regarding the preferred protonation site on this molecule remains matter of
controversy. The situation in solution is instead well defined. As it is shown in Table
1, both PWP and B3LYP calculations indicate that the protonation on the para-
carbon is slightly favoured over that on nitrogen atom.

Table 1. Relative energies (in kcal/mol) at O K for the minima of the

protonation processes depicted in the schemes 1-3.
Species Isomer PWP/TZVP B3LYP/6-311++G** Previous works
O3 a 0.0 0.0 0.04
b 56.2 55.5 4714
C 58.1 58.7 58.04
S3 a 0.0 0.0 0.0b
b 17.3 15.1 16.60
¢ 33.6 36.3 35.1b
Ses a 0.0 0.0 /
b 7.6 11.0 /
¢ 35.2 41.9 /
Tes a 0.0 / /
b -1.5 / /
¢ 31.5 / /
CH,S0O a 0.0 0.0 0.0¢
b 19.2 22.8 19.9¢
c 48.7 50.2 52.0¢
CgHsNH2 a 2.8 1.9 /
b 5.8 4.2 /
¢ 0.0 0.0 /

a) from ref.80; b) from ref.17; ¢) from ref.79

A recent mass-spectrometry study [86] concludes that the processes that yield ¢ and
a isomers are favoured respectively by thermodynamic and kinetics factors. Because
of the small energy difference between the two minima (see Table 1), it is difficult to
discriminate exactly what of the two processes is the most probable, but, the
possibility that both isomers can be populated in gas-phase is reasonable.

An alternative indication can come, also in this case, from the computation of
orbital Fukui indices of neutral aniline. We found a value of 0.19 and 0.06 eV for
the orbitals mainly associated with nitrogen and para-carbon, respectively. So, the
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electrophilic atach of the proton seems to occur preferentially on the para-carbon
because of its lower Fukui index value.

3.3 Proton affinity and gas-phase basicity

The determination of the proton affinity has a long history both from
experimental and theoretical views. In the 1984 Lias et al. [87] compiled a
comprehensive list of relative PA for a number of compounds and assigned absolute
values on the basis of the best data available at that time. Subsequently the scale was
considerably modified with data coming from new mass-spectrometry equilibrium
and kinetic experiments [88-91].

Smith and Radom [92-94] showed that the G2(MP2) theoretical procedure is able
to estimate proton affinity within a target accuracy of about 2 kcal/mol. The
compounds studied by these authors are of small size (containing from 1 to 4 first
row atoms) because of the relatively great computational efforts required by the
method. Recently, the possibility to use the DF methods in the PA evaluation has
been tested by different authors |12,14,17,19] with encouraging results. From these
studies it emerges that DF prediction of PA has almost the same accuracy of
G2(MP2) one, but in a fraction of computer time.

In this work, the reliability of DF methods in the PA evaluation will be
demonstrated firstly for small molecules and subsequently for lurger systems, as
amino-acids and nucleic acid bases.

Tables 2 collects the PA values for NH3 obtained employing different basis sets
and exchange-correlation functionals.

Table 2. PA and GPB (in kcal/mol) at 298 K for ammonia.

Method PA (298 K) APA  GPB (208 K)  Ref.
B3LYP/6-31G** 210.4 6.8 202.0 this work
B3LYP/6-311++G** 203.8 0.2 194.9 this work
B3LYP/cc-pVTZ 205.7 2.1 196.8 this work
B3LYP/AUG-cc-pVTZ 203.2 -0.4 194.3 this work
B3LYP/TZVP 204.1 0.8 195.3 this work
B3LYP/cc-pVQZ 204.2 0.9 195.4 this work
B3LYP/AUG-cc-pVQZ 203.2 -0.4 194.4 this work
PWP/TZVP 2024 -0.9 194.1 this work
BP/TZVP 2027 -0.6 194.4 this work
BLAP3/TZVP 205.7 2.4 197.4 this work
PLAP3/TZVP 209.1 5.8 200.8 this work
G2 204.2 0.6 / 92
G2(MP2) 204.2 0.6 / 94
G2(MP2,SVP) 204.0 0.4 / 94
EXP 203.6 0.0 / 89

In the case of B3LYP computations the convergence of the results, as a function of
the basis set dimension, has been tested using basis sets of increasing size starting
from the double zeta (6-31G**) 1o arrive to quadruple zeta (AUG-cc-pVQZ) quality.
As it is shown in Table 2, the 6-31G** basis set does not give reliable results. The
introduction of the diffusion functions (6-311++G**) improves strongly the values
of PA. The deviation, with respect to the experimental data, is of only 0.2 keal/mol.
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From the values obtained by the larger basis sets (AUG-cc-pVTZ, AUG-cc-
pVTQZ), it is evident that the convergence is reached already at 6-311++G** level.
The use of TZVP valence basis set gives also results in excellent agreement with
experimental evidences (the deviation is of 0.4 kcal/mol). On the basis of these
results this same set TZVP has been used in connection with other exchange-
correlation functionals.

PWP and BP results are close to the B3LYP one, while BLAP3 and PLAP3

computations overestimate the PA by 2.4 and 5.8 kcal/mol, respectively (the
experimental value is 203.6 kcal/mol). Our best estimations well agree with high
level theoretical data obtained with the G2 procedures {92].
The benchmuark indicates that the PA of ammonia is very well reproduced employing
the 6-311++G** or the TZVP basis sets coupled with B3LYP, PWP and BP
exchange-correlation potentials. For this reason, the PA and GPB of other further
compounds reported in Tables 3-5 are calculated at these levels of theory.

Due to their great importance in chemistry, we have tirstly considered the amine
series (see Table 3).

Table 3. PA a1 298 K (in kcal/mol) for amine series.

System  PApwpTzvp PAB3LYP6-31++G** PAgpxp! PAgpxp? PAExpS
NH3 202.4 203.8 203.3 204.0 204.8
CH3NH» 213.0 214.7 215.3 214.1 216.1
(CH3),NH 219.3 221.5 2225 220.6 2241
(CH3)3N 226.4 226.7 / 225.1 229.1

a) from ref. 90; b) from ref. 95; ¢) from ref. 89

The different experimental scales propose the saume trend of basicity for these
compounds but differ in the absolute values evaluation.
Both the PWP and B3LYP PAs follow the experimental trends. In particular
B3LYP results are very similar to those obtained by Lias et al. [95] and the
agreement between all other data is sufficiently satistactory.

Table 4 collects the absolute gas-phase basicity (GPB) and the global hardness
(M) values obtained at PWP and B3LYP levels of theory for wmmonia and some
aliphatic amines.

Table 4. GPB at 298 K (in kcal/mol) and 1} (in eV) values for
amine series.

System GPBPWP/TZVP GPBB}LYP/()-}] 1+4G**
NHj 194.1 195.7 7.16
CH3NH> 205.2 206.7 5.24
(CH3)2NH 211.6 213.5 4.28
(CHz)3N 218.6 218.8 3.76

In Figure 4 the PWP profile of GPB is reported together with the 1) one.
The GPB increases going from NH3 to MesN species. Thus ammonia must have

the largest proton affinity as indicated by the largest 1] value of 7.16 V.
In the Figure 4 the good correlation between GPB and 1 behaviours is evident,
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In Tables 5 and 6 we have reported our PA and GPB results for a number of
compounds for which other previous theoretical [14,80,96,97] and experimental
[98-102] data are available.

220
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Figure 4. Gas-phase basicity and global hardness profiles for
some aliphatic amines.

Table 5. PA (kcal/mol) for ozone, sulfine, glycine, alanine, cytosine, thymine,

adenine and guanine.

Species PWP/TZVP__BP/TZVP _B3LYP/6-311++G** OTHER _ EXP
03 1494 146.8 1334 149.59 148.0%3
CH,S0O 148.4 207.8 193.8 188.3b  188.0¢
Glycine 214.2 2138 2115 213.6¢  213.6h
Alanine 216.0 215.5 2155 21674 215.8
Cytosine / 229.1 / 22704 2259!
Thymine / 208.8 / / 209.01
Adenine / 225.8 / / 224.2!
Guanine / 230.3 / 225.8¢  227.4!

a) from ref. 80; b) trom ref. 96; ¢) trom ref. 14; d) from ref. 14: e) from ref. 97;
f) from ref. 98; g) from ref. 99; h) from ref. 100; i) from ref 101: 1) from ref.

102.

For glycine and alanine amino acids, all the employed functionals and basis sets are
able to reproduce correctly the experimental PA and GPB values. A very good
agreement between theoretical and experimental determinations is found also in the
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case of the nucleic acid bases at BP level. The maximum deviation from experiment
is of 3.2 kcal/mol (about 1.5%) and occurs for cytosine.

For O3 and CH,SO the BP values of PA appear to be the less accurate, but the
examples concerning the protonation reactions on oxygen atom and the relative PA
determinations are too limited to decide about the performance of density functional
methods in this case.

Table 6. GPB (kcal/mol) for ozone, sulfine. glycine and alanine, and cytosine,
thymine, adenine and guanine.

Species PWP/TZVP BP/TZVP B3LYP/6-311++G** OTHER EXP
O3 142.3 139.7 135.6 / /
CH2SO 179.8 199.8 185.3 / 181.3b
Glycine 206.2 205.8 203.8 206.72  206.2¢
Alanine 208.1 207.6 207.7 208.7a  2()7.4d
Cytosine / 2213 / / /
Thymine / 201.3 / / I
Adenine / 217.9 / / /
Guanine / 222.7 / / /

a) from ref. 14; b) from ref. 99; ¢) from ret. 100; d) from ref. 101

In Figure 5 the theoretical PA values of several nitrogen containing compounds
are compared with those proposed by experimental studies.

2254 Me,NH
] EtNH,,
2154 Gly
N
. 2
205 4
=]
B 195 CH,CHCN
1854 eCN
175
165 IIII]lll'lllll]llllIll'rl]llllII
165 175 185 195 205 215 225

PWP
Figure 5. Theoretical proton affinity versus experimental
values. Data are in kcal/mol. (R2= 0.997).
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The fitting procedure shows that, for these compounds, in which the protonation
occurs on nitrogen atom, the values of PA obtained at PWP/TZVP level can be
treated with confidence.

3.3 Gas-phase acidity

In Table 7 we have reported AH¥¢id (the enthalpy variation for the deprotonation
process) and the gas-phase acidity (GPA) at 298 K for the tormic acid obtained at
different levels of theory.

The use of B3LYP functional with the 6-31G** basis set is, as it is evident,
insufficient to give reliable results of acidity: the error with respect to experimental
value [103] is of 13.8 kcal/mol. A significant reduction of the discrepancy is
obtained, gradually, improving the basis sets: the B3LYP/6-311++G**, JAUG-cc-
pVTZ and /AUG-cc-pVQZ computations are affected by errors of about 4.0, 3.0 and
0.8 kcal/mol, respectively.

If the TZVP busis set is used in connection with hybrid potentials, the AH¥¢id value
becomes 344.7 kcal/mol. The BP/TZVP and PWP/TZVP gradient corrected

computations give AHa¢id of 345.0 and 343.0 kcal/mol, respectively. BLAP3/TZVP
and PLAP3/TZVP AHucid deviate from experimental values by 3.4 and 1.2 keal/mol.

Considering that the experimental uncertainty is of £ 2 kcal/mol, almost all our
results seem to be reliable as well as those obtained with GVB [104] and G2 [16]
procedures. A good convergence is reached already with the TZVP basis set. The
importance of this result lies in the possibility to compute GPA for larger system
with acceptable computer efforts.

Table 7. GPA (in kcal/mol) at 298 K for formic acid.

Method AHacid GPA Ref.
B3LYP/6-31G** 358.8 351.0 this work
B3LYP/6-311++G** 341.0 3333 this work
B3LYP/AUG-cc-pVTZ 342.0 3342 this work
B3LYP/AUG-cc-pVQZ 345.8 338.1 this work
B3LYP/TZVP 344.7 337.0 this work
PWP/TZVP 343.0 335.2 this work
BP/TZVP 345.0 3373 this work
BLAP3/TZVP 348.4 340.7 this work
PLAP3/TZVP 346.2 334.5 this work
GVB+ClI 346.3 / 104
G2 343.8 / 16
G2(MP2) 344.2 / 16
G2(MP2,SVP) 344.1 / 16
EXP 34512 / 103

The calculations performed for acetic and propanoic acids (see Table 8) confirm
the opportunity to use the medium-sized TZVP basis set to obtain good results. On
the other hand the lack of other theoretical data regarding the propanoic acid reflects
the difficulty to treat, with expensive procedures, such a kind of system.

The relationship between total hardness and gas-phase acidity has been investigated
in the case of the aliphatic alcohol series. Data are reported in Table 9 and depicted in
Figure 6.
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Table 8. GPA at 298 K (in kcal/mol) for acetic and propanoic acids.

AHacid GPA AHacid GPA
Method CH3;COOH CH3CH,COOH
B3LYP/6-311++G** 345.0 337.2 345.2 337.5
B3LYP/TZVP 347.5 339.7 347.5 339.7
PWP/TZVP 346.5 338.7 345.9 338.1
BP/TZVP 348.5 340.8 350.9 3432
GVB+CI 352.1a / / /
MP2 347.0b / / /
G2(MP2) 346.1b / / /
EXP 348.+3¢ / / 340.3£2¢

a) from ref. 104; b) from ref. 16; ¢) from ref. 95

Table 9. GPA at 298 K (in kcal/mol) and global hardness (in
eV) values for alcohol series.

System  GPAp3LYP/6-311++G**  GPAEXP n
MeOH 371.6 375 () 7.60
EtOH 368.3 370.74 6.25
n-PrOH 367.8 368.1b 5.67
n-BuOH 367.4 367.1b 5.11
n-PeOH 367.1 366.3b 4.48

a) from ret, 95; b) from ref. 105

376

374

3724

GPA (kcal/mol)
n V)

3704

368 -

366 T T T —T“
MeOH EOH n-PrOH n-BuOH n-PeOH

Figure 6. Experimental gas-phase acidity and global hardness
profiles for some aliphatic alcohols.
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It is possible to note that:

- theoretical and experimental values are in good agreement;

- the absolute GPA values decrease in going from MeOH to n-PeOH, consequently

the acidity of the ROH increases;

- global hardness decreases underlying a lower affinity for the proton in the series.
Finally we have computed the GPA for glycine and alanine amino-acids. The

results are collected in Table 10 together with the available experimental data. Single

point calculations on the optimized MP2/6-31G* geometry have been performed at

MP2 and MP4 levels with different basis sets (see Table 10).

Taking as reference the measured value {106} of 342.3 kcal/mol for glycine and

341.5 keal/mol for alanine, and considering that experimental AG were obtained by

assuming a fixed TAS (6.9 kcal/mol) that is lower than all other calculated values for

both molecules, all our theoretical values can be defined quite good. In particular the

G2 procedure gives a difference of -1.1 kcal/mol between the experimental and

theoretical values in the case of glycine and -0.7 kcal/mol for alanine {107].

MP4/6-311+G** computations give errors of 1.0 (glycine) and 1.4 (alanine)

keal/mol.

At the MP2/6-311+G(d,p) level, AG deviations of -3.0 and -2.7 kcal/mol for

glycine and alanine are found, respectively.

The deviations resulting from the B3LYP/6-311+G** (6-311++G**) computations

are: -2.4 (-3.5) kcal/mol for glycine and -2.0 (-2.9) kcal/mol for alanine.

The gradient-corrected PWP/TZVP functional gives differences of -3.3 kcal/mol for

both glycine and alanine. Finally the BP/TZVP AG values deviate from the

experimental ones by 2.1 keal/mol for glycine 0.1 kcal/mol for alanine.

Table 10. GPA (in kcal/mol) at 298 K for glycine and alanine amino-acids.

Method AHucid GPA AHucid GPA
Glycine Alanine
MP2/6-311+G(3df,2p) 340.2 3324 339.6 331 84
MP4/6-311+G** 3442 336.4 343.7 335.94
B3LYP/6-311+G** 340.8 333.0 340.3 3325
B3LYP/6-311++G** 338.7 331.9 339.1 331.6
PWP-TZVP 339.8 3321 339.0 331.2
BP-TZVP 345.3 337.5 3423 334.6
G2 342.1 3343 341.5 333.8a
EXP 342.3 3354 341.5 334.5b

a) from ref. 107; b) from ref. 106
3.4 Metal ion affinity

The determination of the metal ions affinity for the organic bases iy important to
elucidate the acid-base reaction mechanism as well as to obtain information about
fundamental biochemical processes (i.e. synthesis, replication structural integrity and
cleavage of DNA and RNA) [108].

Because of the presence of the metal, theoretical investigation is often difficult
and requires an appropriate treatment of electron correlation and the use of opportune
basis sets.
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Recently Del Bene [ 109] has investigated the basis set and the correlation energy
effect on lithium ion affinities for a series of first-and second- row neutral bases
employing the Hartree-Fock and the Moller-Plesset perturbation methods.

We have performed similar calculations, in the framework of density functional
theory, with the aim to define the basis set convergence limit and the influence of the
exchange-correlation potential on the interaction of lithium cation with ammonia.
Data are reported in Table 11 together with previous theoretical {109] and
experimental [110] results.

The B3LYP computations are strongly influenced by the basis set quality. In
fact, as in other cases, the 6-31G** set does not describe well the interaction. Our
data, together with those reported in literature and included in Table 11, provide
further evidences about the importance of the inclusion of diffuse functions on non-
hydrogen atoms in order to obtain better agreement with experiment. From the Table
it is clear that, good accuracy, can be reached employing medium sized basis sets.
Using the same TZVP bases, we have tested the role of the exchange-correlation
functionals in the determination of Li* affinity for NH3. Comparison with measured
value reveals that B3LYP/TZVP gives the better MIA (37.4 vs 39.1 kcal/mol)
followed by PWP/TZVP (36.6 kcal/mol) and BP/TZVP (28.3 kcal/mol). Both the
calculations performed by the LAP3 functional do not differ significantly with
respect to those executed at PWP and BP levels, respectively. In other words, this
fact, could mean that the choice of the exchange functional is important.

Table 11. MIA at 298 K (in kcal/mol) of Li* for NH3

Method MIA Ref.
B3LYP/6-31G** 45.6 this work
B3LYP/6-311++G** 40.1 this work
B3LYP/cc-pVTZ 41.4 this work
B3LYP/AUG-cc-pVTZ 39.1 this work
B3LYP/TZVP 374 this work
B3LYP/ce-pVQZ 40.1 this work
B3LYP/AUG-cc-pVQZ 393 this work
PWP/TZVP 36.6 this work
BP/TZVP 28.3 this work
BLAP3/TZVP 299 this work
PLAP3/TZVP 36.5 this work
MP2/cc-pVDZ 45.8 109
MP2/cc-pVTZ 41.2 109
MP2/cc-pVQZ 39.8 109
MP2/AUG' -cc-pVDZ 38.6 109
MP2/AUG'-cc-pVTZ 38.7 109
MP2/AUG'-cc-pVQZ 38.9 109
MP4/cc-pVDZ 45.4 109
MP4/cc-pVTZ 41.1 109
MP4/AUG'-cc-pVDZ 38.4 109
MP4/AUG -cc-pVTZ(-df) 39.1 109
MP4/AUG'-cc-pVTZ 38.6 109
HF/AUG'-cc-pVTZ 39.8 109
CCSD(T)/AUG -cc-pVTZ 38.7 109
EXP 39.1 110
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On the basis of the performed benchmark on ammonia, we have extended the

study to the first terms of aliphatic amine series, using only the B3LYP/6-311++G**
computational procedure. The results are collected in Table 12. The theoretical values
follow strictly the experimental trend.
Taking into account that experimental absolute lithium affinities are accurate to £2
kcal/mol [110], and that the values referred to the different amines are very close, we
can attribute to the used method a good reliability in the reproduction of these
parameters.

Table 12. Absolute Lit affinities (MIA) at 298 K
in kcal/mol).

System  MIAB3LYP/6-31+4G**  MIAEXP!
N3 40.1 39.1
(CH3),NH 42.3 42.2
(CH3)3N 417 421

a) from ret, 110

The next example regards the determination of Lit and Na¥ ions affinity for

glycine and cytosine. Because our aim is also that to establish what functional can
have general reliability for all kind of systems, we have used, in this case, the
PWP/TZVP combination. On the other hand this choice is easily justified by the
similar MIA values of Tuble 11,
Table 13 resumes the results obtained. We can note that for glycine our vitlues are
quite similar to the measured ones. In the case of cytosine the MIA s are
overestimated by about 10 kcal/mol. This fact can be explained considering that Lit
and Nat cations form a bridge bond with the N1 and O2 atoms of the ring,
determining a redistribution of the net charges and consequently a bond order
variation that, neither PWP/TZVP nor B3LYP/6-311++G** calculations are able to
take into account.

Table 13. Lit and Nat MIA (kcal/mol) ar 298
K for glycine and cytosine.

System  MIApwp/r7vp MIAExp
Gly-Li* 54.2 51.09, 51,90
Gly-Nu*t 42.1 39.44, 38.0b
Cyt-Lit 62.5 55.5¢
Cyt-Nat 53.2 42,34

a) fromret. 111; b) fromref. 112

Finally we have performed some calculations in order to verify the performance
of density functional methods in the prediction of MIA when transition metals are
involved. Because of the availubility of the experimental information | 113], we have

chosen to investigate the interaction of Nit cation with ammonia, methyl- and ethyl-
ammonia. The relutive metal ion affinity (AMIA) values are shown in the Scheme 4
and compared with experimental counterparts. The dissociation limit for Nit-amine
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systems is represented by the metal ion in the its ground state (2D) and the free
amines. As it is evident B3LYP/6-311++G** computation reproduces only the trend
proposed by the experiment, but the absolute values are strongly overestimated. The
same behaviour has been obtained with the PWP functional. The overestimation is
related to the well known fact that density functional methods fail in the description
of electronic states of transition metal isolated atoms [7-9]. For this reason, present
results must be considered as qualitative rather than quantitative indications.

AMIAP® (Ni*)
0.0 1.93 > 3,29 Exp
| |
NH; MeNH; EtNH,
|
0.0 — 380 — .90 Theor
Scheme 4

3.6 Potential energy surfaces

The study of reaction paths, in DFT, is not a new [114,115]|. Thus we have
chosen to explore the potential energy surtaces (PES) introducing the possibility to
rationalize the results through the computations of the global hardnesses along the
whole reaction path, with the aim to verify if, for the studied processes, the
maximum hardness principle (MHP) [53] is satisfied.

In the scheme 5 are depicted the stationary points of O3 and S3 protonation paths
studied at PWP/TZVP level.

X/X\X X/X\X /X\ e
\y+ \ X X
e
1 S1 2
Y H
T TNx ™"
TS2 3
X=0,§

Scheme 5
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Energetic and hardness profiles are drawn in Figures 7 and 8, respectively.
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Figure 7. Relative energies and global hardness profiles for the
protonation reaction of O3.
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Figure 8. Relative energies and global hardness profiles for the
protonation reaction of S3.
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From the energetic point of view the trans isomer 2 is the global minimum in the
PES of both processes followed by 1 and 3 structures. Two transition states connect
the 1-2 (TS1) and 2-3 (TS2) isomers.

Following the MHP principle, we must expect that the energetic and hardness
curves, as a function of the reaction coordinate, be specular, if the chemical potential
does not change significantly along the reaction paths. As is evident from Figure 7
and 8, this circumstance is verified for both the studied processes.

In particular the maximum hardness value is found for the absolute minimum and
decreases in correspondence of relative minima and transition states following the
stability order.

4. Conclusions

From the results presented above, we make the following conclusions:

-In the determination of ions geometries, the comparison with experimental data,
underlines, in some case, the importance of the employed functional in determining
reliable structures.

-Accurate information on preferred attack sites and potential energy surfaces can be
obtained with computational costs lower than those required by HF methods
including configuration interaction.

- Thermochemical properties are well reproduced even with medium-sized basis sets
such as the 6-311++G** and TZVP.

-Metal ions affinities, for transition metal containing systems, can be defined good
from a qualitative point of view, but, the absolute values are not so accurate and
require improvements in the computation of atomic energy.

- DFT based descriptors of reactivity are powerful tools for the explanation of all
examined processes.
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1. Introduction

1.1 The CS INDO hamiltonian and its previous applications

The CS INDO model hamiitonian [1] was conceived as a practical tool for
dealing with photophysical and photochemical properties of large conjugated
systems such as laser dyes, natural pigments, etc. CS INDO has two main
features: i) it is free from the most striking limitations of the current NDO-type
techniques concerning ground state potential surfaces (conformations, rotational
barriers, etc.), ii) it is capable of correctly describing both ground and excited state
properties within one and the same approximation scheme and parametrization.
The essential point of the modified INDO scheme was to replace the usual set of
pure s, p, d etc. atomic orbitals with a corresponding set of hybridized orbitals
reflecting the molecular structure. The advantages deriving from the use of orbital
hybridization within a delocalized MO-SCF treatment have been recently
reviewed with reference to the CS INDO method [2] and are clarified by Barbier
and Berthier in this issue from a more general point of view [3]. A common
question of these approaches is the hybridization procedure. Initially we used
hybrid orbitals adapted to the geometry of the molecule (i.e. directed along the
bonds) [1], but the current CS INDO version adopts the automatic hybridization
procedure formulated by Del Re in 1963 for s, p orbital sets [4] and later adapted
for the treatment of lone pairs [5,6] and s, p, d basis sets [7]. However, apart from
the implemented procedure, in the CS INDO method the orbital hybridization is
above all a way of preparing a set of “chemical orbitals” [3] (o, 7, n) enabling an
effective parametrization of the different core interactions to be found with
reference to their “chemical” character (6-c, o-m, T-7, etc.). For a full description
of the CS INDOQ method we refer to previous work [1,2,8]. Here, we simply recall
that after an exhaustive test on conformations and electronic spectra of conjugated
non-rigid hydrocarbons (e.g. diarylethylenes [9] and biaryls [10]) during the last
decade the CS INDO hamiltonian has been successfully adapted to the study of
ground and excited state properties of quite a few more systems, including
cyanine dyes [2,11], donor-acceptor-type stilbene derivatives {12}, sulphur
compounds [8] and carbenes [13]. Recently, the CS INDO method has proved to
be a very suitable frame for working out a new quantum-mechanical CIPSI-type
approach to the properties of electronically excited states of very large molecular
and supramolecular systems [14]. The latest application of CS INDO concerned
the calculation of spin-spin nuclear coupling constants of conjugated polyenes and
cyanines by a second-order double perturbation treatment [15].
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1.2 Theoretical models of solvent

Going on with the developing strategy of our method, lately we have faced
the problem of the solvent effects in the CS INDO frame. In previous papers
(2,11d,11e,12] we had limited ourselves to evaluating the solvation energy of a
solute molecule within the solvaton model [16,17] using the atomic charges
derived from a CS INDO SCF CI treatment of the isolated molecule. Although
such procedure can provide qualitatively reasonable predictions about the effects
of the solvent polarity on the electronic transitions [18] and the potential energy
surfaces [2,11d,11e,12], it disregards the effects of the solvent on the electronic
structure of the solute molecules. The latter effects are generally accounted for
according to two different approaches [19]: the so-called supermolecule approach,
in which the solvent molecules surrounding a solute molecule are explicitly
included in the quantum-mechanical calculation, and the continuum approach in
which the operator of the solute-solvent interaction is approximated representing
the solvent as a polarizable continuous medium. In the present paper, we report a
CS INDO SCF CI study for solvated molecules falling within the continuum
theories [20] and based, in particular, on the classic solvaton model [16] which is
known to be very suitable for semiempirical methods [21-23]. An alternative
simple model, often implemented at the semiempirical level, is the self-consistent
reaction field (SCRF) model [24] based on the Onsager dipolar approximation.
This technique, however, has two main drawbacks: i) it fails to deal with those
solute structures where significant local charge densities result in vanishing dipole
moments, and ii) it suffers from a certain arbitrariness involved in the choice of
size and shape of the solute cavity. The solvaton model is formally free from both
these limitations. In particular Klopman’s model, where the polarized solvent is
represented by a set of fictive charges reflecting the local charge distribution of
the solute, may in principle account for “microscopic™ details and, hence, may be
an effective tool for describing solvent polarization effects. In principle, these
procedures, like all continuum approaches, can only treat dielectric solvent effects.
However, specific solvent effects can be described, too, within such schemes by
extending the quantum mechanical calculation to include the solute molecule and
some strongly interacting solvent molecules (semi continuum approach [19]).

1.3 Merocyanines: the most suitable test systems

To test the effectiveness of the new CS INDO-based procedure we
searched for compounds exhibiting large solvent effects on their structural and
optical properties. From this point of view merocyanine dyes are most suitable in
view of the dramatic dependence of their UV/vis spectra on the solvent polarity
[25,26]). The current interpretation of this behaviour is based on the fact that
merocyanines are formed by an amino group (electron donor) and a carbonyl
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group (electron acceptor) linked by a conjugated system so that their n-electronic
structure can be qualitatively described in terms of resonance between a neutral
form and a charge-separated form as shown in Fig.l for three selected
chromophores (M1, M2, M3). Thus, the structural and spectral changes observed
with merocyanines on changing the polarity of the solvent can be regarded as the
result of a solvent-induced change in the relative stability of the two predominant
mesomeric structures. Following up a concise report of the results concerning M1
and M3 [27], in this work we present an exhaustive study on the three
chromophores of Fig.1.
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Figure 1: Neutral and charge-separated resonance structures of two vinylogue merocyanine dyes
(M1, M2) and a conjugated betaine dye (stilbazolium betaine) (M3).

The proposed calculation procedure will be first tested by analysing in
detail the effects of the solvent polarity on the structure and electronic spectra of
the simple merocyanine M1. Afterwards, the selected calculation procedure will
be applied to the more complex dyes M2 and M3, characterized by equal length of
the conjugated path connecting the donor and acceptor group, but exhibiting
opposite solvatochromic effects. To be precise, the acyclic merocyanine M2
shows, like the simpler chromophore M1, positive solvatochromism [25] (i.e.
bathochromic shift of the first absorption band on increasing solvent polarity),
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while M3 (the widely studied stilbazolium betaine [28-311) provides a typical
example of negative solvatochromism {25] (i.e. hypsochromic spectral shift on
increasing solvent polarity). It will be shown that the CS INDO method,
incorporating the SCF treatment of the solute-solvent interaction according to the
solvaton model, is capable of correctly describing the main modifications, both
geometrical and spectral, of merocyanine dyes accompanying a change of the
solvent polarity. Moreover, we notice that the interpretative success of the valence
bond formulation of Fig.1 suggests that the polarization of the solvent surrounding
the solute should primarily reflect the m-electron charge distribution. This problem
will be thoroughly analysed in section 3, where we will show that, within the
solvaton model, the observed behaviours of n-conjugated donor-acceptor
chromophores can generally be well described using the net n-electron charges.

2. Electrostatic solvent effects within the CS INDQO scheme

2.1 SCF solvaton model

As said in section 1, the electrostatic solute-solvent interaction was
incorporated in the CS INDO SCF equations according to Klopman’s formulation
[16] of the virtual charge model. Briefly, the physical model consists in
associating with each atom of the molecule, with net charge (, an imaginary
particle (solvaton) with charge — (), simulating the local reaction field generated
by the orientated solvent distribution and interacting with all molecular charges
according to Bomn’s law [32]. This model leads to generalized Born equations for
the solvation energy like that proposed by Hoijtinck et al. as early as 1956 {33]
and afterwards put by Heidrich et al. {17] in the form

N N
QAgA' + z QA Qﬂe'ﬁ (1)
T4 4 BT

N
Esol = k(g) Z
A

where k(&)= 5; , € being the dielectric constant of the solvent, O, is the net
£

atomic charge on atom 4, O, =-Q, is the charge of the solvaton associated with
atom A4, r,, is the distance between atoms 4 and B, and ’:{/m (the effective radius

of atom A(B)) is used as a parameter to correctly balance the interactions of a
solvaton with the atomic centre to which it is attached and with adjacent atomic
centres. Eq. (1) using the net atomic charges of the unsolvated molecule, can
provide a reasonable evaluation of the electrostatic solvent effects on the
molecular energy in the ground and the excited states [2,11d,11e,12], but in order
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to describe the effects of the polarized solvent on the molecular charge
distribution, solvation has to be explicitly included in the SCF MO calculation.
Germer [21] was the first to incorporate the solvent effects into an SCF treatment
using the solvaton model within an all-valence-electron Mulliken type SCF MO
method [34]. Afterwards, the solvaton model was applied by Miertus and Kysel
[22,23] in the framework of neglect of differential overlap (NDO) methods of the
PPP and CNDO type. In this work, we implemented the same model within the
CS INDO method. In short, seeing that the solvent is represented as a set of point
charges (solvatons), the electronic hamiltonian of a solute molecule may be
written as

o) N N 7 '

- A9 - k(a){zz : s @
“te 4B T

where H 9 is the usual gas-phase hamiltonian and the second term represents the

solute-solvent interaction. In eq. (2) indexes i, 4 and B' refer to electrons, nuclei

and solvatons, respectively, Z, is the core charge of atom 4, r,. is the electron-
solvaton distance and r,,, is the nucleus-solvaton distance, other symbols having

the same meaning as in eq. (1). As is evident, H ., depends on the molecular

charge distribution, so the Schroedinger equation %Y = E¥ turns out to be non-
linear in the function . Sanhueza et al. [35] have shown that in these cases the
solutions of the Schroedinger equation cannot be obtained from the direct

variation of the functional <‘I—’;H o “P> / <‘P|‘P> . In order to overcome this difficulty

one has to choose between two strategies: 1) to formulate a modified SCF
procedure based on an appropriate variational functional [35] or 2) to solve the
problem iteratively by carrying out a sequence of standard SCF calculations with
fixed solvaton charges [20]. According to the second approach, which was
adopted in the present study, the Fock operator (electron i) including the solvent

interaction and the corresponding Fock matrix element F,, take the simple forms

()= F"(0) - kX 2 3)

lB

and

Fyxv = F;?l + va ;u - k(5)2<l,l(l) Q

B'

X (l)> “4)
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The integrals appearing in the second term of eq. (4), that may have attractive or
repulsive character according to the sign of the solvaton charge Q,., should be
evaluated as consistently as possible with the assumptions of the adopted all-
valence-electron method. This point deserves some attention since at times the
solvent interaction matrix elements have been evaluated using approximations
different from those peculiar to the calculation of F;?V [36,37]. To be more

precise, the electron-solvaton interaction integrals of eq. (4) are assimilable to

electron-core attraction integrals < b4 ﬂ(z) Lz, (z)> and hence should be treated

iB
in an equivalent manner. In particular, if all the INDO assumptions are used [38]
the Fock matrix element, eq. (4), reduces to the following form,

N
F;ju = F;zl k(E)Z QB'}/AB'
B
(ue 4) Q)
Fi =

,uv

where the only non-vanishing elements of the solvent interaction matrix are the

diagonal ones, < X (D— 2y X (1)>, expressed in terms of solvaton charges O,

lB
and electron repulsion integrals y . .It should be noted that use of the CNDO
assumptions yields the same matrix elements as far as the solvent interaction is
concerned [22,23]. On the other hand, the same approximation has been also
adopted within NDDO type schemes [37], where the non-diagonal matrix

elements <1# (H—— Oy X, (z)> M,v e A, should in principle be retained [38]. We

IB

also notice that within this scheme the CS INDO based approach differs from
other NDO-type procedures only for the calculation of the /" matrix elements.
Moreover, in keeping with eq. (1) y . and y . entering the electron-solvaton

off eff

interaction terms should be calculated using r . =r7 and r, =rgp+ry

AB
respectively. This choice, implying 7, . <y, and y . <y ,, is expected to
guarantee a qualitatively correct ratio between “monocentric” and “bicentric”
electron-solvaton interactions. However, as already found by Miertus and Kysel

[22], the results are not significantly influenced by taking y .=y, and
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¥ .5 =7 as- Thus, for the sake of simplicity, we used the set of y ,, integrals for
both electron-electron and electron-solvaton interactions.

The virtual charge model was reappraised from a more general point of
view by Costanciel and Tapia [39]. They referred to the total electrostatic energy
of the charge system, including the self-energy of the solvaton system neglected in
Klopman’s model {16], and found that, in order to recover the Born formula for
the solvation energy, the k(g) factor of the solute-solvent interaction term had to

\/E -1 rather than to g—_l However, as has already been

\/E 2

pointed out [23,29,40,41], such modification has little practical importance since,
owing to the qualitative character of the model, k(g) should be considered as a
parameter related to the medium polarity. Moreover, following the approach
proposed by Jano [42,43], Costanciel and Tapia split up the solvaton system into a
set of point virtual charges k(¢)Z, corresponding to the charges of the atomic

be taken equal to

cores Z,, and a virtual charge distribution k() p , corresponding to the electron

charge distribution p, and thereby got for the solvent interaction matrix element
the form

Zy

Vs

B

v, = —k(s)[z<z” A7, (i)> + 2Z<Z NOFAL )>} ©

where the second sum is over the occupied molecular orbitals. As is evident, this
expression of ¥, is quite different from the one of eq. (4) derived according to
Klopman’s model. However, both expressions yield the Fock matrix elements
given in eq.s (5) when CNDO or INDO approximations are applied. The two
treatments become non-equivalent only going beyond the INDO level of
approximation (NDDO, ab initio). That said, the Klopman model, describing the
solvent surrounding the solute molecule as a set of point charges ()., seemed to
us to be preferable for its simplicity.

Once the closed-shell Hartree-Fock equations including electrostatic
solute-solvent interaction have been solved, the total energy of the solvated
molecule at the SCF level is obtained by the expression

B =LY P, + L)+ E +k(e)[ﬁﬁz,1ggm} )
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where the first term represents the electronic energy of the solute molecule in the

field of the solvatons, £ is the core-core repulsion energy and the last term is
the core-solvaton interaction energy. In principle, the geometry of the ground state
molecule in a given solvent, i.e. at a fixed value of (&), has to be determined by

minimizing E° with respect to the structural parameters. Such a direct approach
to the solvent-induced geometry distortions is unfeasible through the current NDO
procedures adopting spectroscopic parametrizations (CNDO/S, INDO/S) because
of the overall imbalances between attractive and repulsive interactions
characterizing these hamiltonians. As a matter of fact, previous CNDO/S type
studies using the virtual charge model evaluated the geometry changes by
resorting to empirical relationships between bond lengths and bond population
indexes [29,40,41]. On the other hand, thanks to the correct force balance peculiar
to the CS INDO hamiltonian, we were able to perform direct geometry
optimizations with qualitatively good results.

2.2 Solvent effects on spectra

The optimized ground state geometry and the corresponding SCF
molecular orbitals were the starting data for investigating solvent-induced shifts of
the absorption spectra by a proper CI treatment. Details of the adopted procedures
will be given in the next paragraph. Here, we will simply outline the general
aspect of the approach. Briefly, we have to do with the calculation of the
electronic transition of a solvated molecule from the equilibrium ground state to a
Franck-Condon excited state. Such a transition occurs in a time too small to allow
the oriented solvent cage to rearrange appreciably, so the solvaton charges
experienced by the Franck-Condon excited state are practically those suitable to
the ground state (Q,)'. This condition is automatically satisfied by the
calculation since the excited configurations are developed on the SCF MOs
optimized for the ground configuration of the solvated molecule. In other words,
the CI calculation will provide directly the properties of the “vertical” absorption
transition.

1t is worth noting that the so-obtained spectral shift, i.e. the difference in
transition energy between solvated and gas phase molecules, can be seen as made
up of two contributions: 1) a polarization contribution AE,, reflecting the effects
of the polarized solvent on the electronic structure of the solute, and 2) an

' This description disregards instantaneous effects due to solvent polarization induced by the
change in charge density associated with the electronic transition [19]. In principle such effects
may be appreciable [24], but we will shortly show (section 3) that the solvatochromic behaviours
of merocyanines can be correctly predicted in terms of the only effects related to the dielectric
constant of the solvent.
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electrostatic contribution AE,, related to Coulomb interactions between atomic

and solvaton charges. This decomposition is obtainable considering that the
molecular orbital energies in the presence of the solvent can be expressed as:

& =(¢;0|F* @

¢,S (1)> = 8f _k(g)zzzciiQB'}/AB' (8)

where &7 is the energy of the j" molecular orbital in the absence of the solvent,

yet including polarization effects, and the second term represents the electrostatic
interaction between electron 1, formally assigned to orbital /, and the solvatons.
Using eq. (8) the energy of the transition from the ground to an excited
configuration can be expressed as the sum of a contribution for the isolated
solvent-polarized molecule and an electrostatic contribution. For a mono-excited
singlet configuration, e.g. the H—L one (H=HOMO, L=LUMO) characterizing
the intense long wavelength transition of the molecules under study, the transition
energy can be written as

E, =& -¢f+2K, -J, +k(5)z ZZQB‘}/AB'(C;ZIH —ciL)

A ued 8 (9)
=Ep +k(€)D. Y. 00,057 45
A 8

where the first term provides the polarization contribution through the relationship

AE,, =El, - E,, , and the second term is nothing but AE

the classic solvation effect obtainable by eq. (1). In the case of a
multiconfigurational S-CI description of the excited state, the decomposition

AE=AE_, +AE

pol soly

i.e. the analogue of

sol ?

can be made as well by deriving AQ, =Q, - Q, from the

CI calculation for the isolated solvent-polarized molecule, but the result will be
slightly different from that of the direct CI calculation for the polarized molecule
in the presence of the solvent.

The main points of the above discussion concerning the absorption spectra
hold also for the solvent polarity effects on the position of the fluorescence bands,
provided that the time for the excited state equilibration (involving geometrical
relaxation of the solute and solvent reorganization) is shorter than its lifetime. In
this case, usually occurring in liquid solutions, the emission takes place from the
equilibrium excited state to a Franck-Condon ground state, so in principle the
fluorescence transition should be calculated using geometry and solvaton charges
optimized for the excited state. The solution of this non-trivial problem is not
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included in the present study which is specifically concerned with the solvation
shifts of the absorption spectra.

2.3 Calculational details
The CS INDO program [1,2], modified by the incorporation of the solute-
solvent interaction as described in section 2.1, was used to calculate molecular
geometries, charge distributions and electronic absorption spectra of the
merocyanines M1-M3 (Fig.1) as a function of the solvent polarity index k(¢).
The parametrization adopted in this work was the same as that discussed in
detail in previous papers [1,11d,2]. Here, we will simply recall the following
points:
1) The CS INDO screening constants k,,, defined with reference to the set of
hybrid AOs (u,v=0,7,n) set up according to the Del Re method [4-7], were
given the values: &k, =1, k=055, k=068, &,  =0.64,

k,, =0.74,k, =0.71.

2) The two centre repulsion integrals y,, were calculated according to Ohno-
Klopman [44].
3) For the calculation of the core repulsion energy £ =3 > E(f [1], the

A B>4A
atomic pair parameter o, was taken equal to 1.25 a.u. on the basis of C-O bond
length optimizations in some test molecules. All other pair parameters o, were
kept equal to 1.50 a.u. as in previous CS INDQ applications.

For each of the three chromophores the geometry was first optimized at
k(g)=0 starting from idealized structures near neutral forms (Fig.1)>. In the
optimization processes only the C-C, C-N, C-O and N-Me bond lengths were
allowed to vary. The rings of M3 were assumed to be planar and have local C,
symmetry. Moreover, the small length difference between d and f bonds of M3
(Fig.4) was a priori disregarded. The same procedure was then repeated for a set
of increasing k(¢) values starting each time from the optimized bond lengths of
the preceding calculation. At every value of k(&) we first optimized the geometry
using the net charges obtained for the isolated molecule (k(£) = 0) as the solvaton
charges. Lastly, all calculations were refined performing an iterative procedure, at
fixed geometry, until convergence of the solvaton charges. All calculations of this
phase, providing solvent-induced variations of ground-state geometries and charge
distributions, were carried out at the simple SCF level.

2 In the case of vinylogue merocyanine dyes such as M1 and M2, the neutral forms are often called
“polyene like”, while the names “quinonoid” and “benzenoid” are currently used to indicate the
neutral and charge-separated form, respectively, of M3,
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The solvent shift effects on the electronic absorption spectra were
calculated within a standard S-CI approach, which is especially suitable for
(mero)cyanines dyes considering the dominant role of the singly-excited (HOMO-
LUMO) configuration in their longest wavelength absorption band [11]. In view
of the qualitative character of the present study, minor effects due to polyexcited
configurations were left out a priori. The MO active spaces were chosen each
time to include all m, n and n* molecular orbitals. Within this scheme, we
calculated the energy of the first n-n* transition, the associated oscillator strength
and the excited state charge distribution and dipole moment as a function of k(g).
In principle, lone pairs of electrons on the oxygen atom might give rise to n—m*
transitions of rather low energies. On the other hand, n—>n* transitions were found
by our calculations above the first T—n* -essentially HOMO-LUMO- transition,
except for the case of chromophore M1 at k(g) =0 where the first excited singlet
state was predicted to be of the nn* type. The presence of these states is of no
consequence with regard to the pronounced solvatochromism of the first intense
n—>n* absorption band of merocyanines, so we shall not discuss them in this
study. Any analysis of the nmn* excited states is therefore put off till future work
concerning photophysical and photochemical properties of merocyanines.

Lastly, it is to be pointed out that the solvaton charges must be carefully
selected in order to produce correct polarization effects. In particular, for
merocyanine dyes virtual net n-electron charges appeared to be more suitable than
total net atomic charges. This crucial point will be discussed in detail in section
3.1

3. Results and discussion

3.1 Detailed test calculations on merocyanine M1

First, we will show that the field generated by the polarized solvent has to
be conveniently modelled.

In fact, the inclusion of solute-solvent interaction in the SCF calculations
allows the solvent effects on the electronic structure of the solute to be taken into
account, but type and size of such effects are strongly dependent on the adopted
solvent model. Within Klopman’s model, where solvatons represent local fields
generated by the solvent orientation, solvent effects follow a very simple
mechanism first described by Germer [21]. Briefly, this consists in the tendency to
an increase of electronic charge at a negative centre due to the positive charge of
the solvaton associated with it {of course, the opposite tendency will occur at a
positive centre). Now, according to the resonance theory picture of merocyanines
(Fig.1), an increase in solvent polarity is expected to enhance the stability of the
charge-separated form and, hence, to cause a drift of electrons from the amino
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group to the carbonyl group. Thus, the solvaton charges must have rather definite
characteristics in order that polarization effects may be correctly reproduced by
calculations. In the case of a merocyanine dye, this requires a positive solvaton at
the oxygen atom and a negative solvaton at the nitrogen atom to be
simultaneously present. This way the electrons of the conjugated chain will
experience an attractive force in the region of the acceptor group and, at the same
time, a repulsive force in the region of the donor group. In general, however, MO
SCF calculations do not meet this requirement since they lead to negative net
charges, (i.e. positive solvatons) at both the oxygen and the nitrogen atomic
centres. This is shown by Tab.l, which reports the net atomic charges of
merocyanine M1 derived from CS INDO, INDO and AM1 [45] SCF calculations.
As is evident, all SCF procedures yield similar results for the atoms of the
conjugated system and assign oxygen and nitrogen atoms negative net charges.
The net charges, both total and n type, associated with methyl groups as well as
the net charges of the hydrogen atoms have minor importance in relation to the
solvent polarity effects [27] and, accordingly, are disregarded in this discussion.

Table 1

Net total and nt-electron charges on the atoms of the conjugated path as obtained for merocyanine
M1 by CS INDO, INDO and AM1 MO SCF calculations. The calculated dipole moments and their
components are also reported (last four rows).

CSINDO INDO AMI
Total z Total z Total l P
N, |-1260 .2306 |-.1265 .2387 |-3095 .2343
C, 1994 0785 | .1613 .0646 | .0430 .0816
C, |-.1258 -.1499|-.0969 -.1379|-3103 -.1994
C, 1470 1274 | 11074 0997 | -.0259 .0925
C; |-.1240 -.1065|-.0904 -.0892;-.2886 -.1034
C, 5818  .3934 | 3145 1847 | 2071 .2775
0, [-6137 -5101-3263 -2746]-3111 -3408
H 8.3099 5.9293 6.3672
H -8.0015 -5.7796 -6.2113
H, 2.2430 1.3243 1.4001
i, 0. 0. 0.

@For the orientation of the axes see Fig.2
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The results of Tab.1 and the foregoing considerations on the polarization
determining forces question the effectiveness of a solvaton field set up using
directly the total net atomic charges. As a matter of fact, a series of detailed CS
INDO calculations using the complete set of solvatons corresponding to the total
net atomic charges led to unsatisfactory results for both solvent-induced
geometrical distortions and spectral shifts of M1. To be more precise, charge
distribution, bond lengths and HOMO-LUMO transition energy turned out to be
scarcely sensitive to a change in polarity of the solvent in contrast with
experimental evidence [18,25].

To overcome this impasse, the only thing to do is to adopt a solvaton set
reflecting a right mixture of neutral and charge-separated resonance structures.
From Tab.1 it emerges that a solvaton set of such a type is the one corresponding
to the subset of the net m-electron charges that are not very dependent on the
approximations of the method.

Concerning the use of the reduced solvaton set, two points are to be
noticed. First of all this choice proved compulsory for merocyanines like M1 and
M2, where the n-electronic structure in nonpolar solvent is better represented by
the neutral form, while it is less important in merocyanines like M3 where the
initial structure is characterized by almost equal contributions of the neutral and
charge-separated forms. According to Griffiths [26] these two types of
merocyanines can be classified as weakly polar (M1,M2) and moderately polar
(M3), respectively. However, the use of the net n-electron charges is suitable for
all donor-acceptor dyes, as it agrees with the resonance theory formulation, but
generalization of this choice to chromophores of difterent types requires specific
analyses. The second consideration is suggested by the calculated ground state
dipole moments reported in Tab.1. The component analysis points out that all
calculations predict the dipole moment to point roughly from the oxygen atom to
the nitrogen atom. This means that SCRF techniques, where the solvent effects are
introduced by the Onsager dipolar term [24,31], are less influenced by the local
charge distribution and should at least be capable of correctly predicting the
direction of effects. However, compared to this advantage, the SCRF approaches
have the drawback of a dramatic dependence of the calculated solvent effects on
the choice of the cavity size [31].

In the course of this paragraph we will present and discuss the result
obtained on ground and first '(mn*) excited state of M1 using a set of solvatons
corresponding to the net n-electron charges. Figure 3 shows how the bond lengths
within the conjugated chain are predicted to evolve on increasing the polarity
factor k(g). Clearly, on passing from k(¢)=0 to k{(g)=09 the C-C bond
lengths evolve from an appreciable alternation, with b and d shorter than ¢ and ¢
(for labelling see Fig.2), towards equalization.
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Figure 2: Numbering of atoms and labelling of bonds in chromophore M 1. The axes orientation is
also reported.

The effect can be quantified in terms of the bond length alternation (BLA)
parameter, defined as the difference between the average length of “single” bonds
and that of the “double” bonds [31]. Now, BLA changes from 0.048 at k(£)=0 to
0.028 at k(g)=0.9 (see Fig.3). With reference to the resonance theory picture of
M1 (Fig.1), these BLA values mean that: i) in vacuum the neutral form is
favoured, ii) on increasing the polarity of the solvent the weight of the ionic form
augments but the cyanine-like structure (BLA=0) is not reached even in extremely
polar media (4(&) =0.9). Such behaviour is in keeping with the observed positive
solvatochromism of chromophore M1 [25] since the cyanine-like structure
(BLA=0) is expected to correspond to a maximum in the wavelength of the first
absorption band. This will be shortly confirmed by CS INDO S-CI calculations of
the excited state properties.

k(g) =0 M NG e W

I
| 1.389
Me
BLA=0.048

k(g)=0.4 Meo 1.366 1.434 1,430
138 NWO

||.3s7

BLA=0.045

k(e)=0.9 Mem W T E Tl o
| 1.387

Me
BLA=0.028

Figure 3: Ground state bond lengths and bond-length-alternation (BLA) parameters in (A) of
merocyanine M1 at three different values of the polarity factor &(¢). Bonds b-e (for labelling see
Fig.2) were used to calculate BLA parameter.
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The solvent induced changes of charge distribution and dipole moment are
illustrated by Tab.2 (part A), where net charges of atoms other than nitrogen and
oxygen have been disregarded for the sake of simplicity. Table 2 emphasizes the
drift of electrons from the donor to the acceptor group, as well as the consequent
dipole moment increase, accompanying an increase of the solvent polarity. Part B
of Tab.2 shows that more marked effects are obtained after iterative refinement of
the solvaton charges.

Table 2

Ground state net charges on nitrogen ( ;) and oxygen (Q, ) atoms and dipole moments of M1
at six different values of k(&) , as obtained before (A) and after (B) iterative adjustment of the
solvaton charges.

A B
kKe) | oy | G | wp | 0w | 0, | wD
0 -.1260 -.6137 8.310 | -.1260 -6137 8.310

02 |-0980 -.6838 9480 | -0951 -6918 9.656
0.4 | -0677 -7494 10.629} -.0520 -7813 11.462
0.6 | -0318 -8167 12.040| .0263 -.8888 14.366
0.8 0033 -.8807 13.384| .1313 -9998 18.072
0.9 0211  -9122 14.071 | 2147 -1.0542 20.333

Table 3

Properties of the first '(n*) excited state of M1 obtained at S-CI level before (A) and after (B)
iterative adjustment of the solvaton charges: excitation energy (£), oscillator strength (f) and net
charges on nitrogen ( Q;,) and oxygen ( Q;, ) atoms at six different values of k(&).

B

A
k(e) | EleV | f L 0. l 0, E/eU f j 0., { o,

0 4349 1310 .1392 -6283 | 4349 1310 .1392 -.6283
0.2 4283 1294 1700 -.6952 | 4.277 1292 1726 -.7029
0.4 4223 1.282 1991 -7580 | 4.197 1277 2150 -.7882
0.6 4150 1.292 2213 -8203 | 4102 1279 2606 -.8883
0.8 4099 1.296 2488 -8805 | 4.067 1285 .3391 -.9940
0.9 4079 1297 2604 -9098 | 4.077 1309 4034 -1.0470

The analysis of the excited state properties of M1 as a function of the
polarity factor k(g), was performed with the geometry optimized for the ground
state and adopting, for the sake of comparison, both the solvaton set
corresponding to the net charges of the unsolvated molecule (calc. A) and the self-
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consistent solvaton set (calc. B). The resulis are summarized in Tab.3. Calculation
A predicts a red shift of about 2200 cm™ of the first n—n* (essentially HOMO-
LUMO) transition in the whole range of polarity considered (from ~4.35 eV at
k(g)=0 to ~4.08 eV at k(¢)=0.9). This prediction is in qualitative good
agreement with an observed red shift of ~4000 cm™ of the long wavelength n—m*
absorption maximum of M1 on passing from n-hexane to water solution [25].
From a quantitative point of view, the solvent shift appears to be underestimated
by the calculation, but for an accurate comparison one should state at what extent
the observed shift in water may be affected by specific effects [46] disregarded by
the theoretical model. Moreover, our prediction may be more or less appreciably
affected by the neglect of the contribution due to instantaneous electron
polarization of the solvent associated with the S-S, excitation. As a matter of fact,
the SCRF-INDOY/S study of Karelson and Zerner [24] including such contribution
predicted a more marked red shift of the first m—»>n* transition of M1. The
oscillator strength is predicted to be little affected by a change of solvent polarity:
it retains a value of about 1.3 in the entire range of k(g), with a small drop at
intermediate polarities. To our knowledge, no experimental data concerning
solvent effects on the intensity of the long-wavelength band of M1 have been
reported till now, so the quality of this prediction cannot be established at present.
The comparison between the values of Q, and Q,, with those of Q,, and Q, of
Tab.2 points out that the S,—S,(mn*) transition results in a charge-transfer
between donor and acceptor group and, hence, in a dipole moment increase (see
later). However, accurate comparative analysis of Tab.s 2 and 3 reveals that the
size of such charge transfer drops smoothly on going from k(¢)=0 to k(g)=0.9.
The results of calculation B are very similar apart from the following two aspects:
i) the transition energy presents a minimum at k(&)= 0.8 (corresponding to a red
shift of ~2300 cm™) that would involve the occurrence of a small blue shift
(negative solvatochromism) at very high solvent polarity; ii) the decrease in
charge-transfer character of the S,—S, transition with increasing the solvent
polarity is a little more pronounced than that found with calculation A. The small
negative solvatochromism at k{g)> 0.8 has never been observed. On the other
hand, given the indeterminate relationship between k(g) and the dielectric
constant of the solvent, we cannot attach a clear meaning to the results obtained at
values of k(g) as high as 0.8-0.9.

The above trends of the ground and excited state charge distributions
obtained by calculations A and B indicate that: i) S,—S, transition brings about a
dipole moment increase, the size of which decreases with an increase in solvent
polarity, and ii) at all k(¢)>0 the dipole moment increase predicted by
calculation B is smaller than that found by calculation A. This is clearly
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confirmed by Fig.4 where are reported the ground and excited-state dipole
moments of M1 calculated by A and B procedures at six different values of k(¢).
Among other things, the results of Fig.4 are consistent with the current
interpretation of the observed solvatochromic effect in terms of dipole moment
variations associated with the electronic transition.

Finally, we will briefly discuss the splitting up of the n-n* shift in a
polarization ( AE ;) and an electrostatic (AE ;) contribution. Table 4 reports the
results obtained by both A and B procedures using eq.9 valid for the single-
configuration (HOMO-LUMO) description of S,. With both procedures AE , and

AE
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Figure 4: Dipole moments (in D) of the ground state (S,) and the first (mn*) excited state (S,) of
chromophore M1 as a function of the polarity factor 4(¢). Excited state dipole moments were
calculated at the S-CI level.

In particular, the polarization contribution, which dominates at low polarity,
decreases with increasing k(g) becoming comparable (calc. A) or smaller

(calc. B) than the electrostatic one. However, AE,, contributes significantly even
at high values of k(¢). This may explain at least partly why in a previous CS
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INDO CI calculation on a Ml1-like compound [18], introducing only electrostatic
effects through eq.1, the solvent shift of the long wavelength n-n* transition had
been underestimated.

Table 4

Analysis of the solvent shift of the m—n* (HOMO-LUMO) transition of Ml in terms of

polarization ( AE/?') and electrostatic (AE ") contributions calculated according to eq.9.

Calculation B included iterative adjustment of the solvaton charges.

A B

k() Ey AE, | AEL! | AEGY | Ey AE, | AEL | AEY

0 4.603 - - - 4.603 - - -
0.2 4549 054 055 -001 | 4545 058 .061 -.003
0.4 4499 104 .096 .008 | 4480 .123 A11 012
0.6 4430 173 131 .042 | 4.401 202 107 .095
0.8 4384 219 134 085 | 4391 212 034 178
0.9 4366 237 122 114 | 4415 188 057 A31

3.2 Geometrical distortion and solvatochromism of merocyanines M2 and M3

On the basis of the results discussed in section 3.1, concerning solvation
effects on structure and electronic spectrum of chromophore M1, we decided to
carry out a corresponding study for merocyanines M2 and M3 (Fig.5) constituted
by n-conjugated chromophores of the same “length”, yet characterized by
opposite solvatochromic behaviours.

The geometries were first optimized at various values of k(g) by CS
INDO SCF treatments with fixed solvaton charges corresponding to the net n-
electron charges of the unsolvated molecules. Then, calculations of solvent effects
on charge distributions and dipole moments of S, and first '(nr*) excited state S,
as well as on the S-S, transition energy were carried out by procedure B (i.e.
including iterative refinement of the solvaton set) which is expected to stress the
peculiarities of the two systems. Figures 6 and 7 report the optimized bond lengths
of M2 and M3, respectively, and the corresponding BLA parameter at
k(£)=0.0,0.4,0.9. Not surprisingly, the results concerning M2 (Fig.6) are
similar to those presented in previous section for M1 in that the initial structure
presents a marked bond length alternation (BLA=0.052) which weakens in
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solvents of increasing polarity (BLA=0.040 at k(£)=0.9). In this case, however, the
extent of bond equalization is a little smaller than that found for M1.

Figure 5: Numbering of atoms and labelling of bonds in merocyanines M2 and M3.

In other words, on increasing the solvent polarity the resonance hybrid (Fig.1)
undergoes an enrichment in the ionic form, even if the neutral form remains the
leading one. As we have said above for M1, such a BLA pattern is consistent with
a positive solvatochromism in the entire range of k(g). The solvent induced
geometrical distortion of M3 shows a completely different trend (Fig.7) which can
be most conveniently analyzed with respect to bonds d, e, f belonging to the
central polymethinic fragment. Contrary to what is found with M2, in this case the
initial structure is characterized by almost equalized bond lengths (BLA=0.016),
with a very slight prevalence of the neutral (quinonoid) form. Increasing (&),
BLA becomes negative at about A(¢)=0.4 and drops to —-0.021 at k(£)=0.9
reflecting an increasing relative weight of the charge-separated (benzenoid) form.
The results of Fig.s 6,7 can be compared with those obtained by Albert et al. [31]
using the SCRF model within the INDO method. The present work and ref. [31]
are in good agreement as far as the general trends of the bond lengths are
concerned.
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Figure 6: Ground state bond length and bond-length-alternation (BLA) parameter (in A) of
merocyanine M2 at three different values of the polarity factor k(s). Bonds h-i were used to
calculate BLA parameter. For labelling of the bonds see Fig. 5.

We simply note that the SCRF-INDO approach favours, more than ours, the
neutral forms in non-polar media (BLA=0.086 and 0.038 for M1 and M3,
respectively, at &=1) and finds a little higher variations of BLA on going from
apolar to very polar solvents (BLA=0.073 and -0.026 for M2 and M3,
respectively, at £=78.5). As for M3, even more pronounced BLA variations were
found by Benson and Murrell within a simple PPP scheme [28] and by Botrel et
al. [29] using the virtual charge model of Costanciel and Tapia [39] within the
CNDO/S method (ref. [28]: 0.03 to —-0.09, ref. [29]: 0.077 to -0.076). Direct
comparison with refs [28,29], however, is not very significant since in both cases
solvent-induced geometrical distortions were evaluated using empirical
relationships between bond lengths and bond indexes.
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Figure 7: Ground state bond length and bond-length-alternation (BLA) parameter (in A) of
merocyanine M3 at three different values of polarity factor k(). Bonds d, e and f were used to
calculate BLA parameter. For labelling of the bonds see Fig.5.

The response of the charge distributions of M2 and M3 to an increase in
solvent polarity is illustrated by Tab.5, where net charges on nitrogen and oxygen
atoms and dipole moments are reported for six different values by 4(¢). In both
M2 and M3 the electron population on the oxygen atom augments by about half
an electron on going from k(£)=0 to k(£)=0.9, but the starting charge distributions
are rather different. This is emphasized by the calculated dipole moments that
amount to #9.9 D and ~17.6 D for M2 and M3 at k(£)=0 and undergo considerable
increases of comparable size when the polarity factor passes from 0.0 to 0.9.
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Table 5
Ground state net charges on nitrogen ( QN) and oxygen (QO) atoms and dipole moments of

chromophores M2 and M3 at six different values of k(€), as obtained using the iteratively
adjusted solvaton charges.

M2 M3
ke) | 0w | 0 | Wb | 0, | 0, | wD
0 - 1366 -6085 90.892 | -0263 -.6919 17.630

0.2 -1091 -.6836 11.552 | .0384 -.7892 22.227
0.4 |-0723 -7739 14.061 | .1334 -9070 28.826
06 | -0115 -8811 182301 .2655 -1.0179 35.788
0.8 0836 -9907 24.135| 4276 -1.11206 41.952
0.9 1482 -1.0432 27.465| 5331 -1.1558 45.318

Now let us examine solvent effects on the properties of the first '(nn*)
excited state. Table 6 provides a summary of the calculation results and
emphasizes the different behaviours of the two dyes. Like M1, chromophore M2
is predicted to undergo a positive solvatochromic effect of 2770 cm™ (0.34 eV)
within the considered range of polarity. On the other hand, in M3 the S;—S,
transition undergoes first a slight bathochromic shift (between k(g)=0 and 0.2)
and then a large hypsochromic shift resulting in a global negative solvatochromic
effect of =~ 6030 cm™ (0.75 eV).

Table 6

Properties of the first '(nn*) excited state of chromophores M2 and M3 at the S-CI level:
excitation energy (£), oscillator strength (f) and net charges on nitrogen ( QN )} and oxygen ( Qé )

atoms at six different values of k(&) . Calculations used the iteratively adjusted solvaton charges.

M2 M3

Ke) [BV] 7 [0, [0, [BV] 7 [0, [0

0 3.546 2235 -.0200 -.6186 | 2.944 2270 0155 -.6709
0.2 3495 2207 0124 -6927 | 2912 2089 0647 -7613
0.4 3414 2174 0510 -7811 | 2955 1.806 .1406 -.8762
0.6 2293 2132 1065 -.8848 | 3.193 1.497 2583 -9913
0.8 3212 2063 1912 -9912 ) 3526 1320 4256 -1.0882
0.9 3203  2.034 2511 -1.0426| 3.692 1.243 .5399 -1.1370
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All these predictions are in very good agreement with experimental data. In fact,
for chromophore M2 Albert et al. [31] reported a 2533 cm™ red shift of the main
absorption band (¥, /cm™=23810 in n-hexane and 21277 in dimethylformamide)
while stilbazolium betaine (M3) is very well known for its considerable negative
solvatochromism (¥, /cm'=16130 [25] or 16142 [46] in chloroform and 22520
[25] or 22624 [46] in water). Moreover, the existence of an inverted
solvatochromism of M3 at low polarity, already predicted by other semiempirical
calculations including solvation [28,29], has been experimentally confirmed [46)].
Table 6 shows that quite different solvent effects are also predicted for M2 and
M3 as far as the intensity of the main absorption band is concerned. Such effects
are negligible for M2, where the oscillator strength undergoes just a slight drop of
0.2 on going from k(&)=0 to k(£)=0.9, while they are very pronounced in the case
of M3 where f falls from 2.27 at &(6)=0 to 1.24 at k(£)=0.9. Unfortunately, no clear
experimental data regarding solvation effects on f have been reported, so for now
the latter predictions cannot be validated.

Quite encouraging indications on the effectiveness of our
CS INDO-solvaton approach come from a comparison with the previous
theoretical studies [28,29,31]. A significant comparison is possible, in particular,
with ref. [31] where dyes M2 and M3 were both studied within the SCRF model
starting from INDQ-SCRF optimized geometries and using an INDO/S type
parametrization to calculate solvent dependent optical properties. The results of
ref. [31] confirm the difficulties of the SCRF model related to the choice of size
and shape of the cavity including the solvent molecule. As a matter of fact, no
choice of the cavity radius (spherical cavities were assumed) proved able to give
reasonable predictions for the opposite solvatochromism of M2 and M3. Realistic
cavity radii, related to actual molecular sizes, led to overestimation of the positive
solvatochromic effect of M2 (~5200 cm™ instead of 2533 cm™) and predicted a
slight positive solvatochromism for M3, too, in contrast with experimental
evidence. On the other hand, the use of smaller radii evaluated in terms of the
solute density led to an acceptable trend of the transition energy for stibazolium
betaina (M3) but produced at the same time a huge positive solvatochromic effect
for M2 (~24000 cm™). From these results, it seems to us that the SCRF model is
inadequate to account for different solvatochromic behaviours, unless it resorts to
ad hoc choices of the cavity size. Our CS INDO-solvaton model is free from this
type of inadequacy since, as we have clearly shown, one and the same modeliling
of the solvaton set was able to correctly describe all the observed variations of the
transition energy of M2 and M3 with solvation.

The comparison with ref.s [28,29] is less significant since they treated only
the case of chromophore M3. Our work is in qualitatively good agreement with
both of them as regards the pronounced negative solvatochromism of M3 as well
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as the turn-up of the transition energy at low solvent polarity. We notice, however,
that those papers largely overestimated the global solvation effect (ref. [28]:
~10500 cm™'; ref. [29]: ~9700 cm™; this work: ~6030 cm™; expt.: 6390 cm™' [25],
6480 cm™ [46)). This is related to the fact that, as we said above, ref.s [28,29]
predicted a very large variation of BLA reflecting a big imbalance of the
resonance hybrid towards the charge-separated (benzenoid) form on going from
non-polar to very polar solvents.

Finally, we shall discuss the solvent polarity effects on excited state charge
distributions and dipole moments (Tab.6 and Fig.s 8,9). As already found for M1
(calc. B), in chromophore M2 S;—S, excitation induces an appreciable charge
transfer from donor to acceptor group, the size of which drops slightly with
increasing the solvent polarity. Such a trend, which emerges comparing in detail
Tab.5 and Tab.6, implies that: i) S,—S, excitation brings on an increase in dipolar
moment at all values of k(g), and ii) Au(S,-S,) decreases smoothly on
increasing the polarity of the solvent. This is emphasized by Fig.8 which enables
the above discussed solvatochromic behaviour to be interpreted in terms of dipole
moment variations [25]. Of course, things are quite different for chromophore M3.

Comparison between Q,,0, (Tab.6) and Q,,0Q, (Tab.5) shows that at all
values of (&), except for k(g)=0, S,—S, excitation causes a slight enrichment
of the resonance hybrid in the quinonoid form. As a direct consequence, the
excited-state dipole moment is lower than that of the ground state (Fig.9)
consistently with the negative solvatochromism of chromophore M3.
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Figure 8: Dipole moments (in D) of the ground state (S,) and the first '(nm*) excited state (S,) of
chromophore M2 as a function of the polarity factor k(). Excited state dipole moments were
calculated at the S-CI level.
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Figure 9: Dipole moments (in D) of the ground state (S,) and the first '(rm*) excited state (S,) of
chromophore M3 as a function of the polarity factor k(¢). Excited state dipole moments were
calculated at the S-CI level.

The small positive solvatochromism of M3 at low polarity is reflected by the
different behaviour at k(£) =0 where charge distribution and dipole moment were
found to be almost unaffected by S;—8, excitation.

4. Conclusions

Molecules with extended m-conjugation are receiving an increasing
attention for a number of applications involving in general their electronic excited
states. In particular, donor-acceptor organic chromophores (e.g. donor-acceptor
stilbene derivatives, push-pull polyenes, merocyanines, etc.) have recently
attracted great interest with reference to their peculiar emission as well as linear
and non-linear optical properties. The theoretical treatment of these problems calls
for a pragmatic quantum-chemical procedure combining simplicity and
adaptability to the study of the above mentioned systems in different contexts. The
CS INDO model, set up according to a pseudo-potential type criterion using
hybridized atomic orbitals, has proved to be a quite useful tool in this field.
Aiming at further improving the method, lately we have faced the problem of
introducing the solvent interaction in the CS INDO SCF scheme. As a first step
we disregarded specific interactions and limited ourselves to treating electrostatic
interactions in the frame of the continuum model. In keeping with the aims of the
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method we adopted the classic solvaton model which assures the maximum
simplicity and does not require additional parameters as do, for instance,
approaches based on the reaction field model. To probe the effectiveness of the
CS INDO-solvaton scheme we addressed merocyanine dyes for their well known
sensitiveness to the solvent polarity and we concentrated, in particular, on the
positive solvatochromism of two vinylogue merocyanine dyes (M1, M2) as
opposite to the large negative solvatochromism of stilbazolium betaine (M3). The
detailed results reported here are quite satisfactory for both the geometrical
distortions and the spectral shifts induced by changes in the medium polarity. We
stress, particularly, the success of the simple CS INDO-solvaton approach in
predicting both direction and order of magnitude of solvatochromic effects. This
was achieved without especial devices apart from the use of solvaton sets
reflecting the net m-electron charges, a model consistent with the current
interpretation of the solvatochromism of donor-acceptor dyes in terms of the
relative weights of a neutral and a charge-separated structure. As a logical
development, now we might introduce specific interactions by treating the
“solute” as a supermolecule, formed by a solute molecule and some strongly
hydrogen bonded solvent molecules, embedded in the dielectric continuum.
Similarly, a supermolecule approach might be used to study dielectric solvent
effects on the optical properties of aggregates of dye molecules.

Lastly, we want to point out that the CS INDO based procedure reported
here is capable of correctly describing solvent effects on both ground- and
excited-state properties by one and the same hamiltonian. This represents a
methodological improvement with respect to all other semiempirical approaches
that are forced to use different model hamiltonians (e.g. INDO, INDO/S) for
geometry optimization and electronic structure calculation, or to bypass the
problem of a direct geometry optimization resorting to empirical relationships
between bond lengths and bond indexes.
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1. Introduction

The nitrone functionality is a 4-%-electron system capable of undergoing reactions
with other muitiply bonded systems in a process, the 1,3-dipolar cycloaddition, not

unlike the Diels-Alder reaction. The foreseen potentiality of nitrone cycloadditions!
has been largely confirmed in the last thirty years so that such reactions are now of

primary importance in organic synthesis.2 A serious problem with nitrone cycload-
ditions is that, in principle and often in practice, two regioisomeric adducts and two
diastereoisomeric adducts can emerge from such reactions, a feature that can limit
their efficiency. Moreover, the factors influencing the product selectivity are still in-
sufficiently understood. Actually, in spite of the large amount of experimental data,
only a few qualitative remarks have been advanced about the origin of endo/exo

selectivity3 whereas regioselectivity, traditionally interpreted with the use of Fron-

tier Orbital Theory (FOT),* has been recently shownS to obtain frequent incorrect
qualitative predictions as a consequence of the incorrect predictions obtained with
the monodeterminantal MO calculations on which FOT procedure is based. In par-
ticular, a complete inversion of the prediction is caused by the inclusion of electron
correlation in the cycloadditions of nitrile oxides and nitrones.

In the last decade the Department of Organic Chemistry of the University of Pavia
has made an intensive work on this subject and an interesting collection of new ex-
perimental results is now available for theoretical consideration.

* Dedicated to Professor G.Del Re
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In the present paper we show that the experimental behaviour can be well repro-
duced by standard theoretical calculations limited to the reactions of the prototype
nitrone (H-nitrone), provided that a fairly high level of electron correlation be intro-
duced, either with the Moeller-Plesset perturbation technique or with the use of the
Density Functional procedures.

Afterwards, the relative activation energies of the diastereoisomeric transition
structures are split into contributions able to represent the factors the organic chem-
ist is used to invoke in the attempt to "understand" the variety of the reaction out-
come, i.e. steric and electrostatic repulsions, deformation energy of reactants, in-
cipient bond energies, trough-space delocalisations and their subsets often called
secondary interactions. The analysis of delocalisation energies rests on the use of

hybrid basis sets derived from Del Re's Maximum Localisation Criterion,®

R N4
R =H, Me (')_ 25 °C
295%
R H
N—>c- H H Ng=—c-H Nec-
e Va1l S

A-Endo A-Exo B-Endo B-Exo
Scheme 1

Table 1. Reaction rate constants (L mol's™), activation free enthalpies (kcal mol*) and adduct
relative yields (%) of the reaction of 1-pyrroline-1oxides with acrylonitrile in different solvents at
298 K.

Solvent k (x10%) AfG Aendo Acexo Bendo Bexo
R=H

Cyclohexane? 62.4 20.45 60.0 6.0 13.0 21.0

Benzeneb 36.0 5.0 19.0 40.0

Dichloromethane® 2.09 22.47 29.0 55 20.0 45.5

Acetonitriled 4.44 22.03 17.0 4.0 21.5 57.5
R=Me

Cyclohexane 7.40 2171 25.5 4.5 20.0 50.0

Benzene 9.0 2.5 245 64.0

Dichloromethane 0.717 23.05 6.5 25 24.0 67.0

Acetonitrile 1.51 22.65 3.5 1.5 23.5 71.5

ag (dielectric constant) =2.02, be =2.27, ¢¢ = 8.93, de =35.04
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2. Experimental results

Let us report here the results of the reactions of 1-pyrroline-1-oxide and 5,5-
dimethyl-1-pyrroline-1-oxide with acrylonitrile (Scheme 1 and Table 1) and
maleonitrile (Scheme 2 and Table 2). In our regiochemical notation, A-adducts in-

volve the o—carbon atom of the alkene in the new forming C---C bond, whereas

B-adducts involve the B—carbon atom; endo/exo notation, as usual, defines the di-
astereoisomeric relation of the C-N-O nitrone-group with respect to the substi-
tuent(s). The isomer definition is made clearer in the transition structures which are

taken to be "concerted" according to the extant literature.” One can see that all the
adducts allowed are present in the reaction mixture with variable, but non negligible
fractions. The same is true for the reactions of 3,4-dihydro-isoquinoline-N-oxide

and C-phenyl-N-methylnitrone,3d whereas the reactions of N-H-nitrone (H-

nitrone),8 N-Me-nitrone? and N-(t)-Bu-nitrone3b lead to a single adduct, which,
in our notation, is the B-regioadduct (Scheme 3). The experimental trends extracted
from Tables 1-2 and from the cited literature can be summarised as follows:

i} In general, all the four adducts are present in the reaction mixture; we should
expect that the activation free energies of the various isomers are confined in a

range of less than 3 kcal mol-!.

ii) The exo-diastereoisomeric forms and the B-regioisomeric forms enhance their
percentage in polar solvents.

iii) The reactions of simple nitrones like H-nitrone, N-Me-nitrone and N-t-Bu-
nitrone give only one B-adduct, whereas diastereoselectivity is absent due to inter
conversion of endo/exo adducts.

iv) The reaction rate is solvent dependent and decreases in polar solvents. 10

R
R R%N_:C/H N>
/ 25 QC L COplald N \.'-~'
R N+ - R O R :

! 9
I >90% D !
R=H,Me o- < NC-iz S H-2 oy
+ NC/.Z‘H\ H CN
N C/'—‘—WCN Endo TS Exi TS
o cn
R N\o CN

Endo Exo

Scheme 2

Table 2. Adduct relative yields (%) of the reaction of I-pyrroline-1-oxides with maleoni-
trilein different solvents at 298 K.

Solvent endo exo endo exo

R=H R=Me
Benzene 77.0 23.0 48.0 52.0
Dichloromethane 72.0 28.0

Acetonitrile 61.0 39.0 37.0 63.0
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//CH2
+ - ! S =
R—N + \ R/N\o N R =t-Bu,Me, H

0- B adduct

Scheme 3

3. Computational Methods

Geometries for all the structures were obtained both at the HF/6-31(d)!! and at the
B3LYP/6-31G(d)!2 levels of theory, utilising gradient geometry optimisation and

default threshold for convergence.!3 The searches were limited to concerted transi-
tion structures; critical points were fully characterised as minima or first order sad-
dle points by diagonalizing the Hessian matrices of the optimised structures; transi-
tion structures (TS) were found to have only one negative eigenvalue, the corre-
sponding eigenvector involving the expected formation of the two new bonds.
Electron correlation was included via Moeller-Plesset perturbation theory up to the
fourth order (MP4(SDTQ)/6-31G(d)). Vibration frequencies, in the harmonic ap-
proximation, were calculated for all the optimised structures and used to compute
zero-point energies, their thermal corrections, vibrational entropies, and their con-
tributions to activation enthalpies, entropies and free enthalpy. For sake of com-
parison a few calculations were done with the use of a DZVP basis set DFT-

optimised!4 with the pure Becke's exchange functionall> and the LYP correlation

functionall6 (BLYP).
Solvent effects were evaluated by different self consistent reaction field (SCRF)
procedures: i) the parametrisation AM1-SM4 for cyclohexane and AM1-SM2.1 for

water, implemented on the AMSOL-V suite of programs,!7 ii) the ab initio Pisa

model (interlocking spheres)!8 implemented in the Gamess (Rev.97) package and,
with different options, in the Gaussian 94 package.

The analysis of activation barriers was conducted with the use of a procedure re-
cently proposed by our group and explored in a number of problems concerning the

origin of rotational barriers!9.¢-d and some specific stereochemical aspects of the

reactivity of medium-size organic molecules.19b.¢-f In short, it amounts to project-
ing the energy matrix into a basis set of symmetrically orthogonalised hybrid atomic
orbitals (HOA); the hybrid basis is obtained by a unitary transformation of the AO

basis set according to the Maximum Localisation Criterion6-20. The basis functions

'assigned’ to chemically meaningful molecular subsystems (bonds, m-systems,
lone pairs, inner shells, molecular fragments) define diagonal blocks of the energy
matrix suited to represent the localised subsystems, whereas off-diagonal blocks
introduce electron delocalisation between subsystems. Removing selected groups
of interactions from the energy matrix in the SCF procedure causes changes in
wavefunction and total energy which define the effects of those interactions. In the
present paper a minimal basis set (STO-3G) and the uncorrelated HF approximation
were adopted, but we have shown that the procedure can be extended to the use of

redundant basis sets!9d and to post-SCF methods.2! For this analysis, Link 501 of
the Gaussian 92 package has been modified to deal with hybridisation and with the
options for the suppression of selected interactions.
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4. Transition Structures and Activation Parameters

Table 3 collects activation energies, kinetic nuclear contributions and thermody-
namic activation parameters, together with the predicted isomer distributions of
TSs.

The uncorrelated HF calculation and the MP2//HF calculation furnish the highest
and the lowest energy barriers, respectively, and the complete inversion of re-
gioselectivity of the reaction with acrylonitrile {A-regiospecificity in the former
case, B-regiospecificity in the latter). The preference assigned to endo adducts, on
the contrary, is insensitive to the level of calculation and it is confirmed by the re-
sults of the reaction of H-nitrone with maleonitrile. The activation energy barriers
obtained with the density functional B3LYP/6-31G(d) method are quite similar to
those obtained with the MP4(SDTQ) post-SCF method; the regiochemical predic-
tions, however, are qualitatively different, the former being 50% of A-
regioadducts, the latter 3%. The use of the B3LYP/6-311+G(2d,p)//B3LYP/6-

31G(d) model leads to a systematic increase of energy barriers (about 4 kcal mol-1)
and to a larger content of A-adducts in the reaction mixture (69%). Energy barriers
and TS distribution, while depending on the model used for energy calculations, do
not vary significantly with the choice of the optimised structures; so, the results of
MP4 single-point calculations done on HF-optimised TSs and on B3LYP-
optimised ones are very similar and so are the kinetic contributions on the two
kinds of TSs (Table 3, second section); moreover, kinetic contributions do not in-
troduce significant differences among the various isomers so that selectivity is es-
sentially determined by the relative activation energies. The third section of Table 3
reports the thermodynamic activation properties (gas phase) in the approximations
MP4/HF and B3LYP (in italics) and their selectivity predictions.
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Table 3. Activation parameters and product distributions of the cycloadditions of Acrylonitrile
and Maleonitrile with H-Nitrone.2

ACRYLONITRILE+H-NITRONE
Structure Aendo % Aexo % Bendo % Bexo %
HF/6-31G(d) 21.28 78 22.6 2] 27.04 0 28.10 0
MP2/6-31G(d)//HF 5.59 0 6.88 0 1.69 86 2.78 13
MP3/6-31G(d)//HF 11.36 21 12.43 3 10.68 65 11.78 10
MP4SDTQ/6-31G(d)//HF 8.52 3 9.71 0 6.56 81 7.53 16
B3LYP/6-31G(d) 8.41 41 9.29 9 8.42 40 9.32 8
B3LYP/6-311+G(2d,p) 12.75 58 13.73 11 13.33 22 13.90 8
MP4SDTQ/6-31G(d)//B3LYP 7.90 4 9.16 1 6.13 78 7.03 17
BLYP/DZVEP 11.86 14 12,92 2 1106 54 1142 29
HF DFT HF DFT HF DFT HF DFT
s#ZPE 2.16 2.06 2.18 2.09 2.11 1.99 2.08 1.93
5#H 1.71 1.66 1.72 1.68 1.58 1.63 1.56 1.58
S#G 11.86 11.68 11.92 11.76 11.93 11,56 11.89 11.46
Aty 10.23  10.07 11.43  10.97 8.14 10.05 9.09 10.90
~Afg 34.01 33.64 34.17 33.84 34.68 33.28 34.64 3315
A¥G 20.37 20.09 21.63 21.05 18.48 1995 19.42 20.78
MALEONITRILE+H-NITRONE
Structure Endo % Exo %
HF/6-31G(d) 21.68 96 23.50 4
MP2/6-31G(d)//HF 2.13 97 4.16 3
MP3/6-31G(d)/HF 9.62 96 11.54 4
MP4SDTQ/6-31G(d)//HF 5.66 96 7.50 4
B3LYP/6-31G(d) 7.65 96 9.49 4
B3LYP/6-311+G(2d,p) 12.83 93 14.37 7
HF DFT HF DFT
s#7PE 178 1.67 178 1.67
s#u 1.48 148 149 149
S#G 11.49  [1.22 11.53 11.26
A¥H 7.14 9.13 8.99 10.98
_A¥g 33.56 32,67 33.67 32.77
AfG 17.15  18.87 19.03  20.75

3Energy in kcal mol”, entropy in eu, standard state of the molar concentration at 298K . First sec-
tion: single-point electronic activation energies at the levels of calculation shown in the first col-
umn for the structures optimised at the HF/6-31G(d) and B3LYP/6-31G(d) levels; in italics the

percent isomer distribution; PDZVP basis set of ref. 14 (full structure optimisations). Second sec-
tion: §%H, 8#G are the nuclear kinetic contributions to the activation enthalpy and free enthalpy
(to be added to the electronic activation energy); S*ZPE is the contribution of zero point energy.

3*G includes the reaction statistical factors. Third section: activation thermodynamic parameters
using activation energies from MP4(SDTQ)/6-31G(d)//HF-6-31G(d) and DFT-B3LYP/6-31G(d) (in
italics).
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5. Solvent effects

The contributions of solvent effects on the activation free enthalpies of the reac-
tions under study are reported in Tables 4 and 5 where also a comparison can be
done among the different procedures. These effects are given by the differences
between the solvent effects on the TSs and those on the reactants. The total solvent

effect (TOT for reactants and TOT¥ for the activation free enthalpy) consists of two
contributions, labelled CDS(CDS#) for "cavitation+dispersion+structural” and
ENP(ENP#) for "electronic+nuclear+polarisation” in the AMSOL procedure,

CDR(CDR¥#) for "cavitation+dispersion+repulsion” and ELEC(ELEC#) for "elec-
trostatic” in the Tomasi procedure.

Table 4. Solvent effects.?

AMSOL/SM4 AMSOL/SM2.1 TOMASI/GAMESS97
Cyclohexane (=2.02) Water (e=78.4) Water (€=78.4)
Reactants CDS ENP TOT CDS ENP TOT CDR ELEC TOT
(1) H-nitrone -0.14 -464 -478 -372 -9.05 -12.77 439 -12.66 -8.28
(2) acrylonitrile  -093 -1.99 -291 -203 -194 -397 6.26 -641 -0.15
3) maleonitrile -1.00 -3.88 -4.88 -461 -3.12 -773 670 -986 -3.16

TSs  suewre  cpg# gnp* TOT* CcDS* EnP* TOT® CDR* ELECY
(1)+(2) Aendo  -059 183 124 087 498 585 -1.64 499 336

Aexo -060 119 059 053 382 435 -1.85 420 236
Bendo -0.48 214 166 1.03 526 629 -1.79 587 4.08
Bexo 050 140 090 075 421 49 -1.86 436 251
(1)+(3) Endo -044 208 164 156 498 654 -1.46 410 2.65
Exo -044 092 048 1.15 292 4.06 -1.58 2.66 1.09

3Energies in kcal mol'; unrelaxed HF/6-31G(d) geomelries; the total contribution (TOT*) 1o the
activation free enthalpy is due to the cavitation+solute/solvent dispersion+solvent structural rear-

rangement term (CDS*) and to the electronic+nuclear+polarization term (ENP#) in the AMSOL

model; in the Tomasi model CDR* is the cavitation+dispersion+repulsion term and ELEC* is the
electrostatic contribution ; ab initio calculations are standard HF/6-31G(d).

Table 5. Effect of electron correlation on the evaluation of the electrostatic contribution to the
solvent effect.?

Dichloromethane €= 8.9 Cyclohexane &=2.02
HF B3LYP MP2 HF B3LYP

Aendo 391 2.41 2.11 1.80 1.07
Aexo 3.44 1.86 1.56 1.65 0.83
Bendo 5.1 1.70 1.55 2.46 0.89
Bexo 4.17 0.87 0.64 2.12 0.55
Endo 3.19 0.63b 0.82 2.89 0.53
Exo 2.70 0.39 0.04 2.69 0.33

3Energies in keal mol". PConvergence failed; interpolated value
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In all the evaluations of Table 4, the solvent effects on the activation free enthal-
pies are positive, increase with increasing solvent dielectric constants and tend to be
larger for the endo than for the exo adducts. This behaviour, in accord with the ex-

perimental trend, 1s due to the electrostatic contribution; the CDS* and CDR¥ con-
tributions, in fact, are rather independent of the isomeric reaction considered and,
moreover, appear to obtain comparable values in every 1,3-dipolar cycloaddition.

For the Tomasi parametrisation in water, for example, the CDR¥* contribution for
the cycloadditions of diazomethane and nitrile oxides to substituted alkenesS®

amounts to -1.85 + 0.14 kcal mol-1. This finding can be traced back to the view
that the CDR term is approximately proportional to the solvent accessible surface
area (the cavity area) of solutes and to the feature of TSs of having very alike
structures of the new forming pentatomic ring so that the changes of the cavity ar-
eas from reactants to TSs are similar.

At variance with the endo/exo selectivity, the solvent effects of Table 4 do not ex-
plain the observed increase of the B-regioadducts due to the increased solvent po-
larity. We show in Table 5 that the inclusion of electron correlation in the evaluation
of the solvent effect succeeds in reproducing the experimental trend of reaction
rates, of endo/exo selectivities and of regioselectivities as a function of the increas-
ing dielectric constant of the solvent.

6. Comparison with the experimental results

The final results summarised in Table 6 show that the two calculations
(MP4(SDTQ)//HF/6-31G(d) or B3LYP/6-31G(d) for activation energies plus
HF/6-31G(d) or B3LYP/6-31G(d) for zero-point energies, thermal effects and en-
tropies, plus sotvent effects, limited to the electrostatic contributions, evaluated ac-
cording to the Tomasi model at the B3LYP/6-31G(d) level, lead to similar results.

Table 6. Isomeric distribution (%) and apparent activation free enthalpy (A#Gapp in kcal'mol™)
of the cycloadditions of Acrylonitrile and Maleonitrile with H-Nitrone.?

ACRYLONITRILE+H-NITRONE

Structure % Aendo Aexo Bendo Bexo AYG app
Gas-phase 3 36 0 7 80 45 16 12 1835 j9.48
Cyclohexane 2 26 0 8 71 46 26 20 1917 2037

Dichloromethane 1 10 0 5 54 42 45 42 19.82 21.14

MALEONITRILE+H-NITRONE

Structure % Endo Exo A#Gapp
Gas-phase 9% 96 4 4 17.13 18.85
Cyclohexane 94 94 6 6 17.65 19.37

Dichloromethane 94 94 6 6 17.74 19.46

aActivation energies (kcal mol') from MP4(SDTQ)/6-31G(d)//HF/6-31G(d), nuclear contribution
from HF/6-31G(d) and, in italics, from B3LYP/6-31G(d) , nuclear contributions from B3LYP/6-

31G(d). Solvent effects from Table 5 (Tomasi model in B3LYP/6-31G(d)). A#Gapp is the activa-
tion free enthalpy of the overall reaction yielding the plurality of TSs. A#Happ and A¥g app» In
the gas-phase, are 8.39 (10.22 ) keal'mol* and -33.40 (-31.06) eu for the reaction of acrylonitrile,
7.21 (9.20) kcal'mol” and -33.25 (-32.35) eu for the reaction of maleonitrile.
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The only interesting difference is that the B3LYP electronic activation energies
overestimates the presence of A-adducts, both with respect to the MP4 calculations
and the experiment; moreover, it has been noted in the discussion of Table 3 that
this shortcoming cannot be recovered by the use of a larger basis set for B3LYP
energy calculations and that the regioselectivity is strictly dependent on the way and
extent the electron correlation is introduced.

Other than giving a very good account of the experimental qualitative behaviour,
the above results probably offer a reasonable quantitative evaluation of the reaction
parameters. The apparent activation free enthalpy of the reaction of 1-pyrroline-1-
oxide and 35,5-dimethyl-1-pyrroline-1-oxide with acrylonitrile have been meas-

ured?? in cyclohexane (20.4+0.4 and 21.7£0.4 kcal mol-!, respectively) and in di-

chloromethane (22.4+0.2 and 23.040.8 kcal mol-1) at 298K; the rate constants for
the reactions of H-nitrone have not been measured, but it can be stressed that N-
monosubstituted nitrone, e.g. t-Bu-nitrone, exhibits a high reactivity in 1,3-dipolar
cycloadditions, which is similar to that of -pyrroline-1-oxide so that the evalua-
tions of Table 6 emerge to be surprisingly good. Moreover, the activation entropy
of the reaction of 5,5-dimethyl-1-pyrroline-1-oxide with acrylonitrile in cyclohex-

ane has been estimated?2 -31.9 eu, a value which is well reproduced by our calcu-
lations in the gas-phase (-33.4, -31.1, footnote of Table 6).

7. Origin of Endo/Exo Selectivity: Analysis of TS Structures

Since the discovery of the very remarkable 100% endo selectivity of the reactions

of nitronic esters with dimethyl maleate, maleic anhydride and maleimides232 sec-
ondary orbital interactions involving the nitrogen atom of the 1,3-dipole and the
substituents on the dipolarophile have been postulated as strong endo-orienting
factors, able to overwhelm the contrasting steric factors (Figure 1).

HOMOH—nitrone'LUMOmaleonitrile LUMOH—nilrone'HOMO

maleonitrile

Figure 1. Schematic representation of FO interactions in the endo TS. Secondary
orbital interactions between the nitrone nitrogen atom and the carbon atoms of the
cyano groups are indicated.

Since then researchers in the field of nitrone cycloaddition seem to have more or
less tacitly assumed that secondary interactions play an important role in determin-
ing endo/exo selectivity also in the case of N-alkyl and N-arylnitrone cycloaddi-

tions.2a:23 However, our experimental endo/exo selectivity studies24 for the reac-
tions of cyclic and open-chain nitrones with Z-disubstituted dipolarophiles revealed
a clear-cut dominance (77% in benzene) of the endo mode only in one case: the re-
action of 1-pyrroline-1-oxide with maleonitrile, a reaction where the steric effects
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contrasting the endo-orientation are at their minimum and also, owing to the high
dipole moment of maleonitrile and to the feature that the alignment of the two di-

poles is favourable to the endo-orientation,25 the electrostatic effects should assist

endo-selectivity. This experiment and the whole of the experimental data4 cast se-
rious doubt on the role of secondary interactions as important endo-orienting fac-
tors in nitrone cycloadditions. In this connection it should be stressed that also for
the Diels-Alder reaction the assumed role of secondary interactions as major endo-

orienting factors has been questioned29, although a more recent paper seems to of-

fer theoretical evidence for their determining effect.2’

The theoretical prediction (endo 96%, Table 6) for the reaction of H-nitrone with
maleonitrile, where the steric hindrance to endo-orientation is possibly further re-
duced with respect to the reaction of 1-pyrroline-1-oxide, is very reasonable. The
optimised transition structures reported in Figure 2 give evidence of a well con-
certed mechanism and offer some qualitative insight on the interactions between the
reaction partners.

i) The dihedral angle between the CNO plane of the nitrone fragment and the av-
erage plane of the new forming bonds is 125 degrees (126 degrees for DFT struc-
ture) in the endo orientation and 126 degrees (127 degrees for DFT structure) in the
exo orientation; the finding that these angles are much larger than 90 degrees and
nearly the same in endo and exo orientations reveals that both steric hindrance and
secondary orbital interactions in the endo orientation should be much less important
than it could be supposed from Figure 1.

ii) The pyramidalisation of the nitrone nitrogen shows the uplifting of this atom on
passing from reactants to transition structure, which eventually results in the devel-
opment of the nitrogen lone-pair on the opposite side with respect to the direction of
approach of the dipolarophile. This pyramidalisation, taken as the height (in A°) of
the pyramid with the nitrogen atom at the apex and the three atoms connected to it at
the base, is very similar in the endo (0.187 A° and 0.199 A° for HF and DFT
structures, respectively) and in the exo (0.182 A° and 0.194 A®) transition struc-
tures and does not support the view of a significantly different involvement of this
group in the two orientations.

iii) In general, the structural differences between endo and exo modes are small
but they appear to suggest that the endo mode is slightly earlier than the exo one,

For example, a) the length of the new forming C---C (C---O) bond is only slightly
shorter (longer) in the exo than in the endo mode, but their sum is slightly shorter
in the exo mode; b) the average pyramidalisations of the reactive centres are slightly
more advanced in the exo orientation; c) the C-C bond of the maleonitrile fragment
(the C=C bond of the reactant) is longer in the exo mode, all these trends being
more evident in the DFT structures than in the HF ones. A slightly earlier TS for
the endo than for the exo mode suggests that the endo mode is not disfavoured by
larger steric and electrostatic factors, the former being only slightly larger, the latter
being more favourable to the endo orientation (Figure 3). These remarks strongly
reduce the need of further endo-orienting factors.
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Fig.2 Geometry details of Endo and Exo HF/6-31G* (B3LYP/6-31G*) transition
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Figure 3. Dipole moment orientations.

8. Origin of Endo/Exo Selectivity: Analysis of Activation Barriers

The activation energy can be resolved into a number of contributions correspond-
ing to the conceptual steps of the structural changes undergone by the chemical
system from the reactant to the transition structure. Isolated reactants are deformed
to the geometries they assume in the TS (model state of separated deformed reac-
tants) and deformation energy is obtained by difference. Then the deformed reac-
tants are driven, facing each other, into the overall geometry of the TS, avoiding
any electron delocalisation between them and, in particular, preventing the forma-
tion of the new bonds and any through-space delocalisation (model state of local-
ised reaction partners in the TS); this is obtained by suppressing the off-diagonal
block representing the electronic coupling between the deformed reactants in the TS
energy matrix (the density matrix is accordingly block-factorised); the energy dif-
ference between the two models is taken to represent the classical (nuclear plus
electrostatic) interactions between the fragments in the TS. Delocalization energy is
the difference between the energy of the TS and the energy of the model state of lo-
calised partners in the TS.

Endo TS

Figure 4. Hybrid atomic orbital basis set for the forming bonds, p "lone pair”
on the nitrone nitrogen atom (Nlp) and CN = bond conjugated with the
forming bonds in the endo and exo TSs.

The delocalisation energy between the two fragments can be resolved into various
contributions; as a first step we choose to evaluate the energy contributions due to
the forming bonds, to the valence through-space interactions, to the core interac-
tions and to the residual terms. The unitary transformation of the atomic minimal
basis set of the TS into the basis set of symmetrically orthogonalised hybrids6:19:20
assigns four hybrids to the subsystem of the two new forming bonds, two hybrids
to every ¢-bond, one hybrid to every lone-pair, one 1s orbital to every core and the

suitable orbitals to nt-systems (Figure 4). Although preserving invariance of the fi-
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nal results, the density matrix shows a fairly good localisation of the subsystems
and also gives insight to the largest interactions between them. The interactions
between the fragments of the TS (fragment 1 is H-nitrone, fragment 2 is maleoni-
trile) are collected in groups representing the interactions of the core orbitals be-
tween the fragments (Core), the interactions of the hybrids of the forming bonds
(Bond), the interactions of all the remaining hybrids of fragment 1 with all the re-
maining hybrids of fragment 2 (Trough-Space), and the cross interactions between
the hybrids of the three groups (Residual).

Then calculations are done where a) all the three groups of interactions are re-
moved from the energy matrix; b) each of the three groups is removed while leav-
ing active all other groups and c) each group is left alone while suppressing all the
other groups. The energy differences between the full calculation (where all the in-
teractions are active) and calculations b) and between calculations ¢) and calculation
a) provide two evaluations of the stabilisation introduced by each group; the aver-
age value is taken as the delocalisation effect of the group.

It is interesting to underline that the average delocalisation effects of the different
groups are additive under the assumption that the total effect is represented as the

sum of all single and of all distinct pairs of interactions.!9¢ Actually, in many ex-
amples!9¢-f they have been found to be almost perfectly additive.

Table 7. Contributions to the difference of endo/exo activation energies for the cycloaddition of H-Nitrone
to Maleonitrile.2

MALEONITRILE+H-NITRONE

Structure of TSs HF/6-31G(d) B3LYP/6-31G(d)
ENDO EXO A ENDO EXO A
AEait (ENDO-EXO) -1.73 -1.49
1) Deformation 24.88 25.24 -0.37 26.80 27.40 -0.60
a-H-nitrone 9.47 9.04 0.43 12.20 11.91 0.29
b-Dipolarophile 15.41 16.20 -0.80 14.60 15.49 -0.90
2) Class.Rep 126.43 127.95 -1.51 101.59 104.59 -3.00
3) Delocalisation  -143.04 -143.20 0.16 -119.73 -121.84 2.12
1 +2 +3=Eqa¢t 8.27 9.99 -1.73 8.66 10.15 -1.49
Analysis of Delocalisation Energy 3)
4) Bond -139.44 -139.87 0.43 -116.63 -118.87 2.24
5) Trough-Space -345 -3.12 -0.32 -2.48 -2.19 -0.29
6) Core -0.01 -0.01 -0.00 -0.01 -0.01 -0.00
7) Residual -0.16 -0.20 0.05 -0.61 -0.78 0.17
check 4+5+6+7=3  -143.04 -143.20 0.16 -119.73 -121.84 2.12
Analysis of Trough-Space Delocalisation Energy 5)
8) N-H,Nlp // frag2 -0.40 -0.33 -0.06 -0.49 -0.38 -0.11
9) Other // frag2 -3.05 -2.79 -0.26 -2.00 -1.81 -0.19
check 8+9=5 -3.45 -3.12 -0.32 -2.50 -2.19 -0.30
10) N-H,Nlp // subst. -0.28 -0.37 0.09 -0.29 -0.45 0.15
11) Other // frag2 -3.16 -2.76 -0.40 -2.18 -1.74 -0.45
check 10+11=5 -3.44 -3.13 -0.31 -2.48 -2.18 -0.29
12) NH // subst. -0.08 -0.01 -0.07 -0.06 -0.01 -0.04
13) Nlp // subst. -0.19 -0.36 0.16 -0.23 -0.43 0.20
check 12+13=10 -0.28 -0.37 0.09 -0.29 -0.45 0.15

aSingle-point HF/STO-3G calculations using HF/6-31G(d) and B3LYP/6-31G(d) optimized
structures. Energies in kcal mol”.
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A full analysis, at the HF/STO-3G level, of the contributions to the difference of
endo/exo activation energies is reported in Table 7. First of all it can be noted that
the relative energies of the endo TSs are negative also when they are calculated at
the HE/STO-3G level with the HF/6-31G(d) and B3LYP/6-31G(d) optimised TSs.

Deforration energies appear to be, on the whole, lower for the endo than for the
exo orientation, in coherence with the finding that the endo mode has an earlier TS.
The lower deformation energy of the maleonitrile fragment in the endo TSs can be
faced to the lower pyramidalizations of the C1 and C2 reaction centres and the
shorter (less deformed) C1-C2 bonds in the endo than in the exo TS (Figure 2),
while the slightly higher energy deformation of the endo-nitrone fragment is coher-
ent with the higher pyramidalization of the nitrogen atom in the endo than in the exo
structures.

Still in accord with the remarks on the structural differences of endo and exo TSs,
classical repulsions confer a significant preference to the endo mode. This prefer-
ence can be also attributed to the fact that classical repulsions, other than including
the steric effects of non-bonded groups in the TSs and the electrostatic interactions,
include the strong repulsions between the reacting centres which are, on the whole,
closer in exo than in endo structures; this last contribution to classical repulsions
will be counteracted by the stabilisation introduced by the new forming bonds,
which should be higher in the exo (than in the endo orientation), where the sum of
the bond lengths of the new forming bonds appears to be lower. As a matter of
fact, the delocalisation energy is large, favours the exo orientation and succeeds in
recovering part of the disadvantage of the exo TS due to classical repulsions. De-
formation energy, classical repulsions and total delocalisation energy are additive
by definition and their sum amounts to the activation barrier. According to the dis-
cussed results the preference for the endo TS appears to be due to the lower reactant
deformation in the TS and to the lower classical repulsions, partly counteracted by a
lower delocalisation.

The values obtained for bond energies (Bond) represent almost the whole of the
stabilisation due to electron delocalisation (97%) and their changes follow the trend
already discussed for the whole delocalisation energy and for the classical repul-
sions with respect to the lengths of forming bonds. It must be added that bond en-

ergy cannot be taken as the energy of the localised forming ¢-bonds but, more
properly according to the definition, to the stabilisation induced by the new bond
formation in a rather delocalised system, extended to the substituents of the dipo-
larophile fragment and to the N-lone pair of the nitrone fragment.

Through-space interactions are stabilising, small and give a modest preference to
the endo orientation; core interactions are not significant, residual interactions are
very small and poorly selective. Let us note that the four components of delocalisa-
tion energy are additive in the limits of the reported decimals.

It is already evident that, in this reaction, trough-space interactions (secondary in-
teractions in other models) do not include the supposedly strong endo-orienting

factor and that bond delocalisation (primary overlaps in other languages?8) is a sig-
nificant exo-orienting factor.

However, let us complete our analysis by calculating the effects of the interaction
of the (N-H,N-lone pair) fragment of the nitrone moiety with fragment 2
(maleonitrile) and with only the CN substituents of fragment 2. The first interaction
(NH,Nlp//frag2) represents only the 10-20% of the through-space stabilisation and
it is unselective, whereas the modest endo orienting effect of all through-space in-
teractions is given by other interactions including, with a dominant weight, the vi-
cinal (with respect to the forming bonds) interactions, i.e. the non-bonded interac-
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tions between the bonds of the reacting C centres of maleonitrile and the bonds (and
lone pairs) of the reacting C and O reacting centres of H-nitrone. The vicinal effect
can be strongly changed by suitable substituents on the reacting centres and, with
the due account of the changed steric and electrostatic effects, it could explain the

variable endo/exo selectivity of the reactions of substituted nitrones and alkenes?3
and, in particular, the unexpectedly high endo selectivity (100%) of the reactions of

nitronic esters with dimethyl maleate, maleic anhydride and maleimides.232.29

Coherently, the subset of (N-H,NIp//subst.) interactions are small and unselective;
after further resolution into the component interactions (N-H//subst.) and
(Nip//subst.) one can see that the former interaction is negligible and that the latter
interaction other than being small and poorly selective tends to be exo-orienting. Let
us recall that this last interaction had been postulated (Figure 1) as the strong endo-
orienting factor able to counteract the unfavourable steric effects.

9, Conclusions

Density Functional methods and highly correlated Hartree-Fock methods were
used to study the concerted reactions of nitrone with acrylonitrile and maleonitrile
with the aim of elucidating their regioselectivity and diastereoselectivity. Activation
thermodynamic parameters were calculated in the gas-phase and the solvent effect
on activation free enthalpy was evaluated with the Pisa model. A new set of perti-
nent experimental data was produced. The theoretical results showed a very good
agreement with the experimental data available for this class of reactions; the ac-
count of regioselectivity required highly correlated calculations (MP4/6-31G(d)
//HF/6-31G(d)) for the energy barriers and correlated calculations (MP2 or
B3LYP/6-31G(d)) for solvent effects; endo/exo selectivity and its trend with the in-
creasing solvent polarity were well accounted for at any level of calculation.

The debated problem of finding the electronic endo-orienting factor able to coun-
teract the steric effects inherent to the endo mode of reaction was then approached
with a detailed analysis of the geometry of the transition states and a quantitative
evaluation of the interactions between the reaction partners and between selected
groups of them. The interactions were defined and calculated with the use of otho-
gonalised basis sets of hybrids obtained with the Del Re's maximum localisation
criterion.

Our conclusions were that in the reaction of maleonitrile with H-nitrone i) the only
strong endo-orienting factor is the long-range electrostatic one, included in classical
repulsions. ii) Through-space interactions are only modestly endo-orienting in the
reaction of maleonitrile with H-nitrone, iii) the effect being assigned due to the
contribution of vicinal interactions, while iv) the subset of through-space interac-
tions involving the (NH,Nlp) moiety is very small and unselective. v) The most
popular candidate to the role of strong endo-orienting effect, i.e. the interaction of
the nitrone N-lone pair with the substituents on the reacting centres of maleonitrile,
(Nlp//subst.), was found to be ineffective.

In the competing endo/exo orientations, the reaction can reach the exo TS at the
cost of an increased repulsion between the reacting centres and a slightly increased
deformation of the maleonitrile fragment; this cost is partly recovered by new bond
formation. Since vicinal interactions are more favourable to the endo than to the exo
mode, the endo mode emerges to be favoured also in the absence of further endo-
orienting effects.

Acknowledgement. Financial support from MURST and CNR is gratefully ac-
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Abstract

Solvent-mediated proton transfer reactions of mono- and dihydrated cytosine
tautomers were investigated by ab initio quantum chemical calculations. MP2/6-
31G** and MP2/D95** energy calculations were performed over geometries
obtained at the HF/3-21G level. Corrections for the zero-point vibrational energy
were included. It is shown that the coordination of one or two water molecules to
cytosine tautomers produces a relative stabilization consistent with that obtained
by continuum-based methods (PCM, SCRF). One or two water molecules are
however insufficient to completely reproduce the order of stability. Coordination
of even a single water molecule strongly activates the proton transfer process with
respect to the gas phase. When corrections for ZPE are included in the
calculations, water-promoted tautomerization reactions of cytosine have
activation energies ranging from 10 to 16 kcal mol™ and are therefore expected to
occur at room temperature.

1. Introduction

The relative stability of the tautomers of purine and pyrimidine bases is of
fundamental importance to the structure and functioning of nucleic acids. The
occurrence of rare tautomers was considered a factor responsible for the
formation of mismatches leading to spontaneous mutations in the genetic code
[1.2]. Cytosine, wn particular, has been the subject of several studies, both
experimental [3-5] and theoretical [5-15] which have provided a reliable picture
of the relative stability of its tautomers, both in the gas phase and in solution.
Tautomerization is generally the result of proton transfer (PT) reactions whose
activation barriers may exert a kinetic control over the formation of some
tautomers. As far as cytosine is concerned, a large majority of the studies
available in the literature focus on the thermodynamic aspects of tautomerization
and quite a few [16-19] are devoted to the elucidation of the kinetic aspects. The
tautomerization of cytosine in the gas phase, with a special attention to the
activation energy of the proton transfer reactions, has been afforded by this group
in a previous paper [19). By comparison with experimental data [4,5] it was
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shown that kinetic barriers in the gas phase are generally high (30-37 kcal
mol™") and may affect the tautomers’ population at T < 500 K. On the other hand,
it is well known that the distribution of tautomeric forms, especially when it is
proton transfer dependent, is modified under the influence of the environment. In
this context, two factors are important the effect of the environment (i) on the
relative stability of each tautomer and (ii) on the barrier height along the reaction
coordinate separating two tautomeric forms.

The effect of the solvent is usually modelled either by the use of the
Onsager’s self consistent reaction field (SCRF) [20] or by the polarizable
continuum method (PCM) [21]. With regard to the relative stability of cytosine
tautomers in aqueous solution, these methods provided results [14,15] which, in
spite of some discrepancies, are in reasonable agreement with experimental data
[3]. However, continuum-based methods do not explicitly take into consideration
the local solvent-solute interaction which is instead important in the description of
the proton transfer mechanism in hydrogen-bonded systems. A reasonable
approach to the problem was recently proposed [22,23] in which the molecule of
interest and few solvent molecules are treated as a supermolecule acting as solute,
while the bulk of the solvent is represented as a polarizable dielectric.

In the present paper the thermodynamic and kinetic aspects of the proton
transfer reactions among cytosine tautomers assisted by specific solvent
molecules was theoretically investigated. For the time being, bulk solvent effects
were not considered and attention was only focused on the influence of hydrogen
bonding on both (i) tautomers’ relative stability and (i1) the catalytic process
occurring between adjacent positions of cytosine. The computational results on
point (i) are compared with those of PCM calculations [15]. The results on point
(ii) are discussed with reference to the conclusions of other theoretical studies
available in the literature [16,17].

2. Theoretical Methods

The Gaussian 94W [24] program package was employed for the ab initio
calculations. The geometries of both minima and transition states were optimized
at the HF/3-21G level using the Berny algorithm [25,26]. The transition states
were localized by means of the STQN method [26,27]. All structures were
vibrationally characterized, checking for the absence of imaginary frequences in
the minima and for the presence of only one imaginary frequency in the transition
states. It was additionally verified through the graphical interface of HyperChem
4.5 [28] that the imaginary frequency of the transition states corrisponds to the
reaction coordinate of the proton transfer reaction. Zero-point vibrational energies
(ZPE) were scaled by 0.91, which is a commonly accepted correction factor {5,9].
Single-point energy calculations were performed at the MP2/6-31G** and
MP2/D95** level, the latter basis set being employed only for the monohydrated
adducts (see next section). The frozen-core (FC) approximation was adopted for
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all MP2 calculations with only few exceptions, where full MP2 correlation and
D95** basis set were additionally used for the sake of comparison with literature
data [17].

3. Results and discussion

3.1 Systems investigated: the five most stable tautomers of cytosine are shown in
Fig. 1. The tautomeric equilibrium among these species is based on the C1 = C2,
Cl = C3 and C4 = CS$ interconversions. They may occur as direct proton
transfer reactions in the gas phase, with activation energies ranging from 30 to
about 37 kcal mol ™, as suggested in a previous paper [19).

o '{9
@ oxygen

@ carbon @ nitrogen

Figure 1. The five most stable tautomers of cytosine.

For mono- and dihydrated adducts of cytosine the N1, N3, O7 and N8
positions were considered for coordination, since these sites are the most suitable
to hydrogen bind solvent molecules, as already shown both theoretically [16,29]
and experimentally on molecules modelling cytosine and isocytosine [30-33]. H10
and H11 were expected to form comparatively weaker hydrogen bonds with
solvent molecules and thus coordination to these sites was not considered. The
water-assisted reactions investigated in the present study may be ideally divided
into three groups (Fig. 2). The first one (reactions a, b, ¢) encloses the processes
catalyzed by one hydrogen-bonded water molecule, which forms a bridge between
the two adjacent sites involved in the proton transfer. The second group (d, e, f)
deals with the same reactions, catalyzed by two bridging water molecules which
give rise to a concerted triple proton fransfer mechanism. The mechanisms
considered in the third group (g, h, i, I) are the same as those in the first one, with
a second water molecule coordinated to some other functional groups of cytosine
not directly involved in the proton transfer. The C3 == CS5 interconversion, which
takes place in the gas phase by rotation of O7-H9 bond around the C2-O7 axis
with an activation energy of about 8 kcal mol™ [19], in water solution is more
likely to occur through a dissociative mechanism and therefore was not included
in the present work.
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Figure 2. Scheme of the simulated proton transfer reactions occurring among mono- and
dihydrated cytosine tautomers.
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The structures reported in Fig. 3 are not directly involved in proton
transfer reactions (some of them would eventually give rise to the rather unstable
imino-hydroxy tautomeric forms [6,15]) but were included in the calculations in

C2-te C3-1b C5-1b

19
17 u 16

C2-2¢ C2-2d C3-2d C5-2¢

Figure 3. Mono- and dihydrated adducts of cytosine tautomers relevant for
stability calculations.

order to investigate the relative stability of mono- and dihydrated cytosine
tautomers. The computational results are presented and discussed in three
separate sections which are respectively dedicated (3.2) to the effect of hydrogen
bonding on the geometrical parameters of the solvated molecules, (3.3) to the
influence of hydration on the thermodynamic stability of cytosine tautomers and
(3.4) to the kinetics of solvent-assisted proton transfer reactions.

3.2 Geometrical parameters: the main HF/3-21G geometrical parameters of
monohydrated cytosine tautomers and transition states are reported in Table 1. For
the sake of comparison, the geometries of the C1-C4 tautomers calculated in
vacuum at the same computational level are available in Ref. [6]. The structural
changes induced in the solute by hydrogen bonding with one solvent molecule are
generally consistent with those calculated at higher computational level for some
related systems [22,23,34]. As an example, the hydrogen bond at N3 and HI12 in
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Table 1. Selected geometric parameters (distances in A, angles in degrees) for
monohydrated cytosine tautomers and transition states optimized at the HF/3-21G level.

Cl-la TS12-la C2-la Cl-lb TSI3-la C3-la C4-la TS45-la C5-la

r2-1) [.411 1.403 1.387 1.400 1.371 1.340 1363 1.334 1.322

1(3-2) 1.366 1.359 1.363 1.358 1.332 1322 1407 1.378 1.342

r(4-3) 1.313 1.355 1.388 1.305 1.322 1.328 1345 1.333 1.333

r(5-4) 1.443 1.445 1459 1436 1.419 1409 1377 1.394 1.400

1(6-3) 1,337 1335 1.327 1.342 1356 1364 1396 1.378 1.374

r(1-6) 1.355 1.359 1.371 1.348 1.337 1.339 1306 1.325 1.333

r(7-2) 1.213 1.212 1.212 1.230 1.282 1.322 1229 1.280 1.322

r(8-4) 1.331 1.298 1.269  1.342 1.341 1.344  1.346 1.346 1.349

r(9-1) 0.998 0.998 0.997 1.017 1.290 1.910

r(9-3) 1.020 1.280 1.942

r(12-8) 1.014 1.231 1.875 0998 0.997 0997 0997 0.996 0.996

r(13-8) 0.995 0.999 1008 099 0995 0994 0995 0.995 0.995

1(14-9) 1.791 1.199 0982 1763 1.207 0.979

r(14-12) 1.817 1.258 0.984

r(15-3) 1.903 1.222 1.019

r(15-7) 1.806 1212 0993 1809 1.223 0.991

1(15-14) 0.983 1.270 1.796  0.982 1.210 1.647  0.983 1.199 1.657

r(16-14) 0.966 0.965 0966  0.965 0.963 0965 0965 0.963 0.966

a(14-9-1) 14675 147.79 138.66

a(14-9-3) 148.84 14878 13895
a(14-12-8) 148.88 14997 14630

a(14-15-3) 14548 14981 14942

a(14-15-7) 146.57 152,69 15725 14553 15243 15754
a(15-14-9) 82.99 8729 8675  83.07 86.79 86.06

a(15-14-12) 82.11 85.55 8221

a(16-14-15) 108.68 11739 11593 109.21 11831 11898 10924 11731 11695
d(16-14-15-9) 12294 12247 11149 -12504 -12243 -110.78

d(16-15-14-12) -119.91 -120.13 -107.68

the Ci-la adduct induces the following changes with respect to the geometry
optimized in vacuum, (i) r(N8-H12) is increased by 0.017 A, (ii) r(C4-N8) is
shortened by 0.013 A and (iii) r(N3-C4) increases by 0.017 A. This implies that,
as H12 tends to be moved away from N8, the double bond character of C4-N8
increases and, at the same time, the double bond character of N3-C4 decreases.
As a further example, in the C1-1b adduct, hydrogen bonding (i) increases both
r(N1-H9) and r(C2-07) by 0.019 A and (ii) decreases r(N1-C2) by 0.015 A. The
structural changes calculated for the adducts of the other tautomers are
quantitatively similar. It should be stressed that geometry optimization at the
HF/3-21G level tends to underestimate hydrogen bond distances with respect to
the values obtained by using more extended basis sets with inclusion of
polarization functions and treatment of electron correlation. However, it will be
shown in the 3.3 section that, in the present case, such inaccuracies are not likely
to affect appreciably the calculated values of the proton transfer activation energy.

Hydrogen bond interactions are also reflected in the calculated IR spectra
of the monohydrated bases. Taking the C1-1a adduct as an example, the following
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shifts are observed with respect to the frequencies of the isolated C1 tautomer
(5,91 (all values are scaled by 0.91) (i) -40 cm™ for the -NH; asymmetric
strectching , (ii) -321 cm’ ! for the Ol4-H15 stretchmg, (iti) -34 cm’ ! for the O14-
H16 stretching and (iv) +67 cm™ for the -NH, scissoring. Such frequency shift
values are in reasonable agreement with those observed in Ar matrices and
theoretically calculated for strictly related systems, such as monohydrated 4-
aminopyrimidine [31] and l-methylcytosme [32]. Furthermore, the shift of the
C=0 stretching mode (-24 cm™') calculated for the C1-1b adduct is close to the
value experimentally observed for either 1- and 3-methyluracile (ca. -20 cm™)
[35].

3.3 Relative stubility of tautomeric forms: it is widely accepted, on the grounds of
both experimental [4 5] and theoretical [8-15] work, that the order of stability of
cytosine tautomers in the gas phase is C3 > C5 > C1 > C2 >> (C4, the first four
tautomers being enclosed in a range of about 3 kcal mol™ and C4 being less stable
than C3 by more than 7 kcal mol”. A rather different ordering exists in polar
solvents, where C1 and C4 are the only experimentally observed species [3]. This
finding was substantially confirmed by theoretical calculations. It was established,
by either the SCRF and the PCM methods, that C1 is the most stable form in
aqueous solution and it is preferred by about 5 kcal mol"! over the other
tautomers, which are enclosed in a range of 1.5 kcal mol™ [14,15]. Notably, the
C4 tautomer, which is energetically unfavoured in vacuum, becomes the second
stable form in aqueous solution, being stabilized by its high dipole moment. Since
continuum-based computational methods deal with a single component of the
solvation process, namely the dipolar interaction, the present work was also aimed
at elucidating how the formation of specific hydrogen bonds with solvent may
affect the relative stability of the tautomeric forms of a selected species. Cytosine
has several sites which are potentially capable of hydrogen bonding and,
therefore, it appears as a particularly interesting case study.

The relative stability of cytosine tautomeric forms was estimated in the
following way (i) the energy of all adducts was calculated with inclusion of ZPE,
(i1) the most stable adduct with a given number of solvent molecules was
identified among all tautomers, (iii) the energy of all other adducts was related to
the energy of the most stable one. The results are listed in Table 2. At the
MP2(FC)/6-31G**//HF/3-21G level, the most stable monohydrated adducts were
found to be Cl-1b, C2-1b, C3-1a, C4-la and C5-1a, and the most stable
dihydrated ones Ci-2¢, C2-2b ~ C2-2¢, C3-2b, C4-2a and C5-2a respectively
(Figs. 2-3). No appreciable differences were found when the ordering of
monohydrated adducts was evaluated at the MP2(FC)YD95**//HF/3-21G level.
The trend of the energy difference between the tautomeric forms when an
increasing number of water molecules are coordinated to the bare cytosine is
shown in Fig. 4. The mean energy of each mono- or dihydrated tautomeric
species, Et, is calculated according to the Maxwell-Boltzmann distribution law
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Table 2. Computational results obtained for the adducts of Figures 2-3. Energy (a.u),
dipole moment (Debye), zero-point vibrational energy (ZPE/kcal mol™), ZPE-corrected
relative energy of the adducts (AEy/kcal mol™") with stability order in brackets (a).
activation energy uncorrected (AE’/kcal mol) and corrected (AE? ., /keal mol™) for ZPE.

MP2(FC)/6-31G**//HF/3-21G results

monohydrated adducts

adduct energy dipole  ZPE (b) AEq AE} AEY,,
formamide -245.67403 332 44.07 0.00 23.65 20.33
TS -245.63634 272 40.75

formamidic ac. -245.65512 2.30 43.89 11.69 11.78 8.64
formamidinc -225.81646 321 5143 18.93 15.84
TS -225.78629 4.19 48.34

Cl-la -470.04835 6.74 77.02 0.89 1851 15.04
TS12-1a -470.01886 6.89 7355

C2-la -470.04476 6.13 77.25 3.37 16.25 12.55
Cl-1b -470.04958 6.14 76.90 0.00 (1) 15.24 11.43
TS13-1a -470.02530 546 73.09

C3-1a -470.04844 4.58 76.37 0.19(2) 14.52 11.24
C4-la -470.03968 7.38 76.64 5.95(5) 13.13 9.39
TS45-1a -470.01875 7.06 72.90

C5-1a -470.04524 6.22 76.22 2.04(3) 16.62 13.30
C2-1b -470.04534 4.01 77.17 2.93(4)

C2-1c -470.04163 541 76.98 5.07

C3-1b -470.04785 2.74 76.40 0.59

C5-1b -470.04374 3.76 76.29 3.05

Cl-la (] -470.04631 5.81 76.51 20.90 17.29
TS12-1a  (c) -470.01300 6.15 72.90

C2-1a (c)  -470.04198 5.20 76.65 18.19 14.44
dihydrated adducts

Cl-2a -546.28996 6.16 92.30 0.82 18.83 14.06
TS12-2a -546.25995 6.34 87.53

C2-2a -546.28449 5.59 92.48 4.44 15.40 10.45
Cl1-2b -546.29073 5.26 92.23 027 16.38 11.38
TS13-2a -546.26463 3.88 87.23

C3-2a -546.28654 3.90 91.44 2.11 13.75 9.54
C4-2a -546.28574 6.14 92.48 3.65(5) 15.11 10.22
TS45-2a -546.26166 5.30 87.59

C5-2a -546.28667 519 91.82 241(3) 15.69 11.46
Cl-2¢ -546.29156 526 92.48 0.00 (1) 18.99 15.43
TS12-2b -546.26129 5.25 88.92

C2-2b -546.28630 4.44 92.61 343 15.69 12.00
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Table 2. (Continued).
Cl-2¢ -546.29156 5.26 92.48 0.00 (D 15.66 11.81
TS13-2b -546.26660 446 88.63
C3-2b -546.28888 3.60 91.87 1.07(2) 13.98 10.74
Ct-2d -546.28468 8.66 91.50 334 15.84 12.04
TS13-2¢ -346.25943 7.80 87.70
C3-2¢ -546.28134 6.65 90.86 4.79 13.75 10.59
Cd-2b -546.27484 10.84 91.26 9.27 13.04 993
TS45-2b -546.25311 10.48 87.55
C5-2b -346.27817 9.51 90.70 6.62 15.73 12.58
C2-2¢ -346.28628 3.20 92.57 3404
C2-2d -546.28070 478 92.33 6.66
C3-2d -546.28790 1.86 91.67 1.49
C3-2¢ -546.28649 4.26 92.04 2.74
MP2(FC)/D95**//HF/3-21G results
monohydrated adducts
formamide -245.76834 340 44.07 0.00 2248 19.16
TS -245.73251 2.80 40.75
formamidic ac. -245.75031 233 43.89 1113 11.47 8.03
formamidinc -225.90205 332 3143 17.70 14.61
TS -225.87384 428 48.34
Cl-1a -470.12338 6.87 77.02 0.45 17.72 1425
TS12-1a -470.09514 6.98 73.55
C2-1a -470.11910 6.21 77.25 337 15.04 11.34
Cl-ib -470.12391 6.25 76.90 0.00 (1) 1443 10.62
TS13-1a -470.10092 556 73.09
C3-la -470.12263 4.66 76.37 0.27(2) 13.62 10.34
Cd-la -470.11428 733 76.64 5.78(5) 12.35 8.61
TS45-1a -470.09460 7.19 7290
C5-1a -370.11944 6.32 76.22 2.12(3) 15.59 1227
C2-1b -470.11947 4.0 77.17 3.06 (4)
C2-1¢ -470.1 1554 350 76.98 533
C3-1b -470.12238 282 76.40 046
C5-1b -470.11797 3.87 7629 312
Cl-la (d) -470.25632 687 77.02 17.81 14.34
TSi2-ta  (d) -470.22793 6.98 73.55
C2-1a (d) -470.25264 621 7725 1513 1143
Cl-la (e) -470.05474 6.89 7702 19.77 16.30
TS12-1a  (c) -470.02323 707 73.58
C2-la {c) -470.05002 6.27 77.25 16.81 13.11
Cl-la () -470.12257 588 7651 19.99 16.38
TSi2-ta (D -470.09072 6.22 72.90
C2-1a () -470.11761 524 76.65 16.87 13.12
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Table 2. (Continued).
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Cl-la [(:4)
TS12-1a  (g)
C2-1a (8)
Cl-la (h)
TS12-1a  (h)
C2-la {h)

-470.25553

-470.22355
-470.25056

-470.05400

-470.01834
-470.04858

5.86 76.51
6.21 72.90
5.24 76.65
5.85 76.51
6.25 72.90
526 76.65

20.07

16.95
22.38

18.98

16.46

13.20
18.77

15.23

(a) the most stable adduct is considered for each tautomeric form;
(b) calculated at the HF/3-21G level and scaled by 0.91 [5,9];

(c) MP2(FC)/6-31G**//HF/3-21G, C; constraint;
(d) MP2(full)/D95**//HF/3-21G;

(e) MP2(FCyD95*//HF/3-21G;

(f) MP2(FC)/D95**//HF/3-21G, C; constraint;
(g) MP2(full)/D95**//HF/3-21G, C; constraint;
(h) MP2(FC)/D95*//HF/3-21G, C; constraint.

PCM{ @
E#)
=
2
(e}
E 121 o
] |
1 1 O ]
0 |:/1A oo/ \0
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Figure 4. Relative stability of mono- and dihydrated cytosine tautomers compared
with PCM [{15] and i vacuo [19] relative stability.

where the summation is over the adducts of a given tautomer and F; is the relative

Relative Energy/kcal mol™

Ky =X 1k exp(—FE; / RT)/ Liexp(~E; / RT)
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energy with respect to the most stable adduct of all tautomers considered [point
(iii) above]. The values at the bottom of the figure are those calculated for
unsolvated cytosine monomers [19]. The values at the top are those calculated by
Colominas et al. [15] by means of the PCM method. It is apparent that two water
molecules are insufficient to account for the final order of stability reported in
[15], though some partial results are achleved (1) C1, which is the third most
stable form in vacuum (+1.61 kcal mol™ with respect to C3) becomes the most
stable form upon addition of one water molecule (-0.16 kcal mol” with respect to
C3) and the stabilization is enhanced (-1.09 kcal mol) as a second water
molecule is coordinated, (u) the stabilization of C4 which, being less stable than
C3 by about 8.5 kcal mol™ in vacuum, becomes less stable than C1 by about 3.3
kcal mol™ when the dihydrated adducts are considered.

3.4 Kinetics of water-assisted proton transfer: as anticipated in Section 3.2, HF/3-
21G geometry optimizations tend to underestimate hydrogen bond distances with
respect to the values obtained at higher computational level. As a consequence,
MP2/6-31G** single-point calculations based on HF/3-21G geometries may yeld,
in principle, inaccurate values for the PT activation energies. For this reason, we
have performed benchmark calculations on the water-assisted tautomerization
equilibria of formamidine and formamide <= formamidic acid. Such systems were
chosen as a reference because the proton transfer occurs between the same
functional groups as those involved in cytosine. The results of the computations at
the MP2(FC)/6-31G**//HF/3-21G and MP2(FC)YD95**//HF/3-21G level are
reported in Table 2. Comparison with MP2/6-31G**/MP2/6-31G** literature
data [22,34] shows that the activation energies are computed with an error of
about 1.5 kcal mol”. On the assumption that this approximation can be extended
to proton transfer reactions of cytosine, we are led to conclude that HF/3-21G
geometry optimizations are adequate for the scope of the present work.

The results obtained for the proton transfer reactions of cytosine illustrated
in Fig. 2, are listed in Table 2. The activation energies are reported as a simple
difference in electronic energy and with further correction for ZPE. As it is
generally observed for PT reactlons [22,34,36], the inclusion of ZPE lowers the
activation barriers by 2-4 kcal mol” with respect to the values calculated on the
basis of pure electronic energy changes. As ZPE was considered, it was found that
the activation energies of C1 <= C3 and C4 = CS direct and reverse processes
range from 10 to 12 kcal mol™, with small differences due to the relative energy
of the minima. The C1 — C2 tautomerization has an activation energy of about
14-15 kcal mol’l, while the reverse reaction, C2 — C1, has an activation energy of
ca. 12 kcal mol™. For the processes labelled as a, b and ¢ MP2(FC)/D95** single
point energy calculatlons produced activation energies which are, on the average,
0.92 kcal mol™ lower than those calculated at MP2(FC)/6-31G** level.

Remarkably, the inclusion of even a single bridging water molecule in the
mechanism reduced the activation energy by 15-20 kcal mol™ in comparison to
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the direct tautomerization in the gas phase [19]. This result agrees with those of
recent investigations on some related systems such as the tautomeric couples
formamide/formamidic  acid [22], 2-hydroxypyridine/2-pyridone  [23],
formamidine [34] and others [37,38], where a comparable lowering of the
activation energy was found for the water-assisted reaction with respect to the
gas-phase process. Notably, the major kinetic effect is produced by the first
bridged solvent molecule (reactions a, b, ¢). Neither the inclusion of a second
bridged water molecule (cases d, e, f) nor the coordination of a second water
molecule to a site not involved in the proton transfer (cases g, h, i, 1) did result in
a further kinetic promotion.

The kinetics of the C1 == C2 interconversion mediated by a single water
molecule was recently investigated in the ground state as well as in the lowest
excited nn* and nn* singlet states [17]. In this work, as far as the ground state
reaction is concerned, the 3-21G basis set was employed for geometry
optimization at the HF level. The minima and the transition states of the
cytosine-H,0O adduct were optimized (i) without geometrical constraints and (ii)
imposing C, symmetry. In each case, MP2(fullyD95** single point energy
calculations were performed along the reaction coordinate. For the C1 — C2
reaction, the authors reported an activation energy of 1.0 eV under the C,
constraint which decreased by about 10% when geometry relaxation was allowed.
On this basis, it was suggested that the C1 — C2 proton transfer is extremely
unlikely in the ground state, due to its high activation energy. Since our findings
disagreed with this conclusion, we were prompted to analyze in deeper detail our
computational results. Surprisingly, we were not able to reproduce the results of
Ref. [17]. For C1 — C2 we calculated, under the C, constraint, an activation
energy of 20.07 kcal mol' [MP2(fullyD95**] and 19.99 kcal mol”
[MP2(FC)YD95**]. UPon geometry relaxation, these values decreased to 17.81
and 17.72 kcal mol”, respectively. We found a relative agreement only by
MP2(FC)/D95* single-point calculations, which gave activation energies of 22.38
(C,) and 19.77 (unconstrained optimization) kcal mol™. This result, however, is to
be considered physically less reliable, due to the lack of p-type polarization
functions on hydrogen atoms in the D95* basis set. Finally, HF/3-21G geometries
and energies (-466.03406 a.u. for C1-H,0 and -466.03116 a.u. for C2-H,0) of the
unconstrained minima were found in agreement with those reported in Ref. [17].
A further agreement was found for the energy difference between unconstrained
and C, minima (350 and 480 cm’ for C1'‘H,0 and C2-H,O, respectively).
Unfortunately, the geometry of the transition states was not reported in Ref. [17].
The inclusion of the ZPE, not previously considered, further reduced the
activation energy of the C1 —» C2 process by about 3.5 kcal mol™, to the final
value of 14-15 kcal mol™. Our results are closer to those of Stepanian et al. [16],
although the latter work was performed by the semiempirical MNDO/M [39,40]
method and activation energies as low as 12 kcal mol” could only be obtained for
the concerted three-proton transfer mechanism.
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On the basis of the present calculations on simplified hydrated models we
can safely suggest that cytosine tautomerization reactions should take place at
room temperature, and that the C1 — C2 conversion is kinetically unfavoured by
2-4 keal mol™ with respect to the C1 <= C3 and C4 = C5 processes. Bulk solvent
effects, which are not included in the present study, are expected to provide only a
fine tuning of the activation energies, as variations of the dipole moment from
minima to transition states are generally less than 1 Debye (Table 2).

4. Conclusions

The main computational results of the present work can be summarized as
follows: (i) as far as HF/3-21G geometry optimizations are concerned, the
structural changes induced in the solute by hydrogen bonding with one solvent
molecule are consistent with those calculated at higher computational level for
related systems such as monohydrated formamide, formamidic acid and
formamidine, but hydrogen bond distances are generally underestimated; (ii)
proton transfer activation energies calculated from these geometries through
MP2/6-31G** and MP2/D95** single points differ by ca. £1.5 kcal mol™ from the
values based on full MP2/6-31G** optimizations; (iii) coordination of a discrete
number of solvent molecules produces a relative stabilization of cytosine
tautomers which is close to that obtained by continuum-based methods (PCM,
SCRF); (iv) one or two water molecules are however unsufficient to reproduce the
final order of stability given in [15]; (v) coordination of even a single water
molecule strongly activates the proton transfer process with respect to the gas
phase; (vi) coordination of more than one water molecule does not result in a
further promotion of the proton transfer reactions; (vii) as ZPE correction is
included in the calculations, water-promoted tautomerization reactions of cytosine
have activation energies ranging from 10 to 15 kcal mol™; (viii) the C1 — C2
conversion (AE* = 14-15 kcal mol™), though kinetically unfavoured with respect
to the C1 = C3 and C4 = C5 processes, can take place at room temperature; (ix)
as a general conclusion, kinetic factors do not seem to be important for the
distribution of cytosine tautomers in water solution at room temperature, The
most stable of the tautomers (Cl) is expected to be much less kinetically
protected by the solvent than it was suggested in ref. [17].
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Abstract

The history and the present state of the treatment of electron cor-
relation is reviewed. For very small atoms or molecules calculations
of higher than spectroscopic accuracy are possible. A detailed account
for many-electron methods in terms of one-electron basis sets is given
with particular attention to the scaling of computer requirements with
the size of the molecule. The problems related to the correlation cusp,
especially the slow convergence of a basis expansion, as well as their
solutions are discussed. The unphysical scaling with the particle rum-
ber may be overcome by localized-correlation methods. Finally density
functional methods as an alternative to traditional ab-initio methods
are reviewed.
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1 Introduction

One of us [1] reviewed the situation of electron correlation a quarter of a
century ago in a paper with the title ’electron correlation in the seventies’ [2].
At that time most quantum chemists did not care about electron correlation,
and standard methods for the large scale treatment of electron correlation,
like Mgller-Plesset (MP) perturbation theory or coupled-cluster (CC) theory
were not yet available. However precursors of these methods such as IEPA
(independent electron pair approximation) and CEPA (coupled-electron-pair
approximation) had already been developped and were being used, mainly in
research groups in Germany [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13].

A quite spectacular progress has been achieved since then, but electron
correlation is still the severest bottleneck on the way to accurate quantum
chemical results.

Electron correlation means everything that goes beyond the independent
particle model for electrons, i.e. which is due to the correlation of the motion
of the individual electrons [14]. There has been some controversy on whether
or not electron exchange should be regarded as part of the correlation. (For
a recent discussion of this aspect see ref. [15]). We adopt here the view that
electron exchange is taken care of by the independent particle model and is
not part of the electron correlation.

High accuracy of quantum chemical calculations not only requires a sat-
isfactory treatment of electron correlation, but also relativistic and beyond-
Born-Oppenheimer effects need to be considered [16, 17, 18]. These are not in
the scope of the present review. We further concentrate on correlation effects
on the energy (and on quantities directly derivable from potential energy sur-
faces) and we ignore correlation effects on properties, which is in important
subject at present [19]. We further shall report more on the calculation than
on the interpretation of correlation effects.
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The correlation problem is more or less solved for systems with up to, say,
four electrons. For these, calculations involving all interelectronic coordinates
are possible such that one can satisfy all cusp conditions [20] and rapid con-
vergence to numericelly ezact values is achieved. Sec. 2 of this review will
deal with these systems. For medium-sized molecules one knows, in principle,
what one should do. However, the computer resources for methods which are
routinely available, scale so unfortunately with the size of the molecule and
converge so slowly with extension of the orbital basis, that their application
is rather limited. We shall review these classical methods of CI (configuraton
interaction) type in sec. 3. There seems to be a solution at least to the poor
convergence with the size of the basis, namely to use explicitly correlated wave
functions, either with linear terms in the electronic coordinates such as in the
R12-methods, or by using so called Gaussian geminals. These methods and
the related approximation schemes will be the topic of sec. 4. A possible way
out of the scaling problem lies in the use of localized-correlation methods, to
which we come in sec. 5. Finally sec. 6 is devoted to density functional meth-
ods which allow to account for correlation effects in an economic but rather
uncontrolled way. An outlook to the future closes this review.

2 Electron correlation in very small atoms and
molecules

A very compact and highly accurate wave function for the ground state of the
He atom has already been constructed by Hylleraas long ago [21]. He expressed
this in terms of the coordinates ri,r, and ry2 with r; and r, the distances of
the first and second electron from the nucleus, and r;, the distance between
the electrons. Thus the cusp conditions [20] could be satisfied. Essentially in
the same philosophy Pekeris performed a calculation on the He-ground state
[22], that remained an undisputed landmark for quite some time. A progress
beyond this was possible when analytic properties of the exact wave function
of a three-particle system (one nucleus and two electrons) were taken into
account, which were ignored in earlier formulations. The keyword to this is
Fock expansion and it requires terms that are logarithmic in the coordinates
(23, 24, 25].

Including such terms Frankowski and Pekeris [26] needed only a 246 term
wave function to be more accurate that Pekeris in his original work with
more than 1000 terms. The performance was even superseded by Morgan
and coworkers [27] who obtained the non-relativistic He ground state energy
with 13-figure accuracy. One may celebrate this as an example where a care-
ful study of properties of the exact wave function can inspire an improved
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computational method, had there not been the more recent work by Drake
[28, 29, 30, 31], who obtained an even higher accuracy with a rather simple-
minded ansatz using a linear combination of two Hylleraas type wave functions
with different orbital exponents,
Y = 2 r’ir%rﬁ[eﬁ}}c exp(—ayry — firg) + cf?,l exp(—agry — Bar2)] (1)
ik

that was rather a result of a fortunate incident, and for which it is hard to
give a justification in terms of physical principles. Meanwhile an 18-figure
accuracy has been achieved [32, 33, 34] and this does not appear to be the
end [35], where the ansatz by Goldman [35] which involves r. and rs, looks
particularly promising.

Recently Rychlewski and coworkers [36] have been able to achieve a similar
accuracy as Pekeris even with a wave function of Gaussian geminal type

U= crexp(—aulfi — Ail* — aulfa — Bi? = Bil(7y — 7[?). (2)

For He 12-figure accuracy was reported [36, 16]. This is surprising since this
ansatz neither fulfills the nuclear cusp nor the correlation cusp conditions.
Although it is not yet fully understood why this works, some preliminary
comments can be made.

It is well understood that expansions in orthogonal functions such as the fa-
mous Fourier expansion are extremely sensitive to singularities of the function
to be expanded [37, 38]. The cusp singularities of electronic wave functions
are at the origin of the slow convergence of Cl-like expansions (see sec. 4).
Alternatively to Fourier type expansions there are expansions that can best
be rationalized as discretized integral transformations [39, 40]. For these the
convergence behaviour is much different, in particular there is practically no
sensitivity to singularities. The expansion in Gaussian geminals is obviously
of this type.

We can mention only briefly, that hardly for He itself, but for the He isoelec-
tronic series relativistic corrections and even QED (quantum electrodynamic)
effects become important with increasing Z [41, 42, 43].

The first application of the Hylleraas method to the H; molecule by James
and Coolidge appeared in the first volume of J. Chem. Phys. [44]. The
accuracy was later pushed further by Kotos and Wolniewicz, with whose names
the theory of the Hy molecule is intimately linked {45, 46]. The first triumph of
this group was a slight disagreement with the experimental dissociation energy
of Herzberg et al. [47], which made Herzberg reconsider his analysis of the
spectra, and confirm the theoretical prediction. The most recent calculations
are really spectacular [48, 49]. However, also for Hy, Rychlewski et al. [36]
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using a Gaussian geminal expansion, were able to beat this accuracy. They
thus invalidated the common belief, that H; is a special case insofar as one can
use elliptical coordinates and an ansatz for the wave function that satisfies all
cusp conditions, and that this is the reason for the much better performance
for H; compared to all other molecules.

The HY ion is a two-electron system like He or Hj, but it has resisted an
accurate quantum chemical treatment much longer. On table 1 one can follow
the history of the accuracy achieved for the energy of the HI ground at its
{equilateral triangular) equilibrium geometry with r, = 1.65a0. For a while the
conventional calculation {of CI type - see sec. 3 - and not including interelec-
tronic coordinates) of Meyer, Botschwina and Burton [50] was a landmark, in
particular as to a full potential surface of this system. Microhartree accuracy
was only achieved in 1993 {51, 52]. Two years later the accuracy could even
be pushed by two more decimal places [53]. At this level of accuracy, non-
Born-Oppenheimer effects can no longer be neglected, especially if one wants
to compare theoretical and experimental rovibronic spectra [54], but this is
not the topic of the present review.

Table 1

Accuracy of the ground state energy of H at the
equilateral triangular equilibrium geometry (r, = 1.65a,)
(after ref. [51])

Until 1970 -1.3..... E}

Until 1980 -1.34... E,

Until 1990 -1.343... E,

1991/92 -1.343 8 E,

1993 (Bochum) -1.343 835.. E,

1995 (Poznan) -1.343 835 624 E;

In the context of HY one must mention the Monte-Carlo calculations by
Anderson [55]. In fact, these authors were also able to achieve microhartree
accuracy for H at its equilibrium geometry. However, calculations of this type
are extremely demanding as far as computer resources are concerned, and a
potential energy surface for HY has not been computed by this method.

Interesting 3-electron systems are the Li atom and the Hj ground state
surface. Hj is not a bound molecule, but essential for an understanding of
the simplest chemical reaction H+H; — Hy+H. For Li 10-figure accuracy was
recently achieved with a generalization of the Hylleraas ansatz [56, 57]. The
saddle point of Hs has been evaluated with 7-figure accuracy (i.e. with an
error of ~ 10 microhartree) with Monte-Carlo [58] and Gaussian geminals [59]
methods, but for the whole surface only conventional calculations of Cl-type
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160, 61, 62, 63, 64, 65] are available, for which the absolute error is of the order
of ~ 1 millihartree. An extension of the MC calculation [58] to a full surface
appears to be in progress [66].

As to 4-electron systerms there has been special interest in the Be atom and
the van-der-Waals interaction in He,. In a paper with 9 authors from 8 groups
[67] the exact nonrelativistic energy of the Be ground state was estimated
rather than computed. Meanwhile this energy could also be computed with
microhartree accuracy [68, 69, 70]. A somewhat disappointing message has
been that CCSDT (see sec. 3) is not sufficient and that linked guadruple
excitations contribute as much ~ 90 microhartree to the ground state energy
of Be [T1].

The potential curve of Hey, has been a big challenge to quantum chemsitry,
since the potential well of the van-der Waals interaction is only 11K, i.e. an
extremely small fraction of the total energy. If one uses a method which
accounts for the energy of an He atom with an error of, say, 1 millihartree (=
300 K) one can hardly expect a reliable result for the interaction energy, unless
one can rely on a controlled error compensation.

Two highly accurate calculations are available, one by van Mourik et al. [72,
73] the other by Klopper and Noga [74]. Further recent calculations are those
of ref. [75, 76]. These can be compared with a potential curve constructed
from experimental and theoretical data by Aziz et al. [77]

3 Many-electron methods in terms of one-
electron basis sets

3.1 Full CI

There is a method which allows one to solve — at least in principle - the
Schrodinger equation of an n-electron system. The recipe is to choose a basis
set of m orbitals or 2m spin orbitals and to construct all possible n-electron

determinants from this basis. Their number is (2:1) One expands the

Hamiltonian in this basis and diagonalizes it. This is called full CI (CI for
configuration interaction). Next one increases the dimension of the orbital ba-
sis such that eventually it becomes complete (more precisely complete in the 1%
Sobolev space [78]) and proceeds until convergence of the lowest eigenvalue(s).
In the limit of a complete basis full CI becomes complete CI and virtually
exact [79]. Unfortunately this method is completely inpracticable. For large
m the number of Slater determinants increases as ~ m”™/n!, .e. exponentially
with the electron number n.
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It is clear that full CIis only possible for relatively small basis sets. In
view of this the progress in full CI calculations {83, 84, 85] is rather impressive.
The main practical interest in full CI is to use it as benchmark to check the
performance of approximations to full CI for the same basis, with the hope
that good approximations to full CI can then be used successfully with larger
basis sets.

The scaling of the computational effort with the number n of electrons (we
shall henceforth simply say n-scaling) is particularly unfortunate for full CI,
other current methods scale — as we shall see - as some power n* of n. There
is evidence that one does something basically wrong if one uses a method that
scales unphysically with the particle number n, where it remains to be seen
what is a physical n-scaling. If one compares calculations of related molecules
with a different number N of similar atoms, the number n of electrons scales
essentially with N such that n-scaling and N-scaling show the same pattern.
One is also interested in the scaling with the number m of basis functions. This
has a different meaning depending on whether one compares calculations on
one system with constant n and varying m, or whether one consider different
systems consistently with m essentially proportional to N.

The improvement of the n-scaling will definitely be one of the great chal-
lenges to quantum chemistry in the 21°* century.

The n-electron wave function is a rather complicated quantity and it con-
tains much more information than is usually needed. In order to evaluate the
energy one has - in a modern Fock space notation [86, 87] -

H = hPal + %g”qa” (3)

rs 'pq

1
E = <WUHU>=h < Ual¥ > +5g% < Vlaj3| ¥ >

1 rs
B+ S (4)

i

Here aj etc. are excitation operators with respect to an orthonormal spin-
orbital basis {1}, while h? and g?{ are one- and two-particle matrix elements

af = ala, = a;aq; a?? = d’a’a,a, (5)

=< glhlhy >; gF7 =< ¥ (1)¥(2)19(1, 2) |95 (1)¥6(2) > (6)

with h and g the one- and two-particle parts of the Hamiltonian respectively,
and 4Z,~; and the one- and two-particle density matrices respectively

Y =< Uad|¥ >; v, =< Vap,|¥ > (7)
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In the above expressions the Einstein summation convention is implied.

When the one electron basis {1, } on which our Fock space is buils, is finite
(of dimension 2m), the Hamiltonian H given by (3) is exactly that of full CI
[87]. The eigenfunctions and eigenvalues that one obtains in full CI, are the
eigenfunctions and eigenvalues of this Hamiltonian.

3.2 The 2-particle density matrix and the
n-representability problem

The number of density matrix elements v;; scales with m*, i.e. it does not
directly depend on n. However, since m should be choosen roughly propor-
tional to n, there is a scaling ~ n*. If it were possible to take the Ypa Tather
than the CI coeflicients as variational parameters, we would have got rid of the
scaling problem of full Cl. Unfortunately the 7, cannot be regarded as vari-
ational parameters, unless one can impose conditions which guarantee that a
~-matrix is derivable from an n-particle wave function. This n-representability
problem has played a big role in the late sixties and has been most thoroughly
been formulated by Coleman [88, 89]. Unfortunately a simple solution of the
n-representability problem which allows one to replace the n-electron wave
function ® by the two-particle density matrix 4,2 in a variational approach
has not been found. Note that 47 is not independent of v,7, but can be de-
rived from this by partial contraction

(n—1)y = Zv (8)

Although the idea to formulate the n-electron problem in terms of density ma-
trices has been more or less abandoned, it is likely that it will be revived in
the future, especially in view of the success and the limitations of the much
more simple-minded density functional approaches (see sec. 6). For interpreta-
tional purposes the density matrices have always been rather central quantities
[90, 91, 92, 93, 94, 95].

The eigenfunctions and eigenvalues of {77} are known as natural spin-
orbitals and their occupation numbers [80], those of {y?¢} the natural geminals
and their occupation numbers.

For typical closed shell atoms or molecules {77} is close to idempotent, i.e.
its eigenvalues are either close to 1 or to 0. In this case a single determinant
® built up from the n first natural spin orbitals (with occupation numbers
close to 1) is a good first order approximation to the exact ¥. Then Hartree-
Fock theory, in which < ®|H|® > is minimized with respect to variation of the
orbitals contained in ®, is a good first order approximation. In fact, everything
not contained in ® means electron correlation.
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For ® a single Slater determinant all information is contained in its one
particle density matrix [96]. For this special case we use g instead of ~.

o =< ®lab|® > 9

0P =< ®|afi|® >= pfol — obof etc. (10)

If one defines a two-particle cumulant matrix
A==y + A (11)

and analogously higher order cumulants [15, 97, 98], a simple Slater determi-
nant wave function is characterized by vanishing of all cumulants. Obviously
the two-particle cumulant describes two-particle correlations etc.. On the basis
of cumulants [15] which are (at variance with the k-particle density matrices)
extensive (additively separable quantities) a definition of the correlation energy
is possible that does not require a single Slater-determinant reference state and
the corresponding Hartree-Fock energy. We define

1 r_..s r 3
Ene = h3y + 595’2(7,,7q - 77) (12)
E.. = Loy (13)
corr ™ 29” g

Where the non-correlated energy F.,. is of the same form as the Hartree-Fock
energy, but with {72} the exact one-particle density matrix, which is usually
not idempotent. This concept has not yet been applied in practice.

3.3 Many-body perturbation theory

Noting that full CIis - in principle (when the basis limit is reached) - ezact but
unfeasible (except for very small basis set), and that Hartree-Fock is feasible,
but a very crude approximation, some compromise between these two extrema
has to be found.

One possibility is to use perturbation theory, truncated at some low order.
There are various options for perturbation theory applied to an n-electron
system. One of them consists in dividing the Hamiltonian H in the following
way into an unperturbed Hamiltonian Hy and a perturbation V

H = Ho + /\V; Ho = hPa? V = %gpqars (14)

A4 8Py

On this partition many-body perturbation theory (MBPT) as developed by
Brueckner, Goldstone and others is based [99, 100, 101, 102, 103, 104]. This



194 Werner Kutzelnigg and Pasquale von Herigonte

is also the basis of the Z-dependent perturbation theory of atoms of Layzer
and others [105, 106, 107]. Strictly speaking one should distinguish between a
perturbation theory in terms of the original Hamiltonian (not projected to a
finite one-electron basis) and perturbation theory of the Fock space Hamilto-
nian in a finite basis, which is equivalent to perturbation theory of the matrix
eigenvalue problem of full CI. When one refers to perturbation theory for elec-
tron correlation, almost exclusively the latter choice is implied, and we shall
only consider this option.

The partition (14) corresponds to treating the bare nuclear Hamiltonian
(BNH) as unperturbed and the entire electron interaction as perturbation. It is
much better (i.e. leads to better results to low orders and gives a better overall
convergence pattern), to include part of the electron interaction in Hp. Again
there are various possibilities, but the Mgller-Plesset partition [108, 109, 110]
has turned out to be most convenient. Here

H=Eot+ Hy+ V' (15)
~ 1 ~rs
Hy=fral, V' = nggapq (16)
1
Eo = e} + 59750 (17)
fe=he+ (g5 — g959)er (18)

where g are density matrices corresponding to a Hartree-Fock reference func-
tion @, and where @ and a;; are excitation operators with respect to @ as
so-called physical vacuum. These have the property

< 0]ae >=0; < ®lal|® >=0 (19)

P

and are related to the af and a; with respect to the genuine vacuum as [111, 97]

al=al -~} (20)
Qg = Ggp — Vg @y + - (21)

For the Mgller-Plesset partition the first order perturbation vanishes
E; =< 9|V'|® >=0 (22)
If one chooses canonical orbitals, for which f? is diagonal

Hy = eMar (23)
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the second order energy is simply

Ey= 3 (€9 4l — e~ e < 0| V'a|e > 2 (24)

i.)2,0

with 7,7 counting spin-orbitals occupied in @, a, b virtual spin-orbitals.
Only doubly excited configurations

o = al}P (25)

contribute to Fq. Also Ej3 only requires double excitations, while for the eval-
uation of E, triple excitations are needed and so forth.

MP-perturbation theory is formally simple to low orders, but becomes in-
creasingly complicated to higher orders. The most serious drawback is that
convergence of MP-PT is by no means guaranteed. Depending on the choice
of the basis, divergence can be enforced or avoided [112, 113], which indicates
that much that one finds may be an artifact of the matrix representation, that
has other singularities ~ which determine the radius of convergence - than
the original Hamiltonian. Anyway even if the MP-PT series converges, con-
vergence may be very slow [114] and one cannot break up the series, unless
sophisticated extrapolation methods are used.

Actually only MP2 has become a kind of standard, MP3 is regarded as
hardly superior to MP2, while MP4 is occassionally used, but it requires about
as much computational effort as the usually much better CCSD(T) method.

Let us also mention that, independent of the partition of H that one
chooses, always the Rayleigh-Schrédinger form of PT is used, because — at
variance with the Brillouin-Wigner PT - it is extensive (connected). See later.

3.4 Coupled-cluster and related methods

Related to perturbation theory are methods that have been inspired by per-
turbation theory, but which are essentially non-perturbative. Early attempts
on these lines were partial summations of certain classes of diagrams [115] (in
a diagrammatic formulation of MBPT), where it was not always clear whether
these diagrams were summed because this was formally easy or because these
diagrams were regarded as particularly important. More simple-minded but
rather effective has been selective CI based on arguments from MP-PT [116].

Noting that to the leading orders of MP-PT only doubly excited config-
urations <I>?J?’ contribute, one can decide to do better than MP2 or MP3 by
including all ®} in a CI (i.e. variational) calculation. The number of un-

known coeflicients scales then as n?m?, i. e. essentially as n?, while the overall

computational effort goes as n*m? i.e. essentially as n®. The scaling is much

better than for full CI, but the quality of the result is, of course, much poorer.
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One can so define a hierarchy of CI methods, called CI-SD, CI-SDT, CISDTQ
etc. where S, D, T, Q stands for singly, doubly, triply, quadruply excited
configurations. This hierarchy has the advantage over MP-PT that it does
converge to full CIL if one let the excitation rank go to the number of electrons.
This is, however, just what one wants to avoid.

A serious disadvantage of these truncated CI schemes is that they are
not extensive (size consistent). This means essentially that the energy of a
supersystem consisting of two identical subsystems at large distances computed
by CI is not twice the energy of the subsystem. For a system of N He atoms at
mutually infinite distance the correlation energy goes for large N not as ~ N,
but as ~ /N [12, 117].

The size-consistency problem has been removed by using the coupled cluster
(CC) ansatz [12, 118,119, 120, 121, 122, 123, 124, 125]. While in CI one writes
the wave function as (in intermediate normalization)

U= (1+Xia? + Xa2 + Xale + ..)0 (26)

¥ a

in CC theory the formulation is
v = exp{s;ag + SHast + ...}@ (27)

If one truncates the CI expansion one gets a result which is variational, but
not extensive, one can truncate the CC-expansion (in the exponential) without
loosing extensivity. It is then, however, practically impossible to be variational
as well [125]. Like for CI one can define CC-SD, CC-SDT, CC-SDTQ etc. The
n-scaling of the computational demands is similar to that for the corresponding
steps in the CI hierarchy. Like for the CI hierarchy the CC hierarchy also
converges to full CI if the excitation rank goes to n, but the convergence is
definitely faster.

While CCSD has become a kind of standard, full CCSDT calculations
[126, 127, 128] are still too computer-resource demanding that their use is
limited to rather small basis sets. Among the simplifications of CCSDT, the
CCSD(T) method [129] has become very popular. There single and double
substitutions are treated non-perturbativity, but triple substitutions by means
of perturbation theory. An alternative to CCSD(T) is CCSD{T] - formerly
called CCSD+T(CCSD) - that is probably better [131], although formal ar-
guments are rather in favour of CCSD(T) [130]. While CCSDT scales with n®
(and CCSDTQ with n'®), CCSD(T) and CCSD[T] scale only with n”, which
matters a lot. CCSD(T) is these days regarded as the best that one can do
for sufficiently small molecules. Nevertheless cases have been reported, where
CCSD(T) is definitely not enough, e.g. if one wants to evaluate the harmonic
vibration frequency of HF with an error of less than 1 cm™! [131].
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Closely related to CC theory (and also to MP-theory) are the IEPA [3, 10,
12] and CEPA [11, 12, 13, 132, 133, 134] methods, that were used in molecular
calculations prior even to the large scale studies in terms of MP2. IEPA
(independent electron pair approximation) has in common with MP2 that the
various electron pairs are decoupled, and MP2 has, in fact, been a first step
on the way to IEPA (3, 10, 12]. Unlike in MP2 the various decoupled pairs are
treated exactly (in the limitations due to the use of a finite basis) in IEPA.
In CEPA (coupled electron pair approximation) the coupling of the pairs is
taken into account, but unlike in CCSD, to which CEPA is closely related,
some (generally small) indirect couplings are ignored. Although CEPA can be
formulated as an approximation to CCSD [11, 12], in practical applications it
has turned out that CEPA performs even better than CCSD (although it is
cheaper), because apparently effects of triple substitutions are, to some extent
simulated in CEPA [135, 136]. IEPA and CEPA share with MP and CC that
they are extensive and not variational.

It is often forgotten that the probably first large-scale ab-initio implemen-
tation of CCSD by Taylor et al. [120] was based on the CEPA code of Ahlrichs
et al. [13]. As to a comparison of CEPA and CC methods see [137]. We come
back to an interesting aspect of IEPA and CEPA in sec. 5.

Closely related to CEPA are the method of self-consistency electron pairs
(SCEP) [138] and also the coupled-pair functional approach (CPF) [139].

3.5 Multi-configuration-based methods

Most of the effort in coupled-cluster theory has concentrated on systems which
are essentially of closed shell type, where the wave function is dominated by
a single Slater determinant ®, such that the wave function can be expanded
around this ¢ and good convergence is expected.

The situation is much more complicated if to 1** order a single Slater de-
terminant is not sufficient and rather a multiconfiguration reference ® must
be used. A completely satisfactory coupled-cluster theory for this case has not
yet been formulated. This has both fundamental and practical reasons.

Among the fundamental reasons is the dilemma that the most straightfor-
ward formulation of an extensive theory leads inevitably to the appearance of
the intruder problem and that it is hard to eliminate this problem without vio-
lating extensivity. In fact extensivity requires a Fock space formulation with a
multiplicatively separable wave operator [12, 87]. This means that one formu-
lates the wave operator and an effective Hamiltonian for the full valence space,
for all possible particle numbers, i.e. that one uses a so-called valence universal
theory. However then one can generally not avoid that ezternal orbitals (i.e.
which are not not in the valence space) get energies close to those of valence
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orbitals and dangerous energy denominators arise. These intruder problems
are largely avoided in a state-specific theory limited to a single state, but this
means to loose a formulation in Fock space and extensivity is no longer guar-
anteed. This dilemma has been analysed in detail by Mukherjee, [140, 141]
who has also discussed possible solutions, which we can only mention without
going into details. One possibility is the use of intermediate Hamiltonians,
mainly proposed by Malrieu et al. [142], but see also refs. [143, 144]. Another
possibility consists in the use of incomplete model spaces [145, 146, 148], a
disadvantage of which is that they can usually not be applied to potential en-
ergy surfaces, since for different ranges of geometry different incomplete model
spaces must be used. There are further methods in the framework of a state
universal theory both for complete and incomplete model spaces [149, 150, 151],
which are somewhat intermediate between valence universal and state specific,
and which are to some extent based on the projection of a Fock space theory
to a Hilbert space for finite particle number. Particularly promising appears
the combination of extensivity and a state-specific theory using the recently
developed concept of normal ordering (and the corresponding Wick theorem)
with respect to a multiconfiguration wave function[15, 97, 98]. On this line
there are certainly challenges for the next century.

From a practical point of view one has to decide whether one chooses a
contracted [152, 153] or uncontracted excitation scheme. In the latter the
number of excitations to include is tremendous, in the former one must find
a way how to deal with the so-called ezcitations with spectator-lines (unless
one neglects these, which appears to be justified to some extent). Contracted
means that one considers formal single, double etc. excitations with respect to
the full MC-SCF wave function ¥, e.g. a?¥, a??¥, uncontracted means that
one decomposes ¥ into a sum of Slater determinants and takes the excitations
with respect to these.

As long as a satisfactory multireference coupled-cluster theory is missing,
there are various options for states that need a zeroth-order multiconfiguration
wave function. One possibility is to start from an MC-SCF calculation and
to improve this by selected CI. Since the MC-SCF part is basically extensive,
while the CI part is not, and since one can hardly go beyond external double
excitations, one tends to include as many configurations in the MC-SCF part
as possible. However, MC-SCF is usually of CAS (complete active space) [154]
type, e.g. like full CI, which restricts the possible size of the active space. Such
multireference CI scheme have been very popular for describing excited states,
reaction barriers, dissociation processes etc.

Another possibility is to start from MC-SCF and to improve it by means
of perturbation theory. The most popular approach on these lines is CASPT2
of Roos et al. [155]. This is almost extensive and one is not obliged to make
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the active space as large as possible.

One can further try to formulate a generalization of CEPA or rather CPF
to a multiconfiguration reference function. On these lines the average coupled
pair functional (ACPF) has been derived by Gdanitz and Ahlrichs [157]. A
straightforward MC-CEPA method has been proposed by Fink and Staemmler
[158]. This is extensive, while ACPF is only approximatively so.

One can finally try to apply single reference CC, but to go to very high
excitations, at least selectively [159]. It is hard to avoid a lack of balance in
such treatments.

In this context one should also mention the rather old MRD-Cl-method
of Buenker and Peyerimhoff {160]. There one starts from a multideterminant
reference function and improves it by CI with single and double substitution.
This method has not been designed for single states, but rather for the com-
putation of various states simultaneously.

4 The convergence with the basis size and the
R12 method

All methods discussed in the previous chapter have two difficulties, one ~ on
which we have commtented already - is the convergence with respect to the
sophistication of the level of the treatment of electron correlation (with the
related n-scaling problem), the other is the convergence with the extension of
the one-electron basis. We shall now concentrate on this aspect.

There are actually three types of expansions that one has to worry about

(a) The expansion in a Gaussian basis, which neither allows a correct de-
scription near the nuclei nor very far from them.

{b) The expansion of one-electron functions in a basis of eigenfunctions
of angular momentum with respect to the atomic centers, i.e. essentially the
LCAO expansion

(c) The expansion of the correlation cusp in a one-electron basis.

The expansion (a) is, contrary to what one might have expected, the least
problematic. In fact, Gaussian basis sets were introduced, because they lead
to simple two-electron integrals. On the other hand one knows that atomic
orbitals are more like Slater type, i.e. exponential functions. Gaussians have
the wrong behaviour both close to a nucleus and very far from it. The expan-
sion of hydrogenic 1s function in an even-tempered Gaussian basis has been
studied analytically [161] and the surprising result was found that the error
AE of the energy depends on the number m of basis functions as

AE = n(3m)*? eXp{—m/?IEu + O(m-lﬂ)]} (28)
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This is not as good as exponential, but almost as good. For properties other
than the energy one gets a similar behaviour but with a different m*-factor in
front and a different prefactor of v/m in the exponential. Even the density at
a nucleus has this convergence behaviour, although %‘f at r = 0 has an error
indepent of m and g—i‘# at r = 0 diverges with n.

The expansion (b) has not been studied in a formal way. A rather detailed
unpublished investigation of R. Franke and one of the present authors on the
HZ ion has shown numerically [162] that the error of an expansion in atomic
s, p, d etc. functions appears to converge exponentially. There is some evidence
that this holds for all one-electron problems, especially for Hartree-Fock. It
is, for not too large molecules, not too difficult to saturate a basis and to get
sufficiently close to the Hartree-Fock limit at least for the energy.

Much more critical is the expansion (c¢). The simplest case is that of 2-
electron atoms such as He ion their 'S ground states. Here it could be shown
that for an expansion

¥(1,2) = IZ Y (91,01) Y™ (92,02) D Falrs) fo (72) (29)

n,n!

the l-increments to the energy go as [163, 164]
1
AE = A(l+ 5)-4 + 0{[1 + %]*5} (30)

This is an extremely slow convergence and is related to the fact that the exact
wave function has a correlation cusp [20], i.e. a discontinuous first derivative
at 712 — 0, such that

. (0¥(1,2) 1
i ()., = 790 D 1)
If one includes explicit linear rjy-dependent terms in the wave functions and
expands only the remainder [165] as in {29), the [-increments of the remainder
go essentially as (I + %)‘8, at leat at the level of 2" order perturbation theorty,
which is a substantial improvement.

It is difficult to derive the asymptotic behaviour of AE; by purely numeri-
cal studies. One of the reasons for this is that for increasing {, the number of
terms in the (n,n')-expansion necesscary to reach convergence increases with
{. In practical calculations one rather does the opposite, i.e. one uses smaller
n-expansions for larger [, and one gets so the impression of a much faster
convergence than that found analytically. Therefore empirical extrapolations
[166, 167, 168, 169] to [ - oo are rather dangerous. Extrapolations based on
exact properties are, however, a serious alternative to the use of R12 meth-
ods. An interesting approach on these lines is the CBS (complete basis set)
extrapolation method of Petersson et al. [170].
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One should also mention that the (I + })~* dependence of AE; only holds
for typical singlet states, for triplet states AE; goes as (I + 1), and for non-
natural-parity singlet states even as ({++ 1)7® [164].

The slow convergence plagues all Cl-type calculations. Since in view of
the unfortunate scaling of the computational effort with the number of basis
functions, one cannot choose very large basis sets, one cannot use Cl-type
methods if one strives at high accuracy. There are essentially three ways to
overcome this problem.

(a) One uses wave functions with explicit linear rjo-terms to describe the
correlation cusp correctly. The brute-force variant of this approach is known
as Hylleraas-CI [171]. It leads to a large number of difficult integrals, even
3- and 4-electron integrals in addition to the 2-electron integrals needed in
conventional SCF or CI calculations. Therefore it has so far only been applied
to systems with 2 electrons, or slightly beyond this.

(b) Tt is however possible to use tricks to avoid the difficult integrals, with-
out introducing unacceptable errors. This leads to the R12 methods[172, 173,
174, 175, 176, 177, 178, 179, 180, 181]. The variant MP2-R12 allows one to
reach the MP2 basis limit with comparably little effort, and with an increase
of the computer time with respect to a conventional MP2-calculation with the
same basis by only a factor ~ 5. In the case of CCSD-R12 vs. conventional
CCSD the extra computer time for the same basis is only ~ 30% of that of
the conventional calculation, but the gain in accuracy is spectacular. The
best method available so far is CCSDT1-R12, but also the more approximate
CCSD(T)R12 and CCSD[T]-R12 methods [181] can be used.

An essential ingredient of the R12 methods is the systematic introduction
of completeness insertions in such a way that {i) 3- and 4-electron integrals
don’t arise explicitly, (ii) the results become exact in the limit of a complete
one-electron basis, (iii) the basis truncation error decreases much faster with
the size of the basis than in conventional calculations, such that much higher
accuracy is achieved with less computational effort. The only disadvantage is
that no strict upper-bond property hoids, but this does not even hold for con-
ventional coupled-cluster calculations. There is no stronger limitation of the
size of the system to be computed than for conventional CC calculations. Typ-
ical examples of applications of R12-methods were to the Ar-benzene complex
[176] or to (H;0)3 [177].

In a systematic study of 10-electron molecules and ions [178] the total
energies for CCSD[T]-R12 calculations turned out to agree within less than
ImE; with the experimental non-relativistic energies.

For details on the R12-methods the reader is referred to recent reviews
[179, 180) and original papers [172, 173, 174, 175, 176, 177, 178, 181]. The R12-
method has been combined successfully with the ACPF approach by Gdanitz
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[182].

(c) An alternative to the use of linear r;;-terms as in the R12 method, is
the method of Gaussian geminals. Here one introduces correlation factors of
the form

exp(—7ri,) (32)

With such functions it is not possible to satisfy the correlation cusp exactly,
but all integrals that arise, including three and four-electron integrals, can be
evaluated in closed form. The convergence of this kind of expansion is much
faster than that of a CI. It is possibly similar to that of the expansion of 1s
hydrogen wave function in a Gaussian basis. The Gaussian geminal method
has been implemented e.g. for MP2 and CCSD [183, 184, 185, 186]. A rather
difficult practical problem is that of the choice of the optimum non-linear
parameters . This has so far been inhibited the application of the Gaussian
geminal method beyond HF [185] or H;O [186]. The technique of Rychlewski
et. al. [36] to optimize non-linear parameters has to the authors’ knowledge
not yet been applied in this context.

For Hartree-Fock calculations alternatives to basis expansion methods, e.g.
finite elements or finite differences have been used successfully. It does not
appear straightforward to use such methods for the treatment of electron cor-
relation, because for the lowest-level treatment of electron correlation, i.e. pair
theory, one has a 6-dimensional problem, and this is hard to treat by finite-
element or finite difference methods.

5 Localized correlation methods

The scaling with the number of particles is one of the most serious problems
for all methods to treat electron correlation. Unfortunate scaling is, however,
if one looks carefully, in most cases avoidable, and is a result of uneconomic
computer codes.

For a long while it was believed that SCF calculations have to scale with
N*, because the rate-determining step is the construction of the two-electron
integrals (pg|rs) and their number is proportional to m* with m the number of
basis functions, and m scales with the number N of atoms. Let us henceforth
assume that we consider a molecule with N atoms and ¢ basis functions per
atom such that m = N - ¢, with ¢ constant.

One must be aware that the accuracy of a computation is limited by the
number of significant figures with which numbers are stored in the computer.
Since one cannot completely avoid small differences of large numbers, one
looses a few figures anyway. It is convenient to impose a threshold defining
the final accuracy that one wants to have. Quantities, say in a sum, which
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are smaller than that threshold, don’t contribute and can as well be ignored.
It now turns out that the number of (pg|rs) integrals above a given threshold
scales - for sufficiently large N— only with m? (and hence N?) rather than
m*, so the majority of the m* integrals can safely be ignored. A particularly
powerful screening of integrals has been proposed and coded by Haser and
Ahlrichs [187].

If one goes one step further, one realizes that there are two types of inte-
grals, namely Coulomb-like long range and exchange or hybrid-like short range
integrals. One can take advantage of this and evaluate Coulomb type expres-
sions by a multipole expansion. This has been exploited by Almléf [188] in a
formulation for large molecules.

Further progress with the multipole expansion has been achieved recently,
which allows linear scaling for the electron interaction. [189, 190, 191].

It has almost been a dogma that post-Hartree-Fock methods (which treat
correlation effects) require at least a N® scaling. The origin of this is that the
time-determining step for MP2 (as the simplest post HF method) is an integral
transformation from the integrals (pg|rs) over basis functions to integrals over
MOs. In fact a classification of MOs into occupied and virtual ones is at the
basis of this formulation. The MOs used conventionally are delocalized and
this means that all MO integrals have roughly the same order of magnitude,
and no prescreening is possible. So although of ~ m* AQ integrals only ~ m?
are non-negligible, one has to take care of ~ m* MO integrals. The integral
transformation, however, is a ~ m® step.

It is obvious that the problem is the delocalized nature of the MOs. For-
tunately it has been known, based on the work of Lennard-Jones [192] and
worked out mainly by Edmiston and Ruedenberg [193] and also by Foster and
Boys [194], that it is possible to transform the (occupied) MOs to localized
orbitals {LMOs) which span the same space, and which are orthogonal to each
other, but which are mainly localized in rather restricted areas of space.

LMOs have been used in the IEPA- and CEPA-formulations by Ahlrichs
et al. [3, 10, 12, 13], and the main difference in philosophy between the early
work of Ahlrichs et al. and Meyer [11], is that the latter has preferred a
delocalized formulation in terms of canonical MOs. Nevertheless the question
of approximate invariance between a localized and a delocalized description has
played an important role to justify the so-called CEPA-2 variant as slightly
superior to CEPA-1 [11, 12].

In IEPA, like in MP2, one pair is treated at a time, in CEPA the coupling
between the pairs is treated iteratively, with in each iteration cycle again one
pair treated at a time. The number of pairs scales as n? for delocalized MOs,
but only as ~ n (for a large enough molecule). Take e.g. a linear chain molecule
with one MO per atom, then the diagonal pairs &, & will denominate, followed
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by paurs k,k + 1, then k, &k + 2 etc. such that one can truncate at &,k + v
with v fixed, and k variable. The number of pairs to be considered goes then
roughly as v - n. So using localized MO and screening the pairs according
to their importance improves the scaling with respect to pairs of canonical
MOs. The effort per pair then still goes as m*, which is the number of two-
electron integrals that have to be processed. The scaling problem was actually
solved in [EPA-PNO or CEPA-PNO, where one expanded the functions for
one pair in pair natural orbitals (PNOQs), a kind of optimized virtual orbitals
for the various pairs. Their number was kept fixed, so the PNQs were a kind
of localized virtual MOs, although they are not orthogonal [3, 12, 152]). An
extension to infinite systems was recently proposed by Fink and Staemmler
[195].

The N-scaling of CEPA was, in fact not bad, although not even the basic
two-electron integrals were prescreened (since this was long before prescreening
was discovered).

The methods which succeeded CEPA, i. e. essentially the hierarchy of CC
methods, were formulated in terms of canonical MOs, hence very frustrating
n-dependencies resulted. Only rather recently the advantage of the use of
localized MOs were rediscovered and elaborated, mainly by Pulay [196] and
Werner [197].

If one succeeds in transforming not only the occupied but also the virtual
MOs to a set of well-localized MOs, such that one can associate g (occupied
and virtual) MOs with each atom, then one can argue that for the description
of intraatomic correlation only excitations in this ¢-dimensional (and hence
n-independent) subspace need to be considered. For interatomic correlations
between a pair of neighboring atoms excitations with the 2¢ dimensional space
of the MOs of the two atoms are necessary, and so forth. Correlations beyond
next-nearest neighbors may be regarded as unimportant. The number of pairs
of atoms to be considered scales with n, so the overall computational demands
should scale with n as well, provided that also takes advantage of fast multipole
expansion [190, 191} for the Coulomb interaction.

To arrive at linear scaling with n should be possible, and is one of the big
challenges of methodologic quantum chemistry. Werner et al. have at least
arrived at a n*-scaling, which is a big progress [197]. Linear scaling has been
possible in density functional theory (see sec. 6). An interesting new approach
towards linear scaling even for MP2 theory has very recently been formulated
by Ayala and Scuseria [198], taking advantage of an idea of Haser and Almlsf
(199].

A generalization of the concept of localized MOs is that of extremal pair
functions [200]. They may play a role in the future in the context of well-
scaling methods. So far the main application of extremal pairs have been in
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R12-theories in order to avoid near-linear dependencies [179].

Extremal pair functions are defined as linear combinations of a given set of
(usually canonical) pair functions, such that they extremize some expectation
value, e.g.

< wu(1,2)|r,|w,(1,2) >= extr. (33)
wu = 3 ek [or(1)e(2) — (1) (2)] (34)
[l =1 (35)

With this criterion the extremal pair functions appear as a generalization of the
LMOs attributed to Foster and Boys. Restricting the extremal pair functions
to the form

tipg = %mqum — 2a()p(2)] (36)
@p =3 corpr; [yl = 1 (37)
k

one is led to LMOs.

6 Density functional methods

6.1 History

Density functional (DF) [201] methods (for reviews see {202, 203, 204, 205])
were very popular in solid state physics since about 1965, but were hardly
applied in chemistry for quite a while (among the applications to structural
chemistry see e.g. ref. [206]), before suddenly around 1988 they really con-
quered chemistry. Even before this the rather good performance in solid theory
did not remain unobserved by quantum chemists, but the reluctance to con-
sider density functional methods more seriously had various reasons.

(a) The justification of density functional methods in terms of the
Hohenberg-Kohn theorem {207, 208, 209] appeared somewhat unorthodox and
had a touch of mystery.

{b) DF methods performed surprisingly well at rather low cost. The results
were usually superior to those of Hartree-Fock calculations, i. e. correlation
effects were somehow taken care of, but not as accurately as in standard quan-
tum chemical methods.

(c) There appeared to be no way to improve DF calculations systematically,
when they were not good enough. The usual DF schemes did not appear to
be steps in a hierarchy that eventually lead to an exact theory.

{(d) A precursor of DF methods, the X a-scheme [210, 211] had been used
in quantum chemistry before, but got a rather bad reputation, mainly due to
overselling and the marriage with muffin-tin potentials [212].
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(e) The existing DFT-codes of the first generation were numerically often
rather inaccurate. Therefore calculations with one code could not be repro-
duced by another code, using, of course, the same functional. More serrious
was that the limited numerical accuracy made the calculation of potential
curves rather problematic.

Things changed drastically when independently Becke [213] and Perdew
[214] invented new gradient-corrected functionals, which performed much bet-
ter than the previously used local density functionals and which turned out to
be competitive with MP2 at a cost somewhat lower than that of SCF calcula-
tions. Various groups implemented DF calculations taking advantage of all the
knowhow of traditional quantum chemistry, in particular using expansions in a
Gaussian basis, and shortly afterwards DF codes became available in commer-
cial program packages. Also the problems of accurately (and reproduceably)
evaluating the exchange correlation functionals were solved {215, 216, 217].
Further the evaluation of energy derivatives became routine {218, 219]. For a
black-box user it is now as easy to perform an SCF as a B3LYP calculation.
'B3LYP’ stands for Becke-3-parameter for the exchange part and Lee-Yang-
Parr for the corelation part. It is one of the most popular density functionals
for use in chemistry and is implemented in the commerical GAUSSIAN pro-
gram package.

The attitude of most users is pragmatic. One does not worry why DF
methods work and uses them as one uses other methods implemented in the
same black box. There are quite a few different functionals available and one
can choose between them depending on the problem that one wants to solve,
where the superiority of one functional over another is usually based on sta-
tistical comparison with experiment rather than on formal arguments. This
pragmatic attitude is encouraged by the fact that some of the density function-
als in current use, contain parameters that were adjusted to fit experimental
data. This - in order not to say more — puts DF schemes in the neighborhood
of semiempirical methods.

The density functionals which perform best at present, like B3LYP are miz-
tures of Kohn-Sham type functionals (see later) and Hartree-Fock functionals
and exploit the fact that Kohn-Sham type functionals tend to overestimate
binding, while Hartree-Fock underestimates it.

The acceptance of DFT by the ab-initio community necessarily implied
some change of paradigm. In the ab-initio world it had always been regarded
as problematic and even as a kind of cheating if one got good agreement with
experiment due to a fortunate cancellation of errors (unless this cancellation
was ’controlled’). In DFT one can judge the quality of a functional only from a
comparison of the results wit experiment or with some benchmark calculation.
There is hence no criterion for the extent of error compensation on which the
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performance of the functional is based. So the refutation of error cancellation
can hardly be maintained. Nevertheless if one wants to get ’the right answer
for the right reason’ one should not rely on DFT.

6.2 The Hohenberg-Kohn theorem
as a Legendre transformation

The essential problem with DF methods is to understand why they work, or
rather which of their features is responsible for the good agreement with ex-
periment in many cases. A systematic improvement but also a guide to scope
and limitations rests on the answer to this question. Although some current
studies concentrate on this aspect [220, 221, 222, 223], for the majority of
people grown up with DF approaches even to ask this question is a kind of
sacrilege. The argument often put forward is that density functional theory is
ezxact - in principle ~ and that deviations from exact results are simply due
to the approximations inherent in the used functionals. This argument, usu-
ally given with reference to the so-called Hohenberg-Kohn theorem, is rather
meaningless and reveals a basic misunderstanding of the situation.

To appreciate what the Hohenberg-Kohn theorem [207] really implies it is
useful to formulate it in a language that it is slightly different from that given
in most papers in this field. The key reference is that to a study of E. H.
Lieb [224, 225], who gave a mathematically rigorous analysis of density func-
tional theory on the basis of the modern theory of convex functionals, in which
the concept of a Legendre transformation plays a central role. This concept
was, in a related context even been alluded to in a paper [208] contemporary
with that of Hohenberg and Kohn. The main concern of Lieb was related to
the appropriate definition of the domains of the important functionals E(V)
and F(p). In fact Lieb criticized Hohenberg and Kohn for having been some-
what too careless with these domains. Nevertheless we can here only give a
nonrigorous presentation of Lieb’s approach, not worrying about the domains
of E(V) and F(p) and other mathematical subtleties. Readers interested in
the mathematical details are referred to Lieb’s original paper [225] or to the
excellent survey by Eschrig [205].

Let us consider a family of (exact) Hamiltonians for the same number n
of electrons. These Hamiltonians can only differ in the external potential V,
we hence have a V-dependent family of Hamiltonians. Let us further assume
that V is a continuous set of local (multiplicative) potentials, and that for the
whole family of potentials considered, the ground state is non-degenerate (the
latter restriction is actually not necessary). The energy E of the ground state
is then a functional of V, i.e. E = E(V). It is also clear how one has to
proceed to evaluate this functional: one constructs the Hamiltonians H(V'),
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and solves the Schrédinger equations
H(V)$p(V) = E(V)y(V) (38)

for the respective ground states. E(V) is even defined if there is no bound
ground state, but this possibility causes some problems. For a potential V=
V + 8V, that ounly differs infinitesimally from a given potential V the change
in E is given by 1% order perturbation theory as

AE = E(V +8V) = E(V) = < $(V)5VIp(V) > = /JngT (39)

where g is the electron density corresponding to ¢(V').
[t can easily be shown that (for fixed particle number) the functional E{V)
is concave [205, 225), i. e. that

EleVi+(l—oVz) 2 aEV1)+ (1 -a)E(Vz); 0<a<1 (40)

The functional derivative of the ground state energy with respect to V' is

the density SE
7 =0 (41)

This relation between g and V, together with (40) implies an invertibly unique
mapping between V and p and suggests a change of variables (where the vari-
ables are functions) as is familiar from the Legendre transformation in thermo-

dynamics (change from U(V,T') to H(p, T) w1th p = —Z% or classical mechan-

ics (change from L(q,q) to H(q,p) with p= & ) The correspondmg change is
now

E(V) = F(o / Vodr (42)

The functional F(g) is the internal energy, i. e. the total ground state energy
minus the interaction of the ground state density with the external potential.
It is equal to the sum of the kinetic energy and the electron interaction en-
ergy. The internal energy F(p) is independent of V and a functional of p only.
Hohenberg and Kohn have introduced the functional F(g) without seeing that
(for appropriately chosen domains) it is just the Legendre transformation of
E(V) and have given F(p) the somewhat unfortunate name universal func-
tiona} of the density’. Of course F(p) is a functional of p in the same sense
as E(V) is a functional of V. There is no indication that there should be a
simple and direct way to evaluate this functional.

In spite of the universal nature of F(p), a change of p can (we always have
the exact expressions in mind) only be caused by a change of V. Only those
¢ are admissible as arguments of F, which correspond to the considered V.
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Although F(p) does not explicitly depend on V, it depends parametrically on

V, and one finds that
§F SE

5o~ 30 V=-V (43)
since the variation of E with respect to variations of ¢ vanishes, provided that
0 is chosen such that it corresponds to the chosen V. Relation (43) actually
allows one to invert the Legendre transformation and to arrive at E(V) starting
from F(p). This somewhat delicate nature of F'(p) must be kept in mind if
one really wants to appreciate density functional theory. The role of F/(p) is
somewhat obscured if one regards F as a functional of g. Since £ depends
both on V and ¢ and since we are searching for the g which corresponds to
V the double dependence of E on g and V is somewhat confusing. It can be
shown that (for an appropriately chosen domain) F'(g)+ [ Vedr is convex and
hence attains its minimum for the exact g, provided, of course, that F(p) is the
exact (unknown) functional. This is known as the Hohenberg-Kohn variational
principle. For a mathematically rigorous fomulation of the Hohenberg-Kohn
theorem and especially of the Legendre transformation see [205, 225].

The main problem with F(p) is that it is entirely unknown, that it is at
least as complicated as E(V) which is unknown as well, and that there is no
way how one should construct F{p). One can formally decompose F{(p) into
three parts

(a) the kinetic energy T

(b) the Coulomb contribution to the electron interaction energy

Eoou = 5 [ o1)=—o(2)dr (44)
2 r12

(c) the remaining contributions to the electron interaction energy, i. e. the
exchange and correlation energies.

Of these contributions only (b) happens to be known exactly, while for the
other two one can at best best hope to approximate them somehow.

Density functional methods have been used even before the formulation of
the Hohenberg-Kohn-theorem. The classical of these methods is the Thomas-
Fermi model [226, 227, 228, 229). It is based on an analysis of the homogeneous
electron gas. This is characterized by a single parameter, namely the density
o (i. e. the number of electrons per unit volume), which is a constant, i.e.
which is independent of the position 7. Other properties, like the density of
the kinetic energy, must be expressible in terms of g, the kinetic energy density
is e. g. proportional to p?/% and the exchange density to ¢'/>. These relations
were applied to atomic theory, ignoring that the electron density in an atom is
very far from homogeneous. Although various kinds of corrections were added
to the simple Thomas-Fermi-model [228, 229], its success was very limited, it
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could e.g. not account for the shell structure of atoms and not for chemical
binding [230]. A careful analysis has shown that the most serious defect of
the Thomas-Fermi model lies in the approximation of the kinetic energy as a
functional of the density. Even till now no acceptable expression of the kinetic
energy as functional of the density has been proposed.

6.3 Slater-Kohn-Sham type methods

Modern density functional methods, that can be traced back to a paper hy
Kohn and Sham {231], avoid the evaluation of the kinetic energy as a functional
of the density. One rather introduces an artificial non-interacting system - in
a modified external potential — with the same density as the considered system
and one evaluates the kinetic energy of this system as the kinetic energy of
a Slater determinant. So the density functional methods in current use, are
strictly speaking not genuine density functional methods.

An ingredient of Kohn-Sham type DF methods is that the modified external
potential for the artificial non-interacting system should be local (multiplica-
tive).

Since in DF methods the unknown is the density, only basis sets to describe
the density well are required. So much smaller basis sets are sufficient than
for the genuine many-body methods described in sec. 6.

If one evaluates the kinetic energy (a) in the indicated way (plus an unkown
correction, since the two systems — i. e. the real and the artificial one ~ only
have approximatively the same kinetic energy), the two remaining parts (b)
and (c) cause less problems. In fact (b) is a genuine and universal density
functional, and (c) is regarded as relatively small, such that it does not matter
too much how one approximates this term.

A curious aspect is that the dominant part of the exchange-correlation
contribution is the removal of the unphysical self-interaction of the electrons
contained in (b). Attempts to leave this out from the very beginning, were not
too successful and have become popular only recently.

All essential ingredients of the Kohn-Sham approach were already con-
tained in the much older Xa method of Slater [210]. The main difference is
that the X method was designed as an approximation to Hartree Fock theory,
replacing the (non-local) exact Hartree-Fock exchange by a local approxima-
tion, inspired by Thomas-Fermi theory. It was then somewhat surprising that
the X o method performed often much better than the Hartree-Fock method
that it was designed to approximate. The origin of this apparent superiority
remained rather obscure for a long time. It has to do with the fact that in
replacing the exact Hartree-Fock exchange by a local exchange one simulates
to some extent the ’left-right-correlation’, that is ignored in the Hartree-Fock
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approximation. Now one tends to say that X a should rather be regarded as a
density functional theory of Kohn-Sham type. Therefore it appears fair to refer
to this class of functionals as of Slater-Kohn-Sham type, and to regard X so
to say as their ’zeroth generation’. That Xa did not turn out too successful,
had less to do with its shortcomings, e.g. that it did not treat exchange and
correlation separately, but rather with its somewhat unlucky marriage with
the 'muflin-tin approximation’.

Following the paper by Kohn and Sham various types of local exchange-
correlation functionals were used successfully in solid state physics and with
moderate success in chemistry. A big step in advance, especially as far as
chemical applications were concerned, came with the generalized gradient-
corrected functionals of Becke [213] and Perdew [214].

Meanwhile one counts three generations of density functional methods, (in
addition to X« as zeroth order) namely

1. Local density (LD) functionals or local spin density (LSD) functionals

2. Generalized gradient-corrected (GGA) functionals

3. Optimized potential method (OPM).

While methods of the first generation were only of limited use for chemical
applications, those of the second generation had a large impact on applied
quantum chemistry. They were especially successful for transition metal com-
pounds for which traditional quantum chemical methods has serious problems,
due to the strong dependence of the correlation energy on the occupancy of the
d-shell. Even systems with partially filled f-shells could be treated successfully
by DFT [232].

Methods of the third generation have so far mainly been applied to atoms
with rather good success, while for molecules they have not yet made the
methods of the second generation obsolete. These involve to some extent
orbital functionals [233, 234] rather than density functionals, and they are much
closer in spirit to quantum chemical ab-initio methods than were the older DF
methods. Like in older DF schemes one still insists on a local effective potential,
but self-interaction is usually - unlike in the older schemes - eliminated, which
makes the remaining exchange and correlation effects much smaller. In fact
the bulk of the exchange contribution consists in eliminating the unphysical
self interaction, that is characteristic for the older DF approaches.

In the QPM schemes one starts from a Hartree-Fock like exchange energy,
but the energy is optimized under the restriction that the effective potential is
local. So ’exchange only’ OPM is as close to Hartree-Fock theory as a scheme
with a local potential can be.

If one tries to forecast the future of density functional theory, the following
statements can be safely made:

1. Density functional calculations with black-box programs will become
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very popular, and this even for relatively large molecules, since one is now
very close to linear scaling [235, 236] of the computational effort with the size
of the molecule.

2. On the methodologic side there will be an increased pragmatic attitude,
and functionals with adjustable parameters will continue to be proposed, so
making the theory to a large extent semiempirical.

3. Simultaneously studies will be continued to understand the physical
basis of DF theory better, in particular to understand which are the essential
ingredients that make DFT work and whether it is possible to arrive at any
desired accuracy. If one is very optimistic one will hope that a hierarchy of
density functionals will be found, such that it is also possible to go to the next
higher level, if the lower one was not good enough. At present one is very
far from this situation. The history of DFT is rich in examples of improve-
ments based on formal arguments which rather deteriorated the agreement
with experiment.

4. There are indications that there may be some convergence between
traditional attempts to solve the Schrodinger equation by ab-initio methods
and the so far very different philosophy of DFT. The two approaches to many-
electron systems have so far almost been orthogonal and there was hardly a
communication between them. For DF methods of the third generation this
has drastically changed.

If one compares the attempts reviewed in sec. 3.2 to base many-electron
quantum mechanics on the two-particle density matrix, i.e. a 2-particle den-
sity matriz functional theory with the current density functional theory one
realizes that for the former the functional is exactly known, while the full
n-representability condition is unknown. For DFT on the other hand, the
functional is unknown, but the n representability does not cause problems.
Why should one take incomplete information on n-representability as more
serious as lack of information on the exact functional? Possibly there was just
more reluctance in the two-particle-density matrix functional community to
be satisfied with approximate n-representability conditions than in the density
functional community to accept approximate density functionals, and that this
different attitude was decisive for the historical development.

7 Conclusions

A quarter of a century ago electron correlation was a topic for a small group
of specialists, now it is the main challenge on the way to accurate quantum
mechanical calculations for atoms, molecules and solids. A corollary of this
observation is that Hartree-Fock calculations no longer pose any serious prob-



Electron Correlation at the Dawn of the 21st Century 213

lems, which was not the case some 25 years ago, when it did make sense to
worry about the optimum implementation of Hartree-Fock theory.

The main difficulties with electron correlation, that are only partially solved
are

(a) the poor convergence with extension of the one-electron basis

(b) the unphysical scaling of the computation effort with the number n of
electrons or N of atoms

(c) the lack of a fully satisfactory theory for those situations where a closed-
shell Slater determinant has to be replaced by a multiconfiguration reference
function.

As to problem (a) it is at least understood that the basic difficulty is caused
by the correlation cusp and that much better convergence is obtained if one uses
wave functions depending explicitly on the interelectronic coordinates. The
problem of difficult integrals can be avoided in the R12-methods, or possibly
by using Gaussian geminals. One may also think of improved extrapolation
techniques based on the known behaviour of the wave function for r;; — 0.

The unphysical scaling (b) is one aspect of the fact that in standard quan-
tum chemical computations one actually calculates more than is really needed.
If one succeeds in ignoring everything that is irrelevant, one will have got rid
of the scaling problem.

Even problem (c) is now being understood in principle, and satisfactory
solutions will probably be found.

So far calculations of correlation effects are rather expensive, but hopefully
this is going to change. As long as a rigorous improvement of ab-initio methods
has not been achieved, it will be hard for these methods to compete with
density functional approaches. These have the advantage of being relatively
cheap. Even if they are often not exceedingly accurate, the price-performance
ratio can hardly be beaten.

At the time of our first review [2] it would hardly have been possible to
predict the progress obtained in a quarter of a century. This is a warning as to
predictions for the next period of about the same lengths. One has to admit
that the past progress was to a large part due to the improvement of computer
hardware, and only to a smaller part the merit of theoretical chemists. In the
next 25 years or so the progress in methodological development will probably
become more important than that of computer technology.

The main challenge as to an improved theory of electron correlation as a
basis of accurate numerical quantum chemistry have been mentioned in this
review, namely (a) the explicit treatment of the correlation cusp, (b) the for-
mulation of methods that scale with a low power of the number of particles,
(c) the consistent combination of MC-SCF-theory for the nondynamic and
coupled-cluster methods for the dynamic correlation.
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Whether density functional methods will become dominating or whether
eventually they will be replaced by genuine many-body methods is hard to
predict. Possibly the two approaches will converge to a new simple and rigorous
theory of the electronic structure of atoms and molecules.

Although electron correlation is still the main bottleneck toward a rigorous
quantum chemistry, one should not forget that for molecules containing heavy
elements relativistic effects are not less important {17], while for molecules with
lighter atoms adiabatic and even non-adiabatic effects need to be considered
[18] . The theory of both types of effects is, fortunately on a good way.

It has been the aim of the present review to concentrate on what we regard
as the essential aspects. If we had cared to be complete as to methods that
have been proposed to treat electron correlation, we would have had to add
other methods, e.g.

(a) Valence bond (VB) approaches. There is a small, but rather convinced
community that is in favour of VB [237, 238] as an alternative selection of
configurations in a CI type formalism with a more complicated but also more
compact structure with less variational parameters. The problems characteris-
tic for CI, such as slow convergence with the basis size related to the correlation
cusp are also shared by VB.

(b) So-called fully numerical methods [239, 240] of the type finite differ-
ences (FD) or finite elements (FE). Such methods perform very well for one-
dimensional problems where they are among the most accurate ones. For
multidimensional problems there are serious difficulties. Since correlation in
an arbitrary molecule is at least a 6D problem much progress is needed for FD
or FE to become competitive.

(c) Monte-Carlo (MC) type methods. We have mentioned such methods
in the context of H. Monte-Carlo calculations have also been performed for
somewhat larger small molecules [241, 242]. For recent reviews see [243, 244,
245]. That the big breakthrough of such methods has not yet come, is due
to two difficulties, the node-problem and the different time scales for core and
valence-electrons. For multiboson systems where the node-problem does not
arise and where there is no shell structure, MC methods perform very well.
If these problems will be overcome, MC methods have a chance to become
competitive with the many-body approaches presented here in more detail.
MC methods actually have less difficulties concerning the scaling with the
molecular size, and they are rather easily implemented on parallel computers.
This may compensate that they are generally rather computer-time consuming.

(d) Pseudopotentials or effective-core potentials (ECP). These are not re-
ally methods to treat correlations effects, and are hence not the subject of the
present review, but they can simplify ab-initio methods considerably without
much loss in accuracy.
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(e) Dimensionality scaling [246, 247]. Here one considers a space of di-
menion n > 3 and extrapolates finally to n = 8. This is intellectually very
appealing. Whether it will gain a noticeable practical importance remains to
be seen.

(f) Complementary to methods in which one cares for the energy of a single
state, are approaches where energy differences between states are calculated
directly. (For a review see [248], as to some fundamental work and more recent
advances [249, 250, 251, 252, 253, 254, 255, 256]). From the point of view of
electron correlation methodes of this type (often based on propagator, Green’s
function or equation-of motion theory) exploit that the contributions to the
correlation energy common to the two states don’t enter. The gain is probably
not as spectacular as thought originally, but methods of this type will probably
continue to play some role, e.g. for the treatment of open-shell states based
on a closed-shell reference [252, 253, 254, 255, 256]).

(g) Methods for the treatment of electron correlation which are more pop-
ular in solid state theory than for molecules are reviewed in [257].

(h) Other unconventional methods are mentioned in [247, 258].

Possibly methods will become important that have not even be conceived
so far.
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tireference (MR) configuration interaction with singles and doubles (CISD)
wave function as a source of the three and four body connected cluster am-
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1 Introduction

The usefulness of coupled cluster (CC) methodology (1,2) for the account of
many-electron correlation effects is nowadays well recognized (for an overview
and further references, see Ref. 3). The standard CC approach involving singly
and doubly excited cluster amplitudes (CCSD method), particularly when sup-
plemented with a perturbative account of triply excited connected clusters
[CCSD(T) (4) or CCSD[T] {5) methods], represents a very efficient and reli-
able procedure that is routinely used to obtain highly correlated atomization
or dissociation energies, molecular geometries, as well as numerous other mole-
cular properties. These methods work extremely well (3,6,7) for nondegenerate
closed shell states and reasonably well for those open shell systems that afford
a reasonable zero order description via a UHF (of DODS type) wave function,
although some properties (e.g., harmonic frequencies) may be very sensitive
to the eventual spin contamination [or rather to the rate of change of the spin
contamination with the geometry (8)].

Unfortunately, the CCSD approach, and in particular CCSD(T), will poorly
perform, or even completely break down, in quasidegenerate or degenerate sit-
uations. Thus, while CCSD(T) will provide excellent dissociation energies
for a vast number of closed and open shell systems, it will invariably fail for
intermediate geometries, resulting in inferior or even nonphysical potential en-
ergy curves (PECs) or surfaces (PESs), unless the dissociation products are
closed shell species. Clearly, the latter is not the case when breaking the stan-
dard single or multiple chemical bonds. The reason for a poor performance of
standard CCSD at highly stretched molecular geometries is the non-negligible
role of higher than pair clusters, in particular of connected three and four body
clusters, obviating the usefulness of the single reference coupled cluster Ansatz.
The situation is even worse for CCSD(T) in view of the complete breakdown
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of the perturbative account of triples at large internuclear separations.

An obvious remedy in such cases is to employ one form or another of a
multireference (MR) CC Ansatz that is capable of handling the general open
shell situations. Unfortunately, the actual implementation and exploitation of
such a formalism proved to be both methodologically problematic and compu-
tationally demanding. Indeed, there is no general purpose software that could
be routinely exploited in such situations, and even various ad hoc implemen-
tations are often plagued with intruder state and multiple solution problems.
It is thus highly desirable to develop approximate methods that can handle
such systems, while being manageable computationally. Such approximations
usually focus on one state at a time, resulting in the so-called state selective
or state specific (8S) MRCC methods.

One of the SS MRCC methods that was recently introduced and showed
considerable promise in preliminary testing relies on the idea of ezternally
corrected CCSD (9-17), which achieves a more physical truncation of the full
CC chain of equations at the pair cluster level by exploiting three and four bedy
cluster amplitudes obtained by the cluster analysis of some relatively easily
accessible wave function that is capable of describing nondynamical correlation
effects brought about by the MR character of the state involved. Exploiting
for this purpose MR CISD wave function of modest dimension leads to the
so-called reduced multireference (RMR) CCSD procedure (15-17). The RMR
CCSD method (15) may be regarded as a de facto MR approach in the sense
that the method is unambiguously defined by the choice of a reference space
and that the RMR CCSD Ansatz involves the same number of connected
cluster components as the proper state universal (SU) (or Hilbert space) MR
CCSD Ansatz (18) relying on the same reference space. We can thus also
interpret RMR CCSD as an approximation to SU CCSD (15,16).

Another approximate procedure — that may or may not rely on the external
information concerning the computed cluster amplitudes (including one and
two body ones) — exploits the idea of the so-called split-amplitude straiegy
(19). The basic idea here is to represent the connected cluster amplitudes as
a sum of an a priori fixed approximate value of the amplitude and of a small
correction to be determined from CC equations. Using this ‘split~amplitude’
Ansatz in CC equations produces an analogous set of algebraic equations for
the correction terms. However, assuming that the approximation employed
for the a priori fixed part is good, one can neglect the higher order terms. In
fact, it turns out that even the linear or almost linear {AL) approximation (20)
can produce a very good estimate of the true amplitudes (20), and thus of the
energy.

The objective of this study is to explore the possibilities offered by the AL
version of RMR CCSD, since in the RMR-type approaches one obtains the
three and four body clusters from the corresponding MR CISD wave function,
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so that one also generates the one and two body amplitudes as byproducts.
Usually, these amplitudes represent already a very good approximation to the
true ones. We thus expect that the AL version of RMR, CCSD should perform
almost as good as its full version. After outlining the basic tenets of the
methods involved and of their possible combination in Sections 2 and 3, we
illustrate the performance of various versions of the AL-RMR CCSD approach
in Section 4 on several model systems involving four and eight hydrogen atoms,
the water molecule and the Fy molecule. The conclusions are then drawn in
Section 5.

2 Externally Corrected CCSD

The basic idea of the externally corrected CCSD methods relies on the fact
that the electronic Hamiltonian, defining standard ab initio models, involves
at most two body terms, so that the correlation energy is fully determined
by one (T}) and two (T3) body cluster amplitudes, while the subset of CC
equations determining these amplitudes involves at most three (T3) and four
(Ty) body connected clusters. In order to decouple this subset of singly and
doubly projected CC equations from the rest of the CC chain, one simply
neglects all higher than pair cluster amplitudes by setting

T,=T,=0, (1)

thus obtaining the ubiquitous CCSD equations.

The CCSD approximation was extensively tested and is widely employed to
handle correlation effects, since it provides excellent correlation energies as long
as the assumption of Eq. (1) is valid, i.e., as long as the three and four body
connected cluster amplitudes are negligible. This is usually the case when
considering nondegenerate closed shell ground states. However, surprisingly
enough, CCSD often provides rather good results even in highly quasidegen-
erate situations. In cases when only three body clusters are non-negligible,
yet small enough so that their effect can be accounted for perturbatively, the
CCSD(T) method (4) proved to provide a superior performance (6).

Unfortunately, when generating the full potential energy surfaces, the re-
gions of highly stretched geometries — corresponding to the breakup of one
or more chemical bonds — often represent highly quasidegenerate open shell
situations, which generally require multireference description. Using a single
reference cluster Ansatz in such cases leads then to appreciable contributions
of higher than pair cluster components, in particular of T3 and Ty, reflecting
the importance of nondynamical correlation effects.

One possible avenue to overcome this problem, without resorting to a gen-
uine multireference formalism, is to obtain the information concerning the
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T3 and Ty cluster components from some independent, yet easily accessible,
wave function, which at least qualitatively describes the dissociation channel
at hand. The first attempts in this direction relied on the UHF wave function
(of the DODS type), leading to the so-called ACPQ method (approximate cou-
pled pair method with quadruples) (9), and its recent explicit version referred
to as the CC(S)DQ’ method (14). Unfortunately, for closed shell systems,
the DODS-type wave function cannot provide any information about the T3
clusters.

Recently, both valence bond (VB) and complete active space (CAS) SCF
and CAS FCI wave functions were employed as a source of T3 and Ty cluster
amplitudes (11,13) (see also Ref. 12). The most satisfactory approach, how-
ever, that was developed very recently, relies on the MR CISD wave function,
based on a relatively small model space. This approach is referred to as the
reduced MR (RMR) CCSD method (15-17).

The essence of the RMR CCSD approach is to select a suitable (usually
incomplete) active or model space involving configurations that are essential
for a proper account of nondynamical correlation effects, and to generate the
corresponding MR CISD wave function |¥ME-CISD)  In order to make the
method efficient, the dimension of the active space, and thus of the SD excited
space, should be kept as small as possible. This is achieved by keeping the
number of active orbitals as small as possible. Choosing then the leading
configuration |®¢) as a reference, one carries out the cluster analysis of the
MR. CISD wave function, obtaining

| PMR-CP) = exp(T1 + 1Y + TV + T + - |20) (2)
Using now Tgfo) and T4(0) clusters in the SD projected CC equations,

(@OIHA+ T+ T + T2+ T + 1T+ T @e)e =0, (3a)

@D HOU+ T + Ty + T2 + TVT, + LT2 + 119 + 1T2T, + LT}

(3b)
+T0 + T + T 1) @) = 0,

rather than setting them equal to zero as in the standard CCSD [cf. Eq. (1)],
we obtain CCSD-like equations for T} and T amplitudes {t;},
a; + bi]‘t]— + Cijktjtk +...=0, (4)

where the summation over repeated indices is implied.
Clearly, the T3(0) and T4(°) terms contribute to the absolute terms a;, while
the TyT5" cross term modifies the linear bi; coefficients involving monoexcited
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t; clusters. Thus, in principle, this term has to be evaluated in each iteration
using the current values of ¢; clusters. In such a case we speak of an iterative
account of T1T3(D) correction (13). However, it can be shown (13) that replacing
the term T1T3(O) by TI(O)T;O) represents an excellent approximation, usually
changing the correlation energy by only a few microhartree. Since Tl(o) clusters
are available to us as a byproduct of the cluster analysis of [UMR-CISD) thig
noniterative account of T1T3(0) correction (13) is to be preferred. Even when one
insists on using the iterative account, it is advantageous to correct the absolute
term using TI(D)T3(O), and consider explicitly only the correcting monoexcited
cluster amplitudes (t; — t§°’) = 7;. In fact, such an approach corresponds
precisely to the spirit of the split amplitude methodology.

The RMR CCSD procedure {15) has been tested on several systems involv-
ing dissociation of single, double or even triple bonds, as well as simultaneous
breaking of two single bonds (15-17). In all cases very satisfactory results
were obtained. Even in the case of triple bond breaking (in systems like Ny or
CN), RMR CCSD enables us to extend the validity of a CCSD-like descrip-
tion to highly stretched geometries, while using incomplete, rather small active
spaces. Of course, the larger the active space and, correspondingly, the more
precise the MR CI wave function that is used to generate 75" and T4(0) cluster
components, the better the RMR CCSD result. Clearly, when full CI (FCT)
T3 and Ty clusters are employed, externally corrected CCSD returns the exact
FCI result.

3 Almost-Linear (AL) CC Methods

As we have already mentioned, all CC methods of practical interest are based
on approximations imposed on the form of the cluster operators, which are
very often followed by omitting some terms in CC equations. These two types
of approximations have been referred to in the literature as standard approxi-
mations {21). The impact of any approximation procedure on the accuracy of
the resulting CC method (assessed through the comparison with the FCI or,
equivalently, FCC results) strongly depends on the structure of the cluster am-
plitudes for the state considered: If all the amplitudes have a small magnitude,
these approximation schemes have little effect on the accuracy. If, however,
some of the cluster amplitudes are relatively large, as is the case, e.g., for the
Ts and T, amplitudes when nondynamical correlation effects are significant, as
mentioned in Section 2, the accuracy may deteriorate. This is due to the fact
that the adopted approximation procedure discards some important terms in
the original equations. This may be avoided if in the original equations we first
replace those unknowns that are expected to be large by the unknowns that
will take on smaller values, and only then impose the desired approximation(s).
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A convenient formal framework for the discussion of various aspects of such
an approach to the approximation process within the CC methodology was
recently formulated as the so-called split-amplitude strategy (19), in which
one represents the individual amplitudes in the form

t, = tEO) + 7. (5)

Here tEO) is an a priori known approximate value of ¢; that is obtained from
some independent source, while a small correcting term 7; is subsequently
obtained from the modified CC equations. Details concerning the form of
these equations, as well as possible sources of t,(-o)—amplitudes, may be found
in Ref. 19. Let us only mention that the split-amplitude strategy is primarily
beneficial in those cases when the set of larger t;—amplitudes represents a small
subset of the entire set of cluster amplitudes, i.e., in cases when the effective
splitting (tl(-o) # 0) applies to only a small number of amplitudes. In addition of
being helpful in designing new approximate CC schemes, the split~amplitude
strategy has also been exploited in various algorithms that are used when solv-
ing CC equations, particularly when one employs iterative procedures based
on a special choice of the starting approximation.

Inserting the split amplitudes, Eq. (5), into the FCC equations, we obtain
modified CC equations for the 7;,—amplitudes that have the same structure as
the standard CC equations, i.e.,

a; + Ei]'Tj + 6i]'ijTk +-.-=0, (6)
where now
a; =a; + bijtf,'O) + Cijktﬁ'O)tSCO) +-y (7a)
Boi = b L T
bij = by + 2ciuty, 4+, etc. (7b)

Since the linear version of the standard CC methods, designated as L-CC,
often provides an excellent approximation, this will likely be the case — to a
much higher degree of accuracy — for the transformed system, Eq. (6), in view
of the smallness of the correction terms 7;. The approaches based on the linear
equations

a; + BijTj =0 (8)

are referred to as ‘almost linear CC’ (AL-CC) methods. Notice that when
setting the tﬁ-o) —amplitudes to zero, the AL~CC method reduces to the standard
L-CC one. Moreover, the AL-CC equations can be viewed as the first Newton-
Raphson iteration to the standard CC equations.
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Various AL-CC approaches have been tested on a number of systems, in-
cluding models that enable a continuous change in quasidegeneracy. For ex-
ample, the so-called H8 model (20) was examined at the CCD, CCSD, CCSDT
and even CCSDTQ levels, using t§0)—amplitudes resulting from the MP2, CID
and various MR CISD wave functions. Moreover, the schemes in which only a
subset of the latter amplitudes was employed, depending on the chosen cutoff,
were also explored. A similar study was carried out for DZ or DZP models
of H,O, BH and HF at various geometries. These test calculations showed
that the AL-CC approximation invariably provides the energy values that are
very close to those given by the full solution of the corresponding nonlinear
CC system. Needless to say that the singular behavior of the standard L-CC
approaches, which is encountered in quasidegenerate situations, is avoided by
the AL-CC ones.

In view of these results it is of interest to explore the performance of the
AL version of the RMR CCSD method. Since the latter requires the solution
of CCSD-like equations, one can expect a similar performance and savings
as in the standard CCSD case. Moreover, in generating the TB(O) and T4(0)

amplitudes, one obtains the TI(O) and TQ(O) amplitudes as a byproduct. These
can then be exploited using the split-amplitude strategy in obtaining AL~-RMR
CCSD.

Implementing this idea for RMR CCSD, we split the one~ and two-body
cluster amplitudes, employ the MR CISD method to calculate the one- and
two-body tg»o)—amplitudes, evaluate the coefficients a; and IBij, Egs. (7a) and
(7b), and finally, solve the resulting linear system, Eq. (8). Thus the absolute
terms @, involve the corrections for all the terms involving T3 and Ty cluster
operators as well as for all nonlinear terms in 77 and T3, all evaluated using
Ti(o) MR CISD amplitudes, while the linear b;; terms involve only corrections
originating from the nonlinear CCSD terms. We shall refer to this version of
the AL-RMR CCSD method as AL-RMR-CCSD-1.

Following the AL-CC approaches studied by Jankowski et al. (20), the Ty
and T, clusters are treated differently. Namely, only the 7, amplitudes are
effectively splitted, i.e., only two-body tgo)—amplitudes can take nonzero val-
ues. Except for this difference, one then proceeds in the same way as above,
computing first the @; and E,-j coeflicients and then solving the linear system,
Eq. (8). This method is referred to as AL-RMR-CCSD-2. When the amplitude
splitting is carried out only for cluster amplitudes that are larger than a pre-
scribed threshold, the approach is labeled by indicating the cut-off employed.
We thus designate AL-RMR-CCSD-2 with a cut-off as AL-RMR-CCSD-2(n),
with 7 being the threshold. Of course, AL-RMR-CCSD-2(0) = AL-RMR-
CCSD-2. In this paper only two cut-off values, namely n = 0.02 and 0.1, are
considered.
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To sum up, we examine here essentially three types of AL-CC approxi-
mation schemes. First, the AL-RMR-CCSD-1 approach representing a direct
approximation of RMR CCSD in which the nonlinear terms in 7; are neglected.
Second, the AL-RMR-CCSD-2(5) methods, in which an additional approxima-
tion that ignores the nonlinear terms in 73 is invoked. Finally, we examine the
standard AL-CCSD approach that employs the same MR CISD Tl(o) and T2(0)
clusters as does AL-RMR CCSD. This last method can thus be regarded either
as an approximation to the standard CCSD method or as an approximation
to AL-RMR-CCSD-2 in which Ta(o) and T, 4(0) corrections are ignored.

4 Results and Discussion

The above outlined almost-linear (AL) versions of the RMR CCSD method
have been applied to several model systems involving four and eight hydrogen
atoms, as well as to a double zeta (DZ) model of the water molecule at both
the equilibrium and stretched geometries.

4.1 The H4 Model

We first examine the H4 model at a DZP level. This widely studied simple
system (22-30), introduced by two of the co-authors (22), involves two slightly
stretched hydrogen molecules in a trapezoidal conformation. Changing the
Z/HHH angle ¢ from 7/2 to 7, one proceeds from the highly quasidegenerate
square geometry (¢ = 7/2) to the nondegenerate linear one (¢ = ), while
keeping all nearest neighbor internuclear separations at 2 a.u. The geometry
is thus fully specified by a single parameter @, @ = ¢/7 — 1/2 (in radian).
The attractiveness of this simple model is that it enables one to vary con-
tinuously the quasidegeneracy from the fully degenerate limit (o = 0) to the
nondegenerate one (a = 1). _

The correlation energies for a series of geometries obtained with various
AL-CCSD methods are compared with the standard CCSD and L-CCSD re-
sults, as well as with the (2,2)-RMR CCSD and the exact FCI values in Table
1. Here and in the following the symbol (2,2) designates a 2-electron/2-orbital
reference space. Five AL-CCSD versions are considered: AL-CCSD relying
on the (2,2)-MR CISD amplitudes, AL-RMR-CCSD-1, and AL-RMR-CCSD-2
with thresholds 0.0, 0.02 and 0.1. In all cases a (2,2) reference space is used.
The well known CCSD and L-CCSD results (22) are included for the sake
of comparison. We recall the singular behavior of the latter approach in the
highly quasidegenerate regime and a rather satisfactory performance in the
nondegenerate region of geometries.

We first note a very good performance of the RMR CCSD method, which
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differs from FCI by less than a millihartree (mhartree) in the entire range
of geometries. Indeed, the error in the correlation energy steadily decreases
from 0.762 mhartree in the degenerate (¢ = 0) limit to 0.229 mhartree in
the nondegenerate (o = 0.5) limit. This is a significant improvement over
the standard CCSD, which differs significantly from the exact result in the
degenerate limit (by 5.508 mhartree). The AL-CCSD method, which must be
regarded as an approximation to CCSD, since in contrast to AL-RMR-CCSD-
2 it does not correct for the TB(O) and T4(0) clusters, gives indeed the energies that

Table 1

Comparison of correlation energies (all signs reversed) for the ground state of
the H4 DZP model {in mhartree), using a (2,2) model space. The AL-RMR-
CCSD-i methods are simply designated as AL-RMR-i.

Method «a
0.0 0.01 0.05 0.1 0.15

FCI 131.362  117.956  98.646  91.006  87.121
L-CCSD 65.855 34.785  112.392 96.713  91.436
CCSD 125.854  114.354  97.384  90.095  86.310
AL-CCSD® 126.097  114.403  97.370  90.085  86.301
RMR CCSD 130.600  117.300 98.240  90.700  86.854
AL-RMR-1 130.599  117.299  98.241  90.700  86.854

AL-RMR-2 (0) 130525 117.252 98.225 90.689  86.845
(0.02)) 130.582;5 117.35355 98.4655 90.8692 87.030
(0.1)Y 130.829; 117.523; 98.719; 92.727; 88.639,

o
0.2 0.3 0.4 0.5
FCI 84.953 83.042 82.460  82.332
L-CCSD 88.760 86.509 85.844  85.702
CCSD 84.183 82.294 81.710  81.580
AL-CCSD% 84.173 82.280 81.693  81.562
RMR CCSD 84.703 82.808 82.230 82103
AL-RMR-1 84.704 82.808 82.230  82.103

AL-RMR-2 (0) 84.694 82795  82.214  82.087
(0.02)Y 84.903; 83.1175 82.516; 83.3915
(0.1)» 86.300, 84.195;, 83.537, 83.395,

e tg-o)—amplitudes from (2,2)-MR CISD.
b The subscripts indicate the number of nonzero t§o)—amplitudes.
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are close to the CCSD ones, particularly in the nondegenerate region. Even
more remarkably, the AL-RMR-CCSD-1 energies hardly differ from the full
RMR CCSD ones, the differences being at the microhartree (uhartree) level.
Likewise, the AL-RMR-CCSD-2 energies are very close to the RMR CCSD
ones (the differences systematically decrease from 75 phartree to 16 phartree).
Naturally, larger discrepancies arise when only a truncated set of pair cluster
amplitudes is employed.

The small differences between the standard CCSD and AL-CCSD, and
between the full RMR CCSD and AL-RMR-CCSD indicate that the T” and
TQ(O) amplitudes obtained from the (2,2)-MR CISD are very close to the final
T, and Ty amplitudes. Thus, a considerable saving in the computational effort
can be achieved by using the “almost linear” strategy, with only a little loss
in the accuracy.

The reduction in the computational effort is most pronounced when only a
small subset of possible tg»o)—amplitudes is employed. We consider two thresh-

olds for the t§0)~amplitudes, viz., 0.02 and 0.1, which means that only the
amplitudes that are greater than 0.02 and 0.1, respectively, are taken into
account. When applying these criteria to excitations producing multideter-
minantal configuration state functions, all the amplitudes associated with the
excitations from the reference to these determinants are accounted for. The
subscript at the energies presented in Tables 1-5 indicates the number of
nonzero tgo)—amplitudes, e.g., in Table 1 for the H4 DZP model, we use 1
or 7 t;o)-amp]itudes (threshold 0.1) instead of 540 amplitudes. As one can
see in these tables, the AL-RMR-CCSD-2 results obtained with the reduced
set of t§0)—amplitudes are still satisfactory despite a significant reduction in
the computational effort. A very similar behavior is found for other systems
constdered in this paper.

Thus, on the whole, we observe that the simplifications arising from the
AL-RMR CCSD versions afford significant savings in the computational effort,
while causing only a relatively minor change in the RMR CCSD energies which,
themselves, provide an excellent approximation to FCI.

4.2 The H8 Model

In order to render the original H4 model to represent more closely realistic
systems involving a large number of quadruply excited cluster amplitudes,
Jankowski et al. (31) introduced two ‘spectator’ Hy molecules into the H4 [or
rather P4 (22)] model. Thus, the H8 model involves four slightly stretched
(2 a.u.) Hy molecules, initially arranged in a regular octagonal configuration
(@ = 0). The two opposing H, molecules then undergo a parallel shift (cf.
Ref. 31) of magnitude « (in a.u.).
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The results for this model considered at the minimum basis set (MBS)
and double zeta (DZ) levels are given in Tables 2 and 3, respectively. In both
cases, the (2,2) model space is used in multireference calculations. Again, both
AL-RMR-CCSD-1 and AL-RMR-CCSD-2 represent a good approximation to
the full RMR CCSD (both differing by only a few phartree at the MBS level
and by 10-60 phartree at the DZ level). In turn, RMR CCSD represents a
significant improvement over the standard CCSD (by more than 7 mhartree
for a = 0 for a DZ model).

Again, the closeness of the standard CCSD and AL-CCSD results, as well
as RMR CCSD and AL-RMR CCSD ones, indicates the high quality of the
Tl(o) and TQ(O) amplitudes that are extracted from the (2,2)-MR CISD wave
function.

4.3 The S4 Model

The most demanding of the Hy planar models is undoubtedly the S4 model
(32), in which the H atoms are kept at all times in the square configura-
tion, while the H—H separation « is continuously varied from the compressed
geometry (o = 1 a.u.} to a complete dissociation (in our case approximated
by a =6 a.u.). In this way, we simulate a simultaneous breaking of four single
bonds. Moreover, at all times we deal with the square geometry characterized
by the degenerate ground state.

Table 2

Comparison of correlation energies (all signs reversed) for the ground state of
the H8 MBS model (in mhartree). The multireference methods use a (2,2)
model space. The acronym AL-RMR-CCSD-i is abbreviated to AL-RMR-i.

Method a
0.0001 0.001 0.01 0.1 1.0

FCI 139.240 139.058 137.294 125.018 110.145
L-CCSD 90.275 90.011 88.292 ~2.145 114.127
CCSD 134.206 134.057  132.625 122.904 109.599
AL-CCSD® 134.366 134.212 132.737 122.876 109.609
RMR CCSD 138.380  138.200 136.455 124.418 109.795
AL-RMR-1 138.369 138.190 136.447 124.420 109.807

AL-RMR-2 (0)  138.361 138181 136439 124.414  109.806
(0.02)Y 138.3275; 138.1465; 136.3865; 124.42175 109.8115
(0.1)Y 138.363;; 138.183;; 136.445,; 124.525;; 114.345,

o) t;o)—amplitudes from (2,2)-MR CISD.
b The subscripts indicate the number of nonzero t;o)—amplitudes.
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Two sets of results are presented in Table 4, employing two different model
spaces for the RMR CCSD: One involves two electrons in two active orbitals,
and the other one four electrons in four active orbitals. In each case we employ
a DZP basis set and label these models as S4DZP (2,2) and (4,4), respectively.
We note a complete breakdown of L-CCSD and a rather poor performance
of CCSD [in fact, it is interesting to point out that the two-reference state
universal CCSD also breaks down in this case (32), although good results can
be obtained with the 2-reference version of the ACPQ method (33)].

Again, already the performance of (2,2)-RMR CCSD is remarkable in view
of the complete breakdown of the standard 2-reference SU CCSD (32) just
mentioned, the difference from FCI being almost constant (0.6 - 0.8 mhartree).

Table 3

Comparison of correlation energies (all signs reversed) for the ground state of
the H8 DZ model {in mhartree). The multireference methods use a (2,2) model
space. The acronym AL-RMR-CCSD-i is abbreviated to AL-RMR-:.

Method a
0.0 0.0001 0.001 0.003 0.006 0.01

FCI 161.060 161.041 160.870 160.501 159.947 159.207
L-CCSD 124.025 124.012 123.893 123.624 123.206 122.621
CCSD 152.307 152.295 152.191 151.959 151.620 151.180
AL-CCSD? 152.575 152.562 152.447 152.195 151.827 151.352
RMR CCSD 159.595 159.576 159.407 1598.034 158.485 157.772
AL-RMR-1 159.587 159.568 159.399 159.027 158.479 157.768

AL-RMR-2(0)  159.527 159.508 159.340 158.968 158.422 157.712
(0.02)”  159.63077 159.611;; 159.44177 150.068;; 158.4817 157.778
(0.1)»  159.672;3 159.653;3 159.486;3 159.119;; 158.578;3 157.876;3

a
0.03 0.06 0.1 0.5 1.0
FCI 155.893 151.835 147.820 135.530 132.489
L-CCSD 119.100 110.660 79.523 142.544 137.424
CCSD 149.183 146.714 144.152 134.360 131.689
AL-CCSD% 149.230 146.683 144.104 134.363 132.698
RMR CCSD 154.534 150.604 146.738 134.856 131.970
AL-RMR-1 154.537 150.613 146.752 134.874 131.992

AL-RMR-2(0) 154.489  150.574  146.722  134.864  131.982
(0.02)Y  154.63855 150.775s; 14695676 1351035 132.241+
(0.1)®  154.699;5 150.924;; 147.380;5 140.661, 143.131,

9 {9_amplitudes from (2,2)-MR CISD.
7
% The subscripts indicate the number of nonzero t;o)—amplitudes.



Table 4

Comparison of correlation energies (all signs reversed) for the ground state of the S4DZP model (in mhartree).

Multireference approaches use (2,2) and {(4,4) model spaces. The AL-RMR-CCSD-: methods are simply designated
as AL-RMR-.

Method «
1.0 2.0 3.0 3.5 4.0 4.5 5.0 6.0

FCI 101.808 131.362 179.203 212.571 250.467 290.326 329.046 394.353
L-CCSD 57.718 65.855 164.056  295.049  536.341  989.607  1931.96  22874.7
CCSD 91.305 125.854 184.389 222.532 262.845 302.310 338.821 399.080
(2,2) model space

AL-CCSD® 92.495 126.097 183.779 220.741 258.984 297.089 334.010 396.668
RMR CCSD 101.044 130.600 178.425 211.998 249.815 289.644 328.419 393.554
AL-RMR-1 101.043 130.599 178.617 211.981 249.791 289.614 328.384 394.564

AL-RMR-2 (0) 101.030 130.525 178.449  211.791 249.594  289.401  328.144  392.721
(0.02)®  101.1433, 130.852;9 178.399;3 211.734y, 249.531y, 289.343,, 328.089y4 392.682,4

(0.1)»  102.869, 130.829; 178.398, 211.668; 249.445, 289.2685 328.0385  392.7295
{4,4) model space

AL-CCSD¥ 92.550 126.183 183.897  221.025  259.602 298.074  332.279  399.142
RMR CCSD 101.346 131.208 179.179 212564  250.468  290.328  329.049  394.345
AL-RMR-1 101.346 131.208  179.179  212.564  250.468  290.328  329.049  394.345

AL-RMR-2 (0) 101.333  131.133  178.986  212.312  250.163  289.974  328.654  393.885
(0.02)  101.45330 131.2139 179.008;5 212.32454 250.173;, 289.982,5 328.66154 393.890,4
(0.1)®  101.542; 131.505; 179.073g 212.380z 250.2265 290.0365 328.7173  393.9144
—amplitudes from the corresponding MR CISD.

% The subscripts indicate the number of nonzero tg.o)-amplitudes.

a) tgo)
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Consequently, the RMR CCSD potential is almost parallel to the FCI poten-
tial. The so-called non-parallelism error (NPE) (34), defined as the difference
between the maximal and minimal deviations from the exact FCI potential, is
only about 0.23 mhartree (see also Section 5). Although the absolute differ-
ences between the RMR CCSD and FCI energies are further decreased when
enlarging the (2,2) model space to (4,4), (particularly for & > 3 a.u.), this is
not the case for the NPE. In all cases, however, we are within a 2 mhartree
error, even for this very demanding model.

It is interesting to compare the RMR CCSD and AL-RMR CCSD results
obtained with two different model spaces, namely (2,2) and (4,4) ones. For
example, when using the (2,2) model space, the difference between the RMR
CCSD and AL-RMR CCSD energies is very small, often less than 50 phartree.
Nonetheless, the largest difference, amounting to 1 mhartree, is found for o
= 6.0 a.u. This indicates that in some cases, the TI(O) and Tz(o) amplitudes
from (2,2)-MR CISD are not very close to the final 7} and T3, and the AL
version may cause some errors. When the large (4,4) model space is used, the
difference between RMR CCSD and AL-RMR CCSD in fact disappears. This
is easily understood since the 5S4 model is a four-electron system and the Tl(o)

and TZ(O) from (4,4)-MR CISD should be very close to the real T; and 7.

4.4 A DZ Model of H,O

This often used benchmark model is represented by the symmetrically stretched
H,0O molecule at the DZ level, for which the exact FCI results are available
{35). In addition to the standard L-CCSD and CCSD correlation energies,
we present the results obtained with RMR CCSD and four of its AL versions
(Table 5). Similarly as for the S4 model, we employ two different reference
spaces: the minimal (2,2) space, involving HOMO and LUMO, and the (4,4)
space involving four electrons in four orbitals (2 occupied and 2 virtual ones).
For an easier comparison, we also present the corresponding differences from
the FCI result in parentheses.

We see again that a ‘better’ performance of L-CCSD than CCSD at the
equilibrium geometry arises due to the fact that L-CCSD overestimates CCSD
energies (cf., e.g., Ref. 36). This is clearly seen for distorted geometries, where
this overestimate becomes extremely large in view of the increasing quaside-
generacy. In fact, the same holds for CCSD that again yields very respectable
results, even far away from the equilibrium geometry. Nonetheless, this re-
sult is greatly improved when we account for the T3 and T} clusters via RMR
CCSD, particularly when using the (4,4) model space. Again, however, at
R = 2R,, we already see a slight tendency to overestimate the computed cor-
relation energy, so that the trend for the differences between the FCI and RMR
CCSD energies to increase is reversed.

15
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Concerning AL approximations to RMR CCSD, we see that the best result
is obtained with the AL-RMR-~-CCSD-1 version, although for R = R, or 1.5R,,
it is hardly distinguishable from the AL-RMR-CCSD-2 result with zero cut-off.
We see that the increase in the cut-off threshold seems to ‘improve’ the result
for R = R.. However, it is not difficult to realize that this is again the result
of an overestimate, as becomes apparent at larger distortions.

On the whole, both AL versions of RMR CCSD give results that are rea-
sonably close to the proper RMR CCSD ones, thus representing viable ap-
proximations, even though their performance deteriorates as the bonds are
stretched and the quasidegeneracy sets in. In general, any AL version of RMR
CCSD is closer to the full RMR, CCSD when a larger model space is employed.

5 Conclusions

In this article we discuss the combined reduced multireference CCSD and

Table 5

Comparison of correlation energies (all signs reversed) for a double zeta model
of the ground state of the HyO molecule (in mhartree). The differences from
FCI are enclosed in parentheses. The AL-RMR-CCSD-i methods are simply
designated as AL-RMR-i.

Method 1R, 1.5R, 2R,
L-CCSD 146.719 (1.309)  218.284 (—7.291)  353.922 (—43.855)
CCSD 146.238 (1.790)  205.402 (5.591)  300.735 (9.332)

(2,2) model space

RMR CCSD  146.487 (1.541)  207.949 (3.044) 308.143 (1.924)

AL-RMR-1 146.487 (1.541)  207.988 (3.005) 309.641 {0.426)

AL-RMR-2(0) 146.502 (1.526)  208.135 (2.858) 312.702 (—2.635)
(0.02)2)  146.880s (1.148) 208.721; (2.272)  316.713go (—6.646)
(0.1)9  146.867, (1.161)  213.775, (—2.787) 335.1744 (—25.107)

(4,4) model space
RMR CCSD  147.001 (1.027)  209.656 (1.337)  308.357 (1.710)
AL-RMR-1  147.000 (1.028)  200.665 (1.328)  308.356 (1.711)
AL-RMR-2(0) 147.013 (1.015)  209.784 (1.209)  312.078 (—2.011)
(0.02)9  147.3415, (0.687) 210.276 (0.717)  313.597¢ (—3.530)
(0.1)  147.380 (0.648) 211.5705 (—0.577) 320.203,9 (—10.136)
0)

FCI 148.028 (0) 210.993 (0) 310.067 (

)

%) The subscripts indicate the number of nonzero tg-o —amplitudes.
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almost-linear CC approaches relying on the split-amplitude strategy. There
are many similarities between the externally corrected CCSD and the split
amplitude strategy (19), the latter stemming from an earlier study of the VB
corrected CCSD (11).

As already pointed out in Ref. 13, the externally corrected CCSD is equiva-
lent to (truncated) CCSDTQ with zero-iteration on T3 and Ty amplitudes that
are in turn obtained from some external sources. Depending on the source
of these amplitudes, we usually deal with only a proper subset of all possible
T3 and T, amplitudes. This subset is fixed in the externally corrected CCSD
calculations. The RMR, CCSD is then a special case of the general externally
corrected CCSD in which the MR CISD wave function is used as the external
source. The RMR CCSD method represents in fact a multireference approach
in the sense that it is uniquely defined by the choice of the reference space
and the fact that the RMR CCSD wave function involves the same number of
connected cluster amplitudes as the corresponding genuine MR CCSD, such
as the state—universal CCSD employing the same reference space.

The split-amplitude strategy represents the total amplitudes as the sum of
an ¢ priori known approximate value, obtained from some external source, and
an unknown correcting term. Assuming, further, that the known amplitudes
represent a good approximation to the true ones, the unknown corrections
can be obtained to a high degree of accuracy from a set of linear equations.
The results of this article show that when a proper reference space is used,
the connected clusters obtained from the MR CISD wave function represent
indeed a very good approximation, and the almost linear versions of the RMR
CCSD method performs very well.

As an overall measure of the quality of the shape of the computed poten-
tials, two of the co-authors introduced the above mentioned non-parallelism
error (NPE) (34), which is defined as the difference between the maximal and
minimal deviations from the exact FCI potential. Clearly, NPE=0 when the
computed potential differs from the FCI one by a constant shift. The NPE’s
of the computed potentials, given in Tables 1-5, are summarized in Table 6.
We see that the CCSD and AL-CCSD NPE’s, as well as the RMR CCSD
and AL-RMR CCSD ones, are very similar, implying a similar quality of the
resulting potentials. The RMR CCSD or AL-RMR CCSD NPE’s are usually
one order of magnitude smaller than the CCSD or AL-CCSD ones. For the
H4 and H8 models, which are essentially two-reference cases, we indeed ob-
tain similar results with either RMR CCSD or AL-RMR CCSD when using
the (2,2) reference space. In the case of the S4 model and of the symmet-
ric stretching of HyO, the AL-RMR CCSD potentials are slightly inferior to
those obtained with RMR CCSD. However, the quality of the AL-RMR CCSD
potentials improves when we employ a (4,4) reference space.

Note that the present study also suggests a more economical computa-
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tional approach to solving the full RMR CCSD equations (or in fact of any
nonlinear CC equations) by repeatedly using the AL strategy, namely by al-
ternately calculating the coefficients a; and I;,-j, Egs. (7a) and (7b), and solving
the linear equations, Eq. (8). In other words, starting from TI(O) and Tz,(o) am-
plitudes as obtained from the MR CISD wave function, one calculates &; and
bi;, and solves the linear equations, Eq. (8). The resulting one- and two-body
amplitudes are then used to recalculate d; and Bi]’, and new linear equations
are solved. Clearly, once @; vanish, the cluster amplitudes will satisfy the full
RMR CCSD equations. In this way, we only solve linear equations at each
stage, while the calculation of &; and b;; represents one iteration of the full
RMR CCSD equations. The AL-RMR-CCSD-1 approach clearly represents a
one-time application of such a strategy. The fact that the AL-RMR CCSD
results are very close to the RMR CCSD ones then implies that only a few
repetitions of the AL strategy will give us the full RMR CCSD solution.

As the final remark, let us emphasize that the AL approaches can be ap-
plied to much larger systems with many more electrons or can use more ex-
tensive basis sets. To illustrate this point, we present in Table 7 the potential
for the ground state of the F; molecule using a 6-31G(d) basis set. In spite
of dealing with a larger number of electrons, we can adequately describe the
breaking of the F—F single bond using a (2,2) active space (or, in fact, a two-
reference active space). Comparing the total energies, as well as the energy
difference E(3R,) — E(R,) (providing an estimate of the dissociation energy),
we find that the RMR CCSD potential is very close to the highly accurate
potential obtained with a large scale SR CISDTQ method. Moreover, the
AL-RMR-CCSD-1 potential hardly differs from the RMR CCSD one. Both
potentials are superior to that obtained with SR CCSD. We can thus con-
clude that with a suitable choice of the reference space we can safely employ

Table 6
Non-parallelism error (NPE, in mhartree) of resulting potentials for systems
given in Tables 1-5.

System/Basis Model CCSD AL- RMR AL-RMR AL-RMR
Space CCSD CCSD CCSD-1 CCSD-2
H4/DZP (2,2) 4760 4.503 0.533 0.534 0.592
H8/MBS  (2,2) 4.48% 4.338 0310  0.533 0.540
H8/DZ (2,2) 7953 7.694 0.948 0.977 1.026
S4/DZP (2,2) 22.881 17.830 0.226 0.976 0.878
(4,4) 22.881 18.393 0.465 0.465 0.258
)
)

H,0/DZ (2,2 7.542 1.503 2.579 5.493
7.542 0.683 0.683 3.220
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the AL approximation and obtain results of the same quality at a considerably
reduced cost.

Table 7

Comparison of total energies (in a.u.) for the ground state of the F» molecule,
obtained with a 6-31G(d) basis set. All multireference approaches use the
same (2,2) model space. The total energies are reported as —(E + 198), and
AE = E(3R,) — E(R,).

Method 1R, 1.5R, 2R, 3R, AFE

SR CCSD 1.041576 0.975471 0.954995 0.951949 0.089627
RMR CCSD 1.048464 1.004269 0.993703 0.992708 0.055756
AL-RMR-CCSD-1 1.048474 1.004270 0.993698 0.992700 0.055774
SR CISDTQ 1.050969 1.004182 0.992775 0.991642 0.059327
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Abstract

The Half-Projected-Hartree-Fock model (HPHF) which introdudes some
electronic correlation effects into the a singlet ground state wave-function is
briefly described. Two procedures for determining the HPHF orbitals are
described and extended to the direct determination of singlet excited states.
The procedure is applied to various examples of interest. The spectroscopic
constants of the Li; molecule lowest singlet excited states are calculated. The
optimal geometries of cyclobutanone and 3-cyclopenten-1-one in their singlet
(n— 7*) excited state are determined. Both molecules are found to exhibit, in
their excited state, a pyramidal conformation with the carbonyl oxygen atom
pointing outward with respect to the molecular plane. Finally, the HPHF
procedure is applied to estimate core excitations in the SFg molecule.
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1. INTRODUCTION

As is well known, the restricted Hartree-Fock model (RHF) has the form
of a single Slater determinant built up with doubly occupied orbitals which
minimize the total energy [1]. This model may be used without any problem
to determine the electronic energy and structure of closed shell molecular sys-
tems in their fundamental singlet state. It presents, however, the disadvantage
of predicting incorrectly the molecular dissociation into ions instead of neutral
atoms, because of the orbital double occupation. Thus, it should not be used
for studying chemical reactions which involve bond breaking.

One way to overcome this difficulty is to use different orbitals for differ-
ent spins (DODS model). This technique introduced, into the Hartree-Fock
scheme, gave rise to the unrestricted Hartree-Fock model (UHF), the wave-
function being written as an open shell single Slater determinant|2]:

‘I’UHF = {Ia151a252. . a,,l_),,l} (l)
where the spinorbital of different spins, a; and b;, may have different spatial
functions:

< a,‘lb,' ><1 (2)

The procedure to obtain the UHF spinorbitals is exactely the same as that
for the RHF ones, except that two pseudo-eigenvalue equations have to be
solved simultaneously by successive iterations:

Na M)
FPai=[H]+Y (J-KH+Y T
q q
and (3)
Yy ny _ -
FPby=[H)+ Y JI+ 3 (J1+ K] b
q q

where J! and K are the usual Coulomb and Exchange operators, and the lack
or presence of the upper bar means that the operators are constructed with «a
or § spinorbitals, respectively.

The UHF energy is expected to be lower than the RHF one, but in the case
of closed shell systems close to the equilibium geometry, the UHF energy usu-
ally coincides with the RHF one. This feature produces a sort of discontinuity
in the potential energy curve the internuclear distance when increases.
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In addition, the UHF function has the defect of not being an eigenstate of
the total spin operator, S, so that it is not a pure spin function but, rather,
a superimposition of states of different multiplicities:

YUHF gl 498 4 ¢S 1 07 + Y (4)

As is well known also, this new inconvenient may be overcome by project-
ing the Slater determinant on the singlet space [3]. The projection can be
performed before or after the minimization procedure. The latter (PUHF),
however, does not avoid the problem of the discontinuity in the potential en-
ergy curve. In addition, it does not furnish a wave-function which corresponds
to the energy minimum.

The determination of the spinorbitals after an orthogonal projection gave
rise to the projected Hartree-Fock model (PHF'), proposed by Lowdin in 1955
[3].

When an DODS Slater determinant of n electron pairs is projected on a
spin space of spin quantum number S, its projection takes the form of a linear

combination of 2: Slater determinants:

SP Do =3 Co(n,S)Y Dy (5)
P k

where the C), are the well known Sanibel coefficients which depend only on
the S quantum number and on the number of electron pairs. The second sum
runs over the k permutations corresponding to p transpositions, and the first
sum runs over all the possible transpositions [4].

The determination of such a wave-function is very involved and has been
studied by some authors [5-8]. Notice that the Sanibel coefficients are not
variational parameters but constant, this feature is the defect of the model.

On the other hand, a linear combination of only two DODS Slater determi-
nants in which all the o and 3 spins are interchanged, was shown to produce
similar results [7].

UHPHE — {10181 ... anbp| + [b1d1 . . . budnl} (6)

Taking advantage of the symmetry properties of the Sanibel coefficients,
this linear combination (6) was seen to contain only spin eigenstates with even
S guantum number, i.e, singlets, quintuplets, etc..:

HPHE — 0l 9f 400 4 (7)
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Because this new model is equivalent to a projection on half of the spin
space, it is called the Half-Projected Hartree-Fock model (HPHF). The corre-
sponding projection operator can be written easily in the following way {8]:

_ 1+ (=1)%]

A(S) = — (8)

where © is an operator which permutes all the a; and b; functions of a same
electron pair. R

It can be easily verified also that A(S) is a projection operator which de-
pends only on the parity of the spin number S:

n

AS) =A@
4(0)A(1) = 0 (9)

where A(0) projects on the even spin space; and A(1) projects on the odd
spin space.

Finally, it must be mentioned that the HPHF function is invariant under
any unitary transformation applied to the orbitals because all permutations of
the spin functions are performed (8].

The HPHF function is indeed not a pure spin function, but, in the ground
state the wave function for singlets will not contain any triplet component
which is usually the largest contaminant in the DODS function. Furthermore,
it may be expected that, in the ground state, the quintuplet contamination
will be very small because of its high energy. Different procedures have been
developed and applied successfully to small molecular systems [8-11]. A review
on this subject is given in Ref.[12].

In addition, the two-determinantal form of the HPHF function suggests
the use of this model for the direct determination of the lowest singlet excited
states. In this aim, a procedure similar to that for the ground state was
developed and successfully applied to small molecular systems [13-16]. In these
calculations, the HPHF model was shown to yield much better results than
single excitation CI calculations [15].
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2. THE HPHF FUNCTION FOR THE SINGLET GROUND STATE

2.1. The Brillouin Theorem

The first attempt to determine the HPHF orbitals was analogous to the
procedure used initially for the PHF orbitals [5]. For this purpose, the Brillouin
procedure was extended to the PHF scheme. Two sets of occupied orbitals,
each of them associated with different spin functions, are written in terms of
a limited basis:

1 2
a,a°...,a% ..., a

B, b2, b7, ., b2 (10)

In the same way, the virtual orbitals corresponding to the complementary
space can be expressed as:

n/2

a(n/2)+1’ o at‘ o a™

p/AFL gt ™ (11)

The trial occupied orbitals are then corrected in terms of the virtual ones:

m
o =al+ Y. cpa,
t=(n/2)+1
m
o=+ Y. b (12)
t=(n/2)+1
and introduced in the PHF function which is developed in terms of single,
double, triple,.. ., excitations.

U=+ D e WP+ 3 L, PsiP + 3 cpel, WPV 4 (13)
pt pt

ptiqv

where W2 are the Slater determinants in which an occupied orbital, a?, has
been replaced by a virtual one, a, and so on. The corrections ¢y, and c;,t are
then determined by minimizing the total energy.

The conditions which minimize the energy are obtained by setting the partial
derivatives with respect to the corrections equal to zero:

0 =< V'H - ElVU,> +3_ coul< VP'T|H — E|¥, > + < VEHH —~ E|UT >)
qu
+ ch < WEHYIH — E|W, > + < WPH ~ E[WEY >] (14)
qu

+higher order terms
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There are as many equations as corrections. These equations are not linear.
Their solutions would yield the exact PHF orbitals in the functional space of
dimension m, but they are unmanageable.

However, whenever the starting orbitals, a8 and b8, are sufficiently close to
the solutions, the terms of second and higher order in the corrections may be
neglected in (14). As a result, the conditions (14) become linear and nonhomo-
geneous. The solution of this system will provide new improved orbitals, that
may be used to start an iterative process. When selfconsistency is reached,
the corrections are zero. The conditions (14) take the form:

0 =<VU"|H-E[¥> and 0 =<V""|H-E¥> (15)

These requirements on the matrix elements are precisely the generalized
Brillouin conditions for the PHF functions [5]. They are very general and hold
also for all the DODS type funtions such as the HPHF function, as well as for
the RHF function.

2.2. The Pairing Theorem

Since the HPHF function is invariant under an unitary transformation ap-
plied to the orbitals a; or/and b;, both sets may be conveniently transformed
so that the orbitals belonging to different electron pairs are orthogonal:

(@ilbs) = Aibi (16)

Such orbitals are known as corresponding orbitals [4).
As a result, the overlap between the HPHF function with itself may be

expressed as:

(‘I,HPHFI‘I,HPHF) —1+D a7

where: N
D=T]A (18)

i=1

2.3. The HPHF Equations

In order to deal with the HPHF equations, it is convenient to define a series
of operators analogous to those of the UHF model:

Fe=h+JR+R) -

FP=h+JR*+RY-K

]

o>

o
—_

Ra
kb
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Fo = h +2J(R™) - KR®

In these expressions, ;1, J and K are the usual monoelectror}ic coulqmbic,
bielectronic coulombic and exchange operators, respectively. R® and R® are
the one-particle density operators expressed in the a; and b; orbital basis:

R = Xn: |as}{asl
t=1

Y (20)
i=1

In the same way. R% is a cross density operator between both basis sets:

(21)

; = Jai) (b
R =
With these definitions, the total HPHF electronic energy may be easily
written down:

EUHP + Ecross (22)
1+ D

where Eyyr should be the one-DODS-determinant energy and Egose, the in-

teraction energy between both determinants:

Eypyr =

Bunr = %Tr[(fi“ + RO + RoE® + ROFY
Ecross = DTT[R®h + R°bF®] (23)

From the energy expression for the HPHF function (23), the pseudoeigen-
value equations for the HPHF orbitals may be easily deduced resorting to
the Generalized Brillouin Theorem expression [10]. This theorem has been
shown to be valid for any MCSCF function {17] and, in particular, for a two
determinant SCF function (7,8):

8F ;

—— = (V|[H - E[¥*) =0

oo = (VIH - B (24)
where ¥ is now the HPHF function for the singlet ground state and is ¥* a
HPHF function in which an a; occupied orbital has been replaced by a virtual
one ay.

This expression may be rewritten in terms of the two DODS functions and,
taking into account the idempotency of the operator A(S) (9):



260 Yves G. Smeyers

oF

36 " (Wl H|(W + W) — (Wo|(WE + W) (25)

Developing this last expression in terms of the corresponding orbitals, we
have

(az,Fclat

~

/\i(b,-la,)(Em,, - DE)+

+2 (bl bla) - Z%bla; Vil F%ay) = 0 (26)
2

1

.?’Ib

We can now express this equation in compact form as:

(2:lH%as) = 0 (27)

A similar equation may be written for the b; orbitals.

Since W#PHF is jnvariant under an unitary transformation, two canonical
sets of a; and b; which diagonalize the matrix representation of H® and H®
operators, may be chosen:

A%as) = €2las)
Ay = e2lbs) (28)

The expression (26) was developed in Ref. 10, and it is possible to show that
it is equivalent to the diagonal of expression given by Smeyers et al. {11,18].

In matrix form, expression (26) may be rewritten as:

H®=F*+S (Rab +Rba) S (Ecroaa - DE) +
+D {S R*"F [I - R*®S| + [I - S R®*] F**Rb25} (29)

where S is the overlap matrix between the basis functions used for expanding
the orbitals.

The procedure is carried out by diagonalizing the H® and H® matrices
in an alternated way just as in the UHF procedure until the convergence is
reached.
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2.4. Some Applications to Singlet Ground States

Because of the complexity of the PHF function, only very small electronic
systems were initially considered. As first example, the electronic energy of
some four electron atomic systems was calculated using the Brillouin procedure
[8]. For this purpose, a short double zeta STO basis set, 1s, 1s', 2s and 2s’,
with optimized exponents was used. The energy values obtained are given in
Table 1. In the same table, the RHF energy values calculated with the same
basis are gathered for comparison. It is seen that the PHF model introduces
some electronic correlation in the wave-function. Because of the nature of the
basis set formed by only s-type orbitals, only radial correlation is included
which account for about 30% of the electronic correlation energy.

Table 1. Electronic energy (in a.u.) for some four electron atomic systems
calculated into the RHF, PHF and HPHF approximations.

RHF PHF HPHF

Li~ [ -7.42655 | -7.44087 | -7.44085
Be |-14.57213 | -14.58556 | -14.58560
B* | -24.23644 | -24.24959 | -24.24946
C** | -36.40718 | -36.42013 | -36.41955

In the same table, the HPHF energy for the same systems obtained with
the same basis are also given. It is seen that the HPHF model furnishes energy
values very close to the PHF ones with much less work and less computation
time.

sssss HPHF

-7.8% ooapoe RHF

-7.98

LITHIUM HYDRIDE
-8.05
o 1 2. 3. ‘ s

Fig.1. HPHF and RHF potential energy curves as a function of the nuclear
separation for LiH.
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The HPHF potential energy curve calculated as a function of the nuclear
separation in lithium hydride is given in Figure 1. Six STO’s as basis functions,
1s, 1s’, 2s, 2p,, on the Li atom, and 1s and 2p, on the H atom, with adjustable
exponents, were used. In the same figure, the RHF potential energy curve
obtained in the same conditions is also represented. It is seen that the HPHF
curve dissociates correctly into neutral atoms, whereas the RHF ones does it
incorrectly into ions. The HPHF model is seen to introduce some alternant
correlation effects in the wave-function.

It is interesting to point out that models such as the PHF and HPHF ones,
which resort to orthogonal projection are able to open only one electronic shell,
i.e., they are able to introduce either radial or alternant correlation [19]. This
is the limitation of these models. To introduce simultaneouly both effects non-
orthogonal projection operadors have to be used [20).

3. THE HPHF EQUATIONS FOR EXCITED STATES

The two-determinant form of the HPHF function suggests the use of this
model to determine singlet excited states. There is indeed no simple method
for the direct determination of the singlet excited states analogous to the UHF
for the triplet with Mg = 1.

The HPHF wave-function for singlet excited states is constructed by simple
substitution of an ax or by occupied orbital by an a; or b; orbital of the virtual
space in the two determinantal DODS function:

1 - -
\I’(bk ad bt) = 5{'0161 A akbtl + lb]él Cee bt&k'} (30)

The deduction of the HPHF equations for excited states gives rise to a new
challenge, since the excited orbital b, is usually orthogonal to the occupied one
ax. As a result, one of the overlap ); in equation (14) could be zero, (or close
to zero) which will give rise to singularities.

In order to solve this problem, we adopted a procedure originally developed
for biradicals [21]). New cross Fock and density operators are defined:

. n
R =3 ’;Iai)(bil
ik N

2 = lak) (bel (31)
F®=h+2JR® - KR®
fe=h +2j1‘zb - kr:b
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Finally we have:

D, = ﬁ A (32)
i#k
and for the energy:
Enpur = Eunr + El oy, (33)
where
EZ.s = DoTr{RI°FS?). (34)

With these new definitions, the HPHF equations may be easily written in
matrix form as:

HS = F* + S(R2° + RI")S B2, +

+Do{SrPP2 1 — R2PS] + [ - SR2P)EP2r2bs +
+S[rfPF5® — RAPA2rE®S + S[rp*Fa® — RO*f2°|rps) (35)

A similar expression for the Hf,’ matrix is obtained by interchanging the a
and b indices in (35).

The HPHF program structure is similar to that of the standard UHF pro-
gram except for the presence of additional cross Fock matrices, F*® and Fb2.
The corresponding orbitals have to be restored at each cycle of the iterative
process.

The HPHF procedure was initially applied to excited states with symmetry
different from that of the ground state. When the symmetry is the same,
special care has to be taken in order to avoid the variational colapsing into the
ground state [22].

There are different techniques for avoiding this problem. One way is to
orthogonalize the excited orbital b; to the occupied orbital e, of the same
shell, at each stage of the iterative procedure:

(aplbe) = 0 (36)

The HPHF procedure for determining the orbitals of a singlet excited state
is remarkably stable and converges very quickly. Usually, twenty iterations
yield reasonable values of the total electronic energy.
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4. APPLICATIONS

4.1. The Lithium Molecule excited states

In an attempt to check the performance of the HPHF model for determining
singlet excited states, most of the excited states of the lithium molecule, Liz,
were determined as a function of the nuclear separation, and their spectroscopic
constants evaluated. In this aim, the standard 6-311G* basis set was used for
all of them [15].

In Fig.2, the corresponding potential curves are represented, including that
of the C’E; state with identical symmetry as that of the ground state.

Table 2. The equilibrium distances, R., (in A), the force constants, w,, (in
cm™!) and the anharmonicity constants, w.z., obtained by using the HPHF
and other methods are given for some singlet states of the lithium molecule,
together with the experimental values.

State | Methods | R. We WeTe
X E; RHF [ 2.784 | 343.17 | 2.96
HPHF | 2.931{259.71 | 1.66
MCSCF | 2.692 | 347.1 -
Exp. 2.673 | 351.43 | 2.61
AT | HPHF |[3.106 [ 270.09 | 1.40
MCSCF | 3.13 254. -
Exp. 3.108 | 255.47 | 1.58
B, | HPHF | 2.884 | 325.76 | 1.46
MCSCF | 3.050 | 288. -
Exp. 2.936 | 270.12 | 2.67
CT)J; HPHF | 3.182 [ 256.30 | 0.138
CCSD | 3.56 1 137. -
D', | HPHF [3.183 [258.19 | 1.80
MCSCF | 4.161| 83. -

In this table it is seen that the values obtained in the HPHF approach for
the spectroscopic constants of Lis in its first singlet excited state are espe-
cially satisfactory when compared with the MCSCF and experimental values.
The values for higher excited states are not so good, probably because of the
contamination of higher spin states, as well as the use of a basis set built up
essentially for the ground state. Finally, it is noticeable that the values found
for the ground state are not satisfactory at all, this result is generaily observed
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when using DODS functions, which rise to a too flat potential energy curve.

-14.70 e — T ey
ouoaaxt
q.MNXI (RHI’-‘)
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- -
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«
e d
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o 14.80
[
<]
4 4
5]
r- J
~14.85
4
-14.90 - 1 " 1 i 1 . 1 " 1
1.0 2.0 3.0 4.0 50 6.0

R(A)
Fig. 2. Potential energy curves for some states of the lithium molecule
calculated with the 6-311G* basis set.

4.2. Cyclobutanone and Cyclopentenone in their first singlet excited
states

As a test for checking the effectiveness of the model, we have applied
the procedure and determined the optimal geometries of two relatively large
molecules: cyclobutanone and 3-cyclopenten-1-one {16], which are well known
in their first (n — 7*) excited state [23-26].

To optimize the geometry, we used the Simplex method recently imple-

mented into the HPHF program [27].
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4.2.1. Cyclobutanone

Cyclobutanone was considered in both the singlet fundamental and the
first excited (n — 7*) state {16]. The geometry was fully optimized, at the
RHF and HPHF levels, respectively, using a dummy atom at the center of the
molecule (X), and the minimal basis set [7s,3p/2s,1p] [28].

The following restrictions were imposed during the optimization: (i) the
molecule was symmetric with respect to a plane perpendicular to the CoC,Cy
molecular plane; (ii) the hydrogen atoms, Hy and Hy were in this plane, Hy
and Hy were in the XCoHo» and Hy Cy4X planes, respectively; (iii) the bond
length C — H was the same for all hydrogens, as well as the HC H bond angle.

The optimal geometrical parameters of this molecule in its fundamental
singlet and its first excited state are given in Ref. [16], where it is seen that
the fundamental singlet state exhibits a planar conformation with the carbonyl
oxygen atom lying very approximately in the CoCyC4 plane. In contrast, the
excited state (n — #*) shows a pyramidal conformation, with the C; = O
bond pointing outwards and forming a wagging angle of o = 38.66° with its
projection in the molecular plane CyC;Cy, in very good agreement with the
experimental data 41°, 42° and 39° [23-26].

Table 3. Main geometry parameters (in A or degrees), barrier heights (in
cm™!), and $? mean values for cyclobutanone and 3-cylopenten-1-one in their
fundamental and lowest singlet excited states.

Molecules | Parameters * | Planar S, | Pyramidal S;
(RHF) (HPHF)
! 0.0117 +38.66
C,=0 1.2791 1.5410
Cyclo- Cy-Cq 1.6311 1.5058
butanone 0-C;-Cy 134.48 118.55
Barrier - 1,362.2
<S*> 0.0 0.0885
o 0.003 +30.26
C,=0 1.2867 1.5233
3-Cyclo- C1-Co 1.6169 1.5185
penten-1-one 0-C;-Cy 126.03 118.265
Barrier - 895.6
< 8> 0.0 0.0803

* The UPAC atom numbering is used.
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In order to evaluate the energy dependence on the wagging angle, the RHF
and HPHF calculations were repeated in both states at some critical values:
for the gound state at £40° and for the excited state at (° with the oxygen
atom fixed in the molecular plane.

The most relevant results are given in Table 3, where it is seen that the
ground state exhibits a single minimum, whereas the excited state presents a
double minimum with an inversion barrier height of 1,362.2 cm™!, in reasonable
agreement with the experimental data: 1,940, 1,850, and 1,550 cm™! [23-25].
In the same table, the mean total spin momentum for < S? > is given. It
is seen that the HPHF method yields practically a pure spin function for the
singlet excited state.

4.2.2. 3-Cyclopenten-1-one

In the same way, 3-cyclopenten-1l-one was considered in both the singlet
fundamental and the first (n — 7*) excited states. The geometries were also
optimized at RHF and HPHF levels, respectively, using the same basis set [28].

The following restrictions were imposed during the optimization: (i) the
molecule was symmetric with respect to & plane perpendicular to the molec-
ular plane C2C1Cs. Ho and Hs were in the XCoHo and Hs»CsX planes,
respectively; (ii) the Hy and Hyg atoms were in the C3C4X; plane; (iii) fi-
nally, two values for the bond lengths C — H were considered according to the
hybridization.

The results are presented in Ref. [16]. As expected, the fundamental singlet
state exhibits a planar conformation {23], with the carbonyl oxygen atom lying
approximately in the molecular plane. In contrast, the singlet (n — 7*) excited
state shows a pyramidal conformation, with the C; = O bond forming an angle
of @ = 30.26° with the molecular plane, CoCC’, in very good agreement with
the experimental data: 26° and 33° {23,26].

In the same way the energy dependence on the wagging angle was eval-
uated by performing, RHF and HPHF calculations in both states at some
critical values: for the ground state at +30° and for the excited state at 0°
with the oxygen atom fixed in the molecular plane.

The main results are given in Table 3, where it is seen that the ground state
presents a single minimum, whereas the excited state exhibits a double min-
imum with an inversion barrier height of 895.6 cm™! in very good agreement
with the experimental data: 966 and 780 cm™ 23,26].

In the same table 3, the mean total spin momentum is given. It is seen
that the HPHF method furnishes practically a pure spin singlet function.
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4.3. Core_excitations

Finally, the applications of the Half-Projected-Hartree-Fock model have
not to be limited to the excitations of the valence electron shell. This model
can also be used to study core electron excitations. This aspect is especially
interesting, since there are very few efficient methods for such calculations in
molecular systems [29,30].

In order to illustate this possibility, the SF¢ molecule, for which there exist
experimental data has been tested [31]. For this purpose different basis sets
for the different excitations have to be used. For 1s excitations in the central
sulfur atom, the standard chlorine atom basis was employed for describing
all the sulfur electrons. For the 2s or 2p excitations in the same atom, the
chlorine atom basis was employed for describing the sulfur L and M shells.
The corresponding excitation values are given in Table 4.

Table 4. HPHF excitation energies for different states of the SFg molecule,
semi-empirical and experimental values( in a.u.), as well as the mean < §? >
values.

Core Semi-empical | Flexible | Experimental | < §% >
Excitations | calculations basis
Is = tiy 91.678 91.524 91.358 0.170
25 — tiy 9.008 8.838 8.838 0.105
2p — a4 6.467 6.253 6.331 0.091

It is seen that the HPHF model reproduces satisfactorily the core excita-
tions in SF§, even better than some semi-empirical procedures {32]. The mean
total spin momentum values are seen also to be very small.

5. DISCUSSION AND CONCLUSIONS

Throughout this paper the HPHF model is described and applied to deter-
mine the optimal geometry of the first singlet excited state of some molecular
systems. The procedure yields only one electronic state in each calculation but
it is found to converge quickly. The results are in relatively good agreement
with the available experimental data. The procedure permits also the use of
different basis sets for the different states.

The model permits to determine spectroscopic constants, as well as to op-
timize the geometry in the lowest excited singlet state. The theoretical struc-
tures, inversion angles and barrier heights obtained for cyclobutanone and
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tures, inversion angles and barrier heights obtained for cyclobutanone and
3-cyclopenten-1-one compare surprisingly well with the available experimental

data.
Finally, the HPHF model permits also to determine core excitation in

molecular systems.

It may thus concluded that this procedure can be advantageously used to
determine the lowest singlet excited states of large molecules to which more
sophisticated methods could not be easily applied.
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1 Monocoordinated complexes as molecular models and chemical species

Most of the transition-metal complexes known as chemically stable compounds
inciude a rather high number of ligands, i.e., as many as their usual coordination
number allows (4, 5, 6) and possibly several metals ; this complicates the
interpretation of their electronic structure in terms of classical o, m, & charge
transfers of donation and back-donation types , because of their mutual
interactions (see ref[1]). During the last fifteen years , theoretical and
experimental works have been devoted to the study of complexes of lower
coordination involving neutral metals or ions and various ligands : diatomics and
simple polyatomic molecules such as dinitrogen N, , dioxygen O, , carbon
monoxide CO , water H,O , ammoniac NH, , methane CH, and other alcanes etc...
A typical example of this research line is the senies of compounds Fe(CO),
derived from iron pentacarbonyl by successive abstraction of its CO groups,
which has been investigated fromn =35 to1{2,3,4].

Interestingly, among the ligands most often considered for cations, there
are several closed-shell systems with ten electrons or ten valence electrons as CO
[5]. More recently , the bonding of a transition metal with a ligand containing one
electron more , as nitric oxide NO® [6,7,8] or one electron less , as the cyano
radical CN® [9,10] has been also studied both from the experimental and
theoretical points of view. Here , we will present a comprehensible account of our
investigations concerning cyanide and isocyanide metal cations MCN", MNC",
where scandium Sc®, iron Fe" and copper Cu’ have been selected as
representatives of early , medium and late transition metals M . The Cu” cation
has a 3d' entirely filled configuration , corresponding to a dominant 'S closed-
shell ground state , Sc* an open-shell 3d'4s' structure giving rise to two D and 'D
low-lying states separated by about 0.3eV. , Fe* a 3d®4s' structure in its D ground
state and two different structures 3d’ and 3d%s' in its *F and ‘D first excited
states for a total energy interval less than leV.

At first sight , the main interest of monocoordinated complexes for
Quantum Chemistry lies in the simplicity of their energy-level diagrams , as given
by the standard ligand field or molecular orbital theories [11] . It is then easy to
identify various electronic energy components ( i.e. , electrostatic , polarisation ,
exchange contributions and so on ...) in the theoretical results [12,13] , at least at
the SCF level .

However , quantum-mechanical calculations on these systems are not
merely theoretical exercices , for they may have direct or indirect laboratory
counterparts . On the one hand , compounds with one ligand are observed in gas-
phase experiments of mass spectroscopy either by fragmentation of parent
molecules , or by reactions of bare transition-metal cations on simple molecules ;
and this offers the opportunity of generating and studying species which are in
fact reactive intermediates postulated for condensed-phase reactions (see{14,15])
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Now, theoretical calculation methods of sufficient accuracy may fill the lack of
quantitative information concerning so elusive species . On the other hand , the
use of a monocoordinated complex as being the simplest molecular model to
simulate a chemisorption phenomenon on a metallic surface, for instance the
chimisorption of carbon monoxide on iron or nickel [16,17,18] enables to predict
the shifts of the CO stretching vibration of the adsorbed species . Similar effects
observed with cyanide anions CN” on a cathode of platinum , silver or gold , using
non-hnear optics techniques can be rationalized by computing the CN vibration
mode of the corresponding triatomic systems [19,20,21] .

Finally , the monocoordinated complexes can be expected to be present in
the interstellar space and detected in radioastronomy provided the elemental
abondance of the metal is sufficient . This should be the case of iron *Fe , a very
stable nucleus, the observation of which in molecules like FeCO [22] has failed
up to now . Given the fact that cyano compounds formed by sodium and
magnesium (i.e, NaNC, MgNC and MgCN) have been already observed
{23,24,25] calculations of iron complexes have some interest for Astrophysics.

2 Quantum-mechanical predictions
2.1 Multireference second-order perturbation methods

As experience gained in computing wave functions for monocoordinated
complexes may be helpful for the treatment of more complicated systems , it is
relevant to describe in this context the calculations made with only one ligand CN
Molecular orbital wave functions have been constructed from an appropriate set
of atomic orbitals, using the MC-SCF formalism to generate a variational space of
determinantal functions of not too large size, and the second-order perturbation
technique to evaluate the contributions of the functions of the complementary
space. This in principle includes all the singly and doubly excited determinants
with respect to those already present in the variational space, that is to say a huge
number of multiexcitations as soon as the generating space is itself large.

For all the systems considered in this work, the determination of the SCF
molecular orbitals involved in the subsequent correlation treatment, and the
optimization of molecular geometries have been achieved inside the Ci.
symmetry subgroup for most cases, instead of the full C .. group valid for linear
species, or of course inside the C; group for possible bent forms. If the system in
question contains non-completely filled electron systems, as in usual transition
metals, the determination of a set of molecular orbitals adapted to the symmetry
of the nuclear framework is often tedious, because the SCF algorithms do not
automatically ensure the equivalence properties of the degenerate orbitals; for
instance, the equivalence of the one-electron wave functions transforming as x
and y or xy and x’-y’ with respect to the z internuclear axis . As done here, the
problem is generally solved by using SCF treatments based on complete active
spaces (CAS) with an appropriate number of active electrons distributed between
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selected bonding and antibonding molecular orbitals . Accordingly , the so-called
CAS natural orbitals issued from this treatment are taken as molecular orbitals .

The composition of the active spaces involved in the CAS-SCF
calculations (numbers of active orbitals and active electrons, n and N respectively,
numbers of generated determinants and numbers of configurations state functions)
is given in Table 1 for the various complexes and their fragments . Concerning the
latter, the orbitals of the Sc* and Fe' cations have been obtained by means of
CAS-SCF calculations in C, symmetry made on the average of the configurations
describing the D and °D states respectively , and those of Cu® from its unique
closed-shell configuration ; the orbitals of the CN® ligand have been extracted
from an active space formed by its 40, 1n,, In,, 5o, 2x,, 27, energy levels . For the
(M" + CN ) systems themselves , the active space was built by the union of the
active orbitals of the ligand and the 3d, 4s orbitals of the metal .

The second-order perturbation calculations following the CAS-SCF
treatments previously described are intended to supply the deficiency of
correlation, if any, included in the latter. To compute the energy corrections to be
added to the variational zero-order values obtained by diagonalizing the active-
space Hamiltonian matrices (see tables 3a and 3b of section 2.2), we have
performed two different kinds of multireference perturbation CI treatments, both
of them being based on improvements of the general CIPSI algorithm {26]
recently developed by the Ferrara-Pisa group{27, 28, 29,30} .

- Table 1 -

Characteristics of the CAS-SCF calculations

System n N number of det. CSF

ScCN* 12 9 97894 46974
ScNC* 12 9 97894 46974
FeCN* 12 14 43608 35446
FeNC”* 12 14 43608 35446
CuCN* 12 17 27327 14251
CuNC* 12 17 27327 14251
CN 6 7 54
Sc* 6 2 15
Fe' 6 7 6
Cu’ - - 1 1

n = number of active orbitals ; N = number of active electrons , CSF = number of configuration
state functions

In the first one, the zero-order variational space is just the active space of
the CAS-SCF calculations; thus it can be depicted as a CASPT2 approach . In the
second, a more refined variationa! space “ & la CIPSI ** is constructed ; it uses a
specific selection procedure in order to ensure an ** aimed reference second-
order perturbation “ MRPT2 treatment of the single and double excitations with
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respect to the determinants included in the varnational space, whatever the
internuclear distances may be [30] . For each procedure, the two different
partitions of the zero-order Hamiltonian, namely the barycentric Moller-Plesset
and Epstein-Nesbet ones ( see ref.[31] ), have been implemented .

Concerning the use of second-order perturbation methods in connection
with CAS calculations, the following point should be kept in mind : In a CAS-
SCF calculation, even of moderate size, a large amount of determinants does not
plav a really important role as components of the active space, because their
coefficients are vanishing in the expansion of the variational part of the total
wave function. The MRPT2 method eliminates them from the active space and
resorts to an extrapolation procedure in order to recover the full perturbation
result . It yields better results than the CASPT2 method at a comparable cost of
computer time, as shown first by the lowering of the zero-order energies and the
reduction of the second-order corrections, second by the narrowing of the gap
between the upper MP2 and lower EN2 results ; In this respect, the norm of the
first-order perturbative correction (i.e.the sum of the off-diagonal elements of
the interaction matrix divided by the corresponding excitation energies ) gives an
important piece of information, for an excessive value of this quantity suggests
that the MP2 result should be discarded because of the presence of “ intruder
states “ in the multireference space [ 32 ] ( see below for an example : SCNC*) .

The atomic orbitals chosen for this work are derived from the MIDI
Gaussian sets of Huzinaga preserving the n 1 m shell structure of atoms . They are
split valence bases whose last components are left free, increased by two p and
one d diffuse functions for the transition atom whose exponents are the values
recommended in ref. [32] . Writing the Gaussians in the s/p/d descending order,
they are expressed as follows :

C.N  (63/5) > (621/32)
Sc,Fe,Cu (5333/53/5)> (53321/5311/321)

2.2 Cyanide and isocyanide structures

In a preliminary series of calculations performed at the CAS level, it was
found that the complexation of the transition metal cation M" by the cyano group
CN¢ gives linear molecular structures preferentially , M being located at the
minimum of a rather flat potential energy surface along the CN axis . The
geometry obtained at this step has been retained for the study of the stabilities of
the various species MCN" , MNC" using , however , binding energies computed
at the level of higher correlation (PT2) . The corresponding ground-state
configurations predicted by this treatment are A , *A , L for Sc’Fe',.Cu"
complexes respectively .

According to the geometry parameters collected in Table 2 , the cyanide
complexes MCN™ have more lengthened structures than isocyanides MNC" , iron
Fe" giving the most compact one in both cases . This simply reflects the variation
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of the metal-ligand distances in each molecule , for the values of the CN bond
lengths are not very different from the one evaluated at 1.2040 A in the same
theoretical conditions for the free radical CN° , and somewhat erratic ( ie.,
exhibiting small changes not necessary concomitant with the metal distances ).

The computation of rotational constants B, from the inertia moments [,
corresponding to the interatomic distances in both types of complexes illustrates
the situation clearly : the cyanide and isocyanide isomers have rotational constants
separated by about 0.6 GHz , and this shift upwards for the isocyanide species
may be useful for their spectroscopic investigation , as already done for the pair of
isomers MgNC and MgCN . Corresponding dipole moments are indicated in this
connection . It should be added that the present values are consistent with the
experimental parameter B = 4.358596 GHz assigned to a related complex FeCO
[34].

As explained in section 2.1 , the binding energies of the various systems
with respect to their dissociation products ( M™ + CN® ) have been evaluated by
including second-order perturbation corrections to the CAS primitive treatment .
For conveniences of calculation , the energies of the dissociation products have
not been computed separately but as a whole , by locating the cation far enough
from the ligand ( .e. , 90 a.u.) . Consequently , the energy differences obtained in
this way have to be depicted as asympotic dissociation energies D, [35] . No
correction for basis set superposition errors ( BSSE ) is taken into account by such
a procedure; for related systems, standard SCF calculations have given an error of
about 20 % on binding energies [36] .

The series of values presented in table 3a originate from CASPT2
calculations camed out in the frame of Moller-Plesset and Epstein-Nesbet
second-order perturbation theories bracketing the total energy upwards and
downwards by 0.02-0.05 a.u. .

- Table 2 -

Structural parameters for the cyanides and isocyanides at the CAS level

M+ R(M-L) r(C-N) I B, TR

cyanide

Scandium 2163 1.196 2.309 3.634 -13.11
Iron 1.978 1.199 2.184 3.843 -10.78
Copper 2225 1.221 2,699 3.109 -2.47

isocyanide

Scandium 2015 1.212 1.971 4.258 -12.10
Iron 1.869 1.213 1.897 4424 -10.62
Copper 2.073 1.197 2.259 3.715 -0.10

R and r are in angstroms ; L denotes C for cyanides and N for isocyanides; the moments of inertia
are 1.10™* kg m? ; the rotational constants B, are in GigaHertz ; the dipole moments fL. , in Debye,
are calculated with respect to the center of mass .
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- Table 3 (a) -
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CAS and CASPT2 energies of cyanides, isocyanides and fragments
( CAS equilibrium geometries)

Scandium

Sc-CN* Sc-NC* - CN
CAS -851.756917 -851.759404 -851.573566
CASMP2 -851.906993 (043) -851.914208 (041) -851.794318 (.069)
CASEN2 -851.915893 (.048) -851.925339 (.047) -851.838909 (.097)
Iron

Fe-CN' Fe-NC* Fe'---—-- CN

CAS -1354.20981 -1354.19998 -1354.10982
CASMP2 -1354.40555 (054) -1354.40644(.063) -1354.32092(.059)
CASEN2 -1354.42236(.051) -1354.42539(058) -1354.34336(.068)
Copper

Cu-CN* Cu-NC* Cu’ -—-CN
CAS -1730.54349 -1730.58086 -1730.49987
CASMP2 -1731.05296(.124)  -1731.09213(123) -1730.87325(.076)
CASEN2 -1731.08326(.136) -1731.12767(.138)  -1730.92887(.098)

In brackets, norm of the first-order perturbation correction .

- Table 3 (b) -

MRPT?2 energies of cyanides , isocyanides and fragments
( CAS equilibrium geometries )

Scandium
Sc-CN* Sc-NC* S¢ T-—--CN

Variational -851.906251 -851.911757 -851.781714
MP2 -851.932668(006) -851.955259(4.99)  -851.805209(.005)
EN2 -851.935777(006) -851.941378(.006)  -851.808953(.006)
Iron

Fe-CN* Fe-NC”* Fe'-mmem- CN
Variational -1354.38503 -1354.38340 -1354.29395
MP2 -1354.41593(006) -1354.41454(.008) -1354.32105(.005)
EN2 -1354.41763(007) -1354.41622(.007)  -1354.32315(.005)
Copper

Cu-CN* Cu-NC* Cu'---—-CN
Variational -1730.79793 -1730.83448 -1730.76229
MP2 -1730.86785(.012)  -1730.90286(011) -1730.83718(.012)
EN2 -1730.86921(012)  -1730.90450(.012)  -1730.84348(.013)

In brackets, norm of the first-order perturbation correction .
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However all the cyanide and isocyanide systems in question can be said to
be stable by some dozen kcal.mole™ with respect to their dissociation products ,
the binding energies decreasing from Sc* but remaining positive even for the Cu*
cation in spite of its 3d'® closed-shell structure . The isocyanide forms are found
to be more stable than the cyanide ones for the scandium and copper products ,
whereas those of iron FeCN*and FeNC™ have quite close total energies .

The data of Table 3b have been computed by replacing the active space of
the CASPT?2 treatment by the CIPSI multireference space of the MRPT2 method
documented in section 2.1 . The selection of the components of the reference
space by this technique enables us to reduce the gap between the Moller-Plesset
and Epstein-Nesbet total energies to less than 0.01 a.u. , and so to improve our
evaluation of energy balances, disregarding a possible overestimation of the
Moller-Plesset values due to intruder states, as it is the case in the SCNC” system.

Table 4 give the dissociation energies of each complex in its fragments M”
and CN®, evaluated in this way by the MRPT2 method . The error bar of the
perturbational approach is reduced to a few kcal.mole”’. However, the conclusions
previously obtained at the CASPT2 level , namely a decreasing stability of the
MNC" and MCN" complexes from early to late transition metals and a possible
preference for the cyanide forms in the case of median cations , like iron Fe”, are
still valid .

- Table 4 -

Dissociation Energies in kcal. mole-1 (MRPT2 level)

cyanides Scandium Iron Copper
D, MP2 79.98 59.54 19.25
EN2 79.58 59.28 16.15
Isocyanides
D. MP2 94.16 58.67 41.22
EN2 83.10 58.40 38.29

2.3 Charge distributions

In spite of shortcomings due to its sensibility to basis set effets , the
Mulliken population analysis gives useful information on intermolecular charge
transfers because of the adequacy of its ingredients : It is based on molecular
orbitals which may be conveniently calculated as natural orbitals at any level of
the theory, including multireference perturbation treatments [37], and which do
not require any preliminary kind of partitioning for the electron cloud , by virtue
of the LCAO hypothesis [38] . The result of table 5 have been computed from the
atomic populations of metal , carbon and nitrogen neglecting second-order
perturbation .
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The charges AQ, Aq, and Agq, are the values obtained as differences
between the total populations Q or their ¢ or # components q of the three atoms in
each complex and the corresponding quantities in the fragments , the ion M'
(Qu. =Zy -1 )and the radical CN® ( carbon : q, = 3.9680 ; g = 0.8792 and
nitrogen : q, = 5.0224 ; qn = 1.1255 ). The plus sign denotes a ¢ or n electron
donation, the minus sign a back donation . Due to the lack of d polarisation
orbitals in the C and N basis sets , no 6 charge transfer appears .

In the case of the scandium and iron compounds, the metal-ligand electron
transfer has an essentially o character, n transfers being practically limited to the
CN group ; in the lump, it corresponds to an additional discharge of the metal
cation notwithstanding its primitive positive charge . The situation is rather
different for the copper systems which exhibite o and n charge transfers of
opposite directions depriving the Cu+ cation of a part of its positive charge and
reducing the electron density of the atom not directly linked to metal; it is
reminiscent of the so-called “ two-way charge transfer” in more familar
molecules [39 ].

Finally,we can be tempted to look for a possible parallelism between the
dissociation energies of the monocoordinated complexes of transition metal
cations and the magnitudes of the positive charges located on metals themselves,
using the numerous theoretical data available for the three parent ligands CN, CO,
NO . No clear-cut conclusion emerges from the data gathered in table 6 :
Obviously, the stability of the various systems is governed by a balance of
electronic effects more complicated than in neutral complexes ( see ref. [ 40] ) or,
equivalently, by a balance between the electrostatic, exchange and dispersion
terms involved in ion-molecule interactions ( see ref. [ 41]) .

- Table 5 -

Charge transfers from Mulliken population analysis at the MR level

Sc C N Sc N C
AQ -0.5117 +05315 -00195 |[-04842 -04280 +0.0565
AqQq -0.5619 +0.3515 +0.2125 |-0.6551 -0.0108 +0.6559
Ag,* ~0.0252 +0.0900 -0.1160 |+0.0856 -0.2194 -0.2997

Fe C N Fe N C
AQ -0.3352 +04196 -0.0846 |-0.3910 -0.3323 +0.0578
Aq, -03889 +0.1970 +0.1940 |-0.5538 -0.1355 +0.6806
Ag.* +0.0265 +0.1113 -0.1393 | +0.0814 ~-0.2339 -03114

Cu C N Cu N C
AQ +0.1041 +0.1599 -02639 |+0.1195 -0.0800 -0.1990
Aq 4 +0.1301 +02237 -03571 | +0.1470 -0.0332 -0.1270
Ag.* -0.0130 -0.0319 +0.0466 |-00138 -0.0566 -0.0360

* Components n, only. AQ values include small Aqs contributions
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- Table 6 -

Dissociation energies D, and total positive charges Q y+

Scandium Iron Copper
D, Q D. Q D Q
MCN+ (a) 799 1.512 59.5 1.335 19.2 0.896

MNC+ (a) 942 1.484 587 1.390 412 0.880
MCO+ (b) 12.7 0.85 219 0.83 290 0.75
MNO+ (c) 62.8 1.197 50 .1 0.913 30.0 0.728
(a)this work ; (b) ref 5, (c)ref 7 ( valuesincluding ZPVE corrections )

3 Final remarks on the complexation by the CN ligand

Our present knowledge on monocoordinated complexes brings out the
remarkable properties of the cyano group as an efficient and versatile
complexation agent with regard to transition metal cations . The CN radical is
able to form a bounded compound even with a closed shell atom as Cu'( 3d'%)
owing to its open-shell structure and to give cyanide and isocyanide isomers close
in energy as with Fe'(3d®s') owing to the similar electroaffinity of its two end
atoms, carbon or nitrogen . The theoretical predictions are consistent with the
experimental mass-spectroscopy data, which indicate the strong bonding power of
early transition metals as Sc’( 3d'4s' ) and do not exclude isomerism possibilities
[9] . Since however, we have experiment information on the stability of the
various complexes by comparaison with the binding energy of the generating
parent molecule, namely the bromine Br-CN or the iodine I-CN cyanides, further
studies should include the reference molecules at the same theoretical level .
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On the Photophysics of Molecules with Charge-Transfer Excitations
between aromatic rings
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Abstract

We develop a naive but quite general model for interpreting the photophysical
behavior of aromatic systems for which the ground state and the first excited state
can be well described in terms of a limited number of configurations involving
charge-transfer excitations between aromatic rings. Assuming that the charge
transfer is controlled uniquely by an hopping term proportional to the cosine of
the torsion angle (¢)between the two rings, one may build up and solve a
complete vibronic model for the system under study. For the case of two
interacting configurations (biaryl-like compounds) we allow dipole excitation
from the vibronic ground state and study the time behavior of the total population
of the excited electronic state (adiabatic). Adopting a purely quantum-mechanical
approach we find that the radiationless decay is quite inefficient, since the rings
move too rapidly when passing through the avoided crossing regions. The decay
becomes much faster taking into account that the motion of the rings is damped by
the solvent, as well as by the other internal modes. The computation is performed
solving a Fokker-Planck equation for the distribution function in the ¢ space. If
the torsional motion modulating the charge transfer is blocked by a ¢ bridge
between the two rings the radiationless decay becomes again very inefficient (thus
opening the way to the radiative channel, which will then become the dominant

one).
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1. Introduction

The behavior of molecules in excited electronic states is verv different from
that in the ground state, as witnessed by the existence of Photochemistry as a
separate branch of Chemistry. The prediction of the route actually followed by a
given species for its decay, after the absorption of a photon, remains a difficult
challenge for Quantum Chemistry, being the result of the competition of different
channels, either radiative (fluorescence and phosforescence) or non-radiative
(internal conversion, intersystem crossing, photochemical reaction). Some general
rules merged already from the first systematic approaches, as the well known Kasha
rule [1], stating that, independently of the excitation wavelength, the molecule
undergoes a cascade of rapid radiationless decays till it ends in the first singlet or
triplet (there is no rule concerning the last decay). A well studied exception to this
rule is given by azulene. Only recently, however, the scientific community became
aware that this general behavior has to be attributed to the occurrence of conical
intersections between adiabatic energy surfaces [2-5], an event considered before as
rare [6,7].

The study of the radiationless decay mechanism, i.e. of the way a molecule can
transform its electronic energy into vibrational (and rotational) energy, has been
recognized as a fundamental step towards the comprehension of the behavior of
electronically excited molecules. As pointed out by Robinson [8] the problem was
clearly stated already in 1929 by O. K. Rice [9-11], but only in the late sixties it
became the subject of an huge theoretical and experimental effort, starting from the
pioneering work of Kasha, Robinson, Siebrand, Jortner, Rhodes and others,
documented for example in the reviews [1, 8, 12]. Some of the most important
progresses realized are shortly resumed in the following few points.

i) After some initial debate it became clear that the radiationless decay is the
consequence of the optical preparation of a state which is not a true molecular
eigenstate (i.e an eigenstate of the full Hamiltonian). The excited state is an
eigenstate of a suitable zero-order Hamiltonian, which does not contains the
nuclear kinetic energy, responsible for internal conversion, and the spin-orbit
coupling term which allows the intersystem crossing. It was also realized that,
in general, preparation and decay are deeply related and can be considered as
separate steps only in the case of short light pulses [13-15].

ii) The necessity of solving the time-dependent Schrodinger was clearly stated,
thus essentially opening a new field of research, altough the Fermi-golden-rule
(which can be derived by first-order time-dependent perturbation theory) was
considered sufficient for large molecules.

ili) The Fermi-golden-rule approach, in turn, leaded to put emphasis on Franck-
Condon factors, in such a way that the role of high frequency modes (the C-H
stretchings) in the decay of aromatic molecules comes into play naturally [16].
It also became clear the different role played by promoting and accepting
modes [17]. In close parallelism with the many-phonon approach to the study
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of lineshapes of impurities in solids, it was also derived an exponential gap law

[16], a very useful theoretical instrument,

During the last thirty years the progresses in this field have been continuous,
also due to the development of laser sources and of the techniques for doing
spectroscopy in the time domain, with a resolution of a few femtoseconds. One may
observe, however, that, in general, it remains still hard to extract from the large
amount of experimental data, general rules capable of establishing a close
correlation between structure and photophysical behavior. Apart from its intrinsic
interest, the latter would be of great help for people involved in the material
science, to whom is required the design of molecules for specific applications. In
the intent of the authors, the present work, devoted to a specific class of molecules,
is a modest contribution in that direction.

2. Biaryls and related molecules

Molecules made by (more or less) weakly interacting parts offer interesting
possibilities for the study of both electron and excitation transfer processes. The
most common situation is that of biaryl compounds, in which two aromatic systems
(A and B) are directly linked to give A-B. In a certain range of interaction strength
one can imagine that the ground state (as well as some excited states) of A-B can be
well represented by mixing a small number of configurations describing the two
separate subsystems. For example, the ground state may be well described by a
linear combination of neutral states |AB), some charge-transfer states, either of the
kind |A°B”) or |A'B") and some excitonic states, either |A'B ) or |AB").
Depending on the nature of A and B one may have the predominance of
contamination by excitonic or charge transfer configurations. Some general ideas
on the origin of different contaminations can be derived assuming that only x
electrons play a direct role and then making recourse to the popular PPP model
Hamiltonian, The total Hamiltonian is easily partitioned into the sum of two
Hamitonians for the separated units A and B plus an interaction term:

H=H,+H;+V )
where:
LjcA Lj=nn
H,=Yen +)Vian +yUn.n, + D ta'ea, Q)
€A iz 1I€A (LjeA)o
1j)B Lj=nn
Hy=Y¢en + Vinn, +3 Un.n + > ta‘es, 3)
1€B izj i€B (LjeB)o
iLjFan
Ve = 2 lta%ea,+hc)+Vnn, @

(icA.jeB)o
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and
n =a",a,+a", a ,nn indicates nearest neighbours.

The muiti-configurational eigenstates of H, = H, + H, are then used as basis

set for handling the full Hamiltonian, eq. (1). We notice that since only the total
number of electrons is given, the above eigenstates can be partitioned in sets
differing by the total charge on units A (q, ) and units B (q; ) (of course for neutral
speciesq, = —qp). Looking at the structure of V,; one can easily get convinced
that the hopping terms give rise to charge-transfer (CT) interactions, whereas the
repulsion terms are responsible for excitonic interactions. It is clear, in any case,
that what happens is strictly dependent on the particular system under study as well
as on the part of the energy spectrum considered; and no general conclusions can
then be drawn, without facing the problem of determining the electronic structure
through accurate quantum chemical computations. It is worthwhile to mention here
that the application of standard computational packages to such problems is not
straightforward, since the kind of analysis required here demand, in principle,
localization of molecular orbitals. As should also result from the previous
discussion, a valence bond approach may also reveal very useful for understanding
this kind of processes {18].

Among the more recent studies on the behavior of biaryls upon optical
excitation we recall here the experimental-theoretical investigation by Maus and
Rettig [19] on the biphenil and its derivatives with a donor group (D) on one ring
and an acceptor group (A) on the other. Their optical measures corroborated by
CNDO computations are convincingly interpreted as an evidence that, while in the
biphenil CT interactions do not play a role at low energy, in the DA compounds the
first strong absorption band involves transition to a state which has a partial CT
character. The dynamic of the excitation transfer in other biaryls, the 2-2"-binaphtil
and in the 9-9'-bifluorene has been studied in various solvents, using femtosecond
optical techniques, by the Hochstrasser group [20], with the aim of unraveling the
role of the interaction with the solvent in promoting the dephasing of the
intramolecular energy transfer.

A considerable amount of work has been also devoted to triphenil-methane
dyes, which are known to give rise to fast internal conversion. They may exhibit
oscillatory decay under pump and probe experiments [21], whose origin has been
tentatively attributed to the fact that what is monitored in optical measurements is
not the population of the excited adiabatic state, but that of the diabatic state, which
is known to give rise to more persistent oscillations on the basis of computations on
model systems with conical intersections [22]. We have not found in the literature,
however, any clear interpretation of the electronic transition, especially concerning
the degree of charge transfer involved, although some of these dyes are known to
give rise to fast intermolecular ET in suitable solvents or when they are adsorbed
onto surfaces {23,24].
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The betaine-30 is another well studied molecule [25] exhibiting a S, — §,

transition with a marked charge transfer character, which enters in the class
discussed here, being basically composed of two triphenil-methane moieties linked
together.

The above compounds are a subclass Of a larger family, that of molecules
undergoing charge transfer processes accompanied by large intramolecular
rearrangements, upon optical excitation, which have been extensively studied for
both their intrinsic interest [26,27], and as ideal systems for investigating the role of
solvation in ET processes [28-31].
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In some particular situations the chemical intuition strongly suggests that
charge transfer interactions play a major role in determining the nature of the
lowest energy states. This is the case, for example, of charged species derived from
quinones, as the semiquinone radical anion (I) or from benzoquinone-di-imines, as
in the cation radical (II), for which the presence of two dominating VB structures
directly suggests a two state model. Even more rich is the situation for the
derivatives of the tri-phenil-methane, like the phenolptalein dianion (HI),



288 Alessandro Ferretti et al.

containing three different aromatic rings, communicating through the central carbon
atom. Here one may simplify this complex case assuming (somewhat arbitrarily)
that the central atom belongs to the low-lying aromatic system, in such a way that
the charge may be in principle assigned to only three subsystems. In the following
we introduce a basic model for these cases and show, on the basis of a simple
prototypal calculation of the radiationless decay of the excited state for a two-ring
system, that they might represents fascinating examples of molecules whose
photophysical behavior can be modulated very efficiently through structural
modification, which, at first sight, appear to be of minor importance.

3. A simple model

Let us proceed building up the basic model. The cases (I) and (IT) can be
modeled taking a basis set of two states [A‘B ) and [A B'), whereas for case (III)

we need three states |A‘B C>, |A B'C> and iAB C'>The interaction between the

states is assumed to be given by an hopping term modulated by the torsion angle
between the rings involved. Hence for (I) and (IT) we can write down the electronic
Hamiltonian in matrix form (¢ is the torsion angle between the aromatic rings A

and B and the two states are now labeled 1 and 2):

He ( £ tcos(q )). o)
tcos(q) g,

For the case (III), assuming that the rings A and C communicate only through B
one has (¢, and @, are the torsion angles between A and B and C and B):

£, tcos(e,) 0
H =/ tcos(p,) g, tcos(®,) (6)
0 tcos(o,) €,

The above matrix representations utilized electronic states which are purely
diabatic, being completely independent from the torsional coordinate(s). They are a
very convenient starting point for the study of the full vibronic problem, which is
required for investigating the photo-physical behavior of such molecules. The full
vibronic Hamiltonian, in fact, is simply obtained adding to the electronic
Hamiltonian, eq. (5) or (6), the proper nuclear kinetic energy operator (along the
diagonal). The adiabatic electronic states and curves are obtained as eigenvectors
and eigenvalues of the electronic matrix. The figure 1 shows a view of the potential
energy curve for both the ground and the excited state (adiabatic) for the
Hamiltonians (5) with the following choice of the parameters (in a.u.):
t=-.0566,¢, =0, g, =0.00167.

The figures 2 and 3 depict the ground and the excited state surface, respectively, for
the Hamiltonian (6) with (a.u.);
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E@u)

Figure |

t=-.0566,¢ =0,¢, =0, & = 0.00167.

It is clearly seen that the adiabatic surfaces exhibit avoided crossing at the
angles for which the hopping terms vanish, i.e. ¢ = +n/2 for the mono-dimensional
case and and the four points (§, =+x /2, ¢, =1x/2) for the bidimensional case.

In the following we will investigate on the simpler two-state case, which can be
directly applied to species like (I) and (II). It is worthwhile to remind here that such
a study may also serve to shed some light into the behavior of three-state systems
for which A=C. In fact, in that case, one may recover a two-state situation by
forcing the rings to move in a synchronous manner (i.e. maintaining ¢, = ¢, ), since,
as one can easily realize, for that choice the antisymmetric combination of

|A‘B C) and lAB C'> is decoupled from the problem.

Since we are interested here in the study of the internal conversion from the
excited to the ground adiabatic state, we need to tackle the full vibronic problem,
whose Hamiltonian can be written as:

g +T, tcos(p)
H= (tcos(Q)) g, + T.J M

Where (h=1):
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®)

Figure 2

and [ is the reduced momentum of inertia for the torsion of the two rings (in the
following we take that of a benzene ring).

We notice here that the inclusion of a single nuclear degree of freedom is
certainly an oversimplification of the problem. Recently Seidner and Domcke [32]
performed some numerical studies on the dynamics of systems involving two
diabatic electronic states and a large amplitude torsional angle ¢. They assume that
the potential energy curve along the torsional angle is different in the two diabatic
states, as in many actual cases of photochemical interest, but they claim that the
minimal model should include a further harmonic coordinate Q, responsible for the
linear inter-electronic coupling (coupling mode). We want to notice here that, while
the inclusion of additional modes may certainly result into a more realistic picture,
in the present case this in unnecessary if we avoid considering two identical
moieties (i.e. €, =¢€,). In fact only in this latter case the adiabatic electronic states,
i.e. the eigenstates of the matrix (5), becomes independent from ¢ by symmetry
and, as such, perfectly stationary (the nuclear kinetic energy operator, responsible
for non-adiabatic transitions, involves a second order derivative with respect to ).
It is then clear that only in such case is a further coupling mode absolutely needed.
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Figure 3

With the justification of pursuing the maximum simplicity we then remain here
with a single mode (a torsion), leaving to a forthcoming paper a more complete
study, including the exploration of the role of additional degrees of freedom. It is
then clear that the present model calculation can be directly applied to molecules
derived from I and II, with some symmetry-breaking substitution on the rings.

We then move to the next step, the study the dynamical behavior of a suitable
excited state, generated by photon absorption from the ground state (both states are
in the space spanned by the eigenstates of the full vibronic hamiltonian, eq. ( 7). In
the present case the ground state can be numerically computed by direct
diagonalization of a matrix representation of the Hamiltonian in a suitable basis set.
For the multi-mode case this is no more possible, in general, due to the explosion of
the dimensions and one can make use of Lanczos techniques which are very useful
also for the time propagation and have been extensively used in the numerical
exploration of systems exhibiting conical intersections or avoided crossings [33-
35]. In the following we take the tensorial product of the diabatic electronic states
and of the free rotor eigenstates, which are the complex exponential functions:

X.(9) = 1/y/2r exp[-in(9)] (n=0,1,...) ©)
Since in practice we only need the matrix elements of cos[g], it is convenient to
work with real functions:
%.(9) =N, cos[ng](n=0,1,...); y,(9) =N, 'sin[np](n=12,.). (10)
where
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N, =1/V2n N, =N, =1/yr (n=12,.). (11)
The matrix elements involving a cosine and a sine function vanish and so the
Hamiltonian matrix has two blocks. We have verified that the ground state comes
out from the cosine block for which the vibronic Hamiltonian of eq. (7) gives rise to
the following matrix representation (each submatrix has dimension N X N, where N
is the number of free rotor eigenfunctions utilized:

H]] HIZ
H= ( . 12)
HZI HZZ]
and H?=H?" are tridiagonal:

0 12 0 0
12 0 Y2 o

H?=t 0 142 0 142 . (13)
0 0 12 0
0 o o0

The diagonalization of the Hamiltonian matrix (12) gives two degenerate ground
states, which can be linearly combined to give states localized around ¢ = Oand

@ =mn, respectively. The above degeneration comes out because we have

considered the two planar configurations, which are energetically identical in our
model, as distinguishable. In the following we will take the state localized near

¢ =0 as initial state. We will refer to it as |g), which adopting a spinor notation is

(i)

It is clear that exactly the same results would be obtained by taking the ¢ ==
configuration. It is interesting to notice that adopting a non localized ground state
would instead give different results. This latter choice, however, while non
violating the quantum mechanics for an isolated system, would contradict the
common sense. In practice one can admit, without difficulty, that either the
preparation of the system leads to a localized state or that the interaction with the
external world operates a wave-packet reduction.

In order to discuss the decay of an optically excited state, we have to make
some assumptions on the form of the dipole. As is well known, in fact, the whole
time-dependent photo-physical behavior can be simply determined by propagating
in time the doorway state, which is obtained by acting with the dipole operator on
the ground state (and normalizing). Such excited state can be prepared by photon
absorption from a light pulse whose profile in time is a §, i.e. in practice, a pulse
much shorter than the characteristic life-time of the doorway state itself (for

written as:
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example, as we will verify in the following, a sub-picosecond pulse). The output
from a time-resolved experiment with a coherent light pulse of arbitrary form and
duration can be handled, in the weak-field limit, by simply convoluting the pulse
shape with the output for 3 excitation. This is however absolutely unnecessary for
interpreting the photo-physical behavior upon optical excitation in ordinary
conditions, since, even for laser sources, the molecule and the light interacts
coherently only for very short times. In the following we will then assume that the
basic physics of the problem can be understood simply looking at the time-
dependent behavior of the doorway state.

Let us come to the dipole form. Since the two diabatic states depicts a situation
in which charge are localized on the two rings, we will assume that they are also
eigenstates of the dipole operator, which is directed along the line joining the
centers of the rings. Hence, taking the above line as the z axis and assuming that the
radiation is polarized along z we may take the dipole matrix as:

a=d[ 1 ° 15
=dl o (15)

and then the doorway state is (apart from the normalization factor):

lw)=d|g) = [_lsig). (16)

The density of probability in the ¢ space can be computed as a sum of
contributions from the two diabatic states. In particular for the ground state:

P(¢) =P (9)+P.(0), 17
where
P@)=> (g, i k)* (=1.2). (18)

Here j labels the diabatic electronic state, while k is the free rotor quantum
numbers. As should be clear from eq. (16) the doorway state has exactly the same
distribution. It is however much more interesting to look at the corresponding
partition with respect to the adiabatic states. This may be easily derived in terms of
the orthogonal matrix U(@) which diagonalizes the electronic Hamiltonian, eq. (5).

For a generic state:
IaI)]
a)= 19
() @

la,) = 2.C,lik) . G=1.2) 20)
k

with

one has:
P@)=P"(@)+P,"(9), 1)
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PAJ(¢)=Zk:l(j,d,kla,)|2 =2 m)cz,,,){‘ .(22)

Notice that in the final result the integration over electronic states has been
explicitly performed and the bracket involves only integration over the torsional
angle @ . The numerical analysis performed using eq. (22) reveals that, while the
ground state for the full vibronic problem stays onto the potential energy curve for
the adiabatic ground state, the doorway state belongs almost completely to the
excited adiabatic state. Hence, according to our model, the excitation by a §-pulse
simply transfers the wave-packet to the excited adiabatic state, which is a
reasonable result. We also notice that since the doorway state corresponds now to a
¢ distribution which is sharply peaked around a maximum of the potential energy

curve, it would presumably give rise to a highly non-stationary behavior.

> (k|U, [m)C,, + (kU

m

4. The time evolution

We then proceed propagating in time the doorway state and computing at any
time the population of the excited adiabatic state, which can be evaluated
performing a numerical integration of the distribution in eq. (22) over the torsional
angle. The time dependent Schrédinger can be solved by matrix diagonalization and
the results can be expressed in compact form, as discussed in ref. [36]. The results
of the calculation (not reported here) are somewhat unexpected. In fact during the
time evolution of the doorway state only a negligible fraction of the population is
transferred to the adiabatic ground state, mimicking in this respect the behavior of a
true stationary state. This behavior depends on the fact that the wave-packet travels
through the avoided crossing regions near ¢ =t /2, (see fig. 1), i.e. the regions
where non-adiabatic coupling is expected to be more important, with high velocity.
From a purely quantum point of view one may say that the time-dependent non-
adiabatic matrix elements are small due to the high oscillatory character of the
wave function in the ¢ -space. The semiclassical Landau-Zener formula [37-39]
(which is the exact solution for the scattering problem for two electronic states,
assuming a classical trajectory of the nuclei and a linear behavior of the diabatic
potential curves near the crossing point) also predicts the same behavior if one
evaluates the so called two-way probability [39], which takes into account that in
one vibrational period the wave-packet travels two times across the intersection
point between diabatic curves. In fact, according to this well known theoretical
result, the adiabatic transition probability is given by the negative exponential of a
term which is inversely proportional to the linear momentum of the nuclei at the
time they pass through the intersection point (we are assuming that at t=0 the nuclei
have zero momentum. Hence, in our situation, one has an high probability of
adiabatic transition during the first passage which is however frustrated by an high
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probability of the reverse transition during the second passage. It is however
worthwhile to mention that, according to recent numerical investigations [33}], the
Landau-Zener formula becomes progressively less useful when going at high
coupling strength.

In practice, we pay here the consequences of our basic assumption concerning
the presence of a single mode (the torsion). In fact the initial wave-packet is placed
in a region of high potential energy, which is then transformed totally into kinetic
energy, since there is no way of transferring it to other degrees of freedom. One
expects that this situation will change drastically introducing explicitly one or more
other modes[22,32]. It is also possible to mimic the effect of additional internal
modes as well as of collisions with solvent molecules moving towards a stochastic
approach. The stochastic way of handling the problem has become very popular in
the last few years as a powerful tool for investigating the static and dynamic role of
the solvent in ET reactions involving large intramolecular rearrangements and the
literature on this subject is very extensive (a comprehensive review is [40]). We
touch here very marginally the problem just to show how the inclusion of
dissipative processes for the torsional motion changes radically the time-dependent
behavior of the system. This is accomplished by assuming that the initial
distribution (i.e. that corresponding to the doorway state) undergoes a diffusional
motion on the excited adiabatic surface described by a mono-dimensional Fokker-
Planck differential equation:

F) 5.1 &,
— P(9,)={Dy —
o o9

?
T o g K@IRGY, (3

where D, is diffusion coefficient for the torsional coordinate, kjthe Boltzmann
constant, T the absolute temperature, E, (p)the potential energy curve for the
excited adiabatic state and k(@)the decay rate towards the ground state. It is
worthwhile to recall here that equation (23) is often associated in the literature
[30,31] to the name of Smoluchowsky, but we prefer to follow the Van Kampen
notation [41]. The Fokker-Planck equation can be considered as the master equation
associated with a continuous random walk of a particle in a potential. As discussed
in ref. [30,31] a more correct approach would include diffusion along a further
degree of freedom describing the solvent polarization, also important in
determining the exact shape of the adiabatic surfaces for both ground and excited
states, but the basic physics is caught by the present simplified model.

The rate k(@) for a given torsion angle ¢has been determined solving
numerically the time-dependent Schrodinger equation for a wave-packet sharply
localized around @ on the upper adiabatic curve and computing the time-derivative
(at t=0) of the probability of being on the excited surface. The computed function
k(p) (not reported here) shows peaks at the angles where the curves exhibit
avoided crossings, as expected. According to ref [30] the diffusion coefficient D
has been taken as the inverse of the correlation time for the internal rotation
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1 . .
D =—, and the latter can be estimated from experimental data or taken as an
Tr

adjustable parameter. We have assumed here 1, =150ps which seems a
reasonable value for the torsion of an aromatic ring in water.

t(fs
50 100 150 200 250 300 ()

Figure 4

The above Fokker-Planck equation can be solved by linear algebraic methods,
after making recourse to the matrix representation of the operator acting on the
distribution function on the right hand side of eq. (23). For that purpose we made
use of the same basis set as for solving the Schrodinger equation for the
Hamiltonian in eq.(7). Due to the fact that all the operators (as well as the initial
distribution) are even with respect to the inversion ¢ — —¢ we may restrict our
basis set to the normalized cos(n¢) functions with n=0, 1, 2,..., N. The proper
dimension N is chosen following two criteria: i) the rate k(¢ ) and the initial
distribution P,(p) = P(@,t = 0) should be well represented and ii) the results of the
computations should be stable with respect to the enlargement of the basis set. In
our example we have taken N=150.

The continuous line in figure (4) shows the population of the excited adiabatic
state as a function of time, at room temperature. It is now clear that now the
possibility of dissipating the torsional kinetic energy gives rise to a true decay,
which is very rapid with respect to the normal fluorescence lifetimes (from 0.1 to 1
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nanosecond). We may then expects that molecules like (I) would prefer the
radiationless route (internal conversion) for the decay.

As should be clear from the above example, the efficiency of internal
conversion is related to the ability of the rings to gives rise to large-amplitude
librational motions, since according to our simple model, the initial excited wave-
packet is placed far from the zone where non-adiabatic coupling is effective. One
may then expects that structural modifications which tend to hinder the torsional
motion might be also effective in altering the photo-physical behavior. Let us
investigate, for example, the role of a bridge between the two aromatic rings
created by obonds, like for example in IV:

We may maintain our simple two-state picture adding along the diagonal of the
matrix (7) a potential energy term taking into account that when the torsion angle
increases the obridge is stretched. For simplicity we treat this stretching as
harmonic, with a force constant of 0.46 a.u.of energy (a.u.oflength)* The resulting
adiabatic curves are reported in figure (5). It is evident that now the tendency to
give an excited state with minimum at right angle is completely frustrated by the
presence of the bridge joining the rings. The doorway state is now located in a
region of minimum potential energy, and, during its time evolution, it is not able to
reach the avoided crossing regions. As a consequence the population of the excited
adiabatic state (dashed line in figure 4) remains essentially constant on the time
scale studied here and one may expects that now the fluorescence will become the
dominant decay channel. Hence, a change in the molecular structure which a priori
could be judged of minor importance (especially due to the fact that we are
discussing properties determined mainly by =z electrons) results in a drastic
variation of the photo-physical behavior.

The results presented here are only intended to draw the main lines of a general
scenario concerning molecules in which the photon absorption leads to electron
transfer between aromatic rings, which are essentially controlled by a torsional
angle, like in biphenil-like compounds. Another interesting class of systems which
can be studied along the lines discussed here is that of pairs or even chains of
mixed-valent transition metal ions bridged by an organic ligand like pyrazine or
bipyridine [42-46], since the dependence of the intersite hopping term of the
Hamiltonian on the orientation of the ring(s) introduces an important source of
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electron-phonon coupling whose role is presently unknown. Of course reliable
information on individual system can only be obtained through an accurate
quantum chemical study, which should also include solvation effects, since one is
dealing with charge transfer processes, to be confronted with experimental data.
The present approach can be easily extended to include generic potential energy
surfaces and coupling matrix elements. It appears highly suggestive, however, that
a very simple basic model seems capable of explaining the behavior of a large class

of compounds.
5. Concluding remarks

As a conclusion we mention an old problem for the solution of which one of us
(A. L)) spent some time (with scarce success), when he was a young student, as a
part of its work for obtaining the degree in Chemistry, under the guide of the person
to whom this volume is dedicated. This concerns the striking different
photophysical behavior of two similar species, which can be both considered as
derivatives of the triphenil-methane: the phenolphtalein (III) and the fluorescein
dianions (V) [47]. As is well documented in the literature, the fluorescence
quantum yield of the first excited singlet of the fluorescein ion is 1, while that of
the phenolphtalein is essentially 0. We firmly believe that the very different
efficiency of the radiationless decay channel of such molecules can be explained
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along the lines sketched here, since, as is clear from a perusal of their structural
formulas, the phenolphtalein is characterized by the possibility of large amplitude
librational motions of the phenil rings that are not allowed in fluorescein. Of course
this is only a working hypothesis that needs to be tested having at hands reliable
computations of the electronic structure of the two molecules.
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Abstract

Likely mechanisms for leng range electron transfer coupled to proton transfer are
investigated. It is shown that, in model systems closely resembling realistic biochemical
sequences, the injection of an electron on one end of the H-bonded chain can activate a
sequential hopping of protons, which localizes the electronic charge on the opposite end
of the chain. Once the additional electron is released to an outer electron acceptor
species, then the initial situation is restored, but this time hydrogen atoms and not
protons wil! move back to the original position, carrying the mobile electron from one
side of the chain to the other. The dynamics of proton hopping in a model system where
the two redox partners are p-monohydroquinone and xanthine, held together by H-bonds
with a peptide bridge, shows that the process is fast, the transfer rate being of the order of
a few picoseconds.

Introduction

About one decade ago, Del Re suggested that in certain biochemical
systems long range electron transfer (ET) between two redox sites connected by a
network of H-bonds may occur via a proton assisted mechanism.' Such a notion
was probably ahead of 1ts times, because even though it was pointed out already
in the sixty by Mitchell”> and Onsager that proton translocatlon driven by ET
could be a basic mechanism of energy conversion,® experimental evidence
available at that time was scarce to substantiate a microscopic mechanism.
Nowadays, the notion that long range ET is coupled to proton transfer (PT) has
acquired a wide popularlty, especially after the determination of the X-ray
crystal structures of bacterium photosynthetic reaction centers (RCs),” and site
directed mutagenesis experiments on RCs from Rhodopseudomonas
sphaeroides.'®!" The discovery of water chains in the interior of protein backbone
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sphaeroides.!>!! The discovery of water chains in the interior of protein backbone
of several biochemical energy transducers provides other evidence of the
involvement of proton motion coupled to long range ET: a chain of 14 water
molecules extending over 23 A has been observed in the photosynthetic reaction
center of R .qvlw,'eroides,12 in cytochrome £'* and in the bacteriorhodopsin of
Halobacterium.'* Remarkably, the determination of the changes accompanying
the formation of charge separation in a photosynthetic reaction center has shown
the presence, in the form crystallized under illumination, of a certain disorder
which has been attributed to water movements concomitant to the formation of the
charge separated state."”

Long chains of H-bonds can be characterized by a high proton mobility, as
argued by Zundel, by IR spectroscopy,'® and confirmed by the evidence that in the
channel of gramicidin A the dominant mechanism for proton transport is not the
diffusion of the hydronium ion through the membrane channels, but probably
proton hopping along H-bond chains which span the membrane.'” The high proton
mobility of those polarizable H-bond chains is also expected to play an important
role in the mechanism of long range ET in biochemical systems, but, actually,
thirty years after the initial proposal, the mechanicistic details of how PT can
promote or assist long range ET are still unclear.

In this paper we will discuss a possible mechanism of proton assisted
electron transfer (PA-ET). The essential idea is that the mobile electron, initially
captured by or generated at site A, connected with its redox partner D by a H-bond
chain, triggers a proton pump which gives rise to charge transfer (CT) from A,
which takes a proton, to D, which releases a proton becoming negative. The CT
process promoted by the proton pump activates D to release an electron to an
external electron acceptor. Once D is again neutral, the initial situation has to be
restored by switching the hydrogen atoms of the H-bond chain back to their initial
positions. Since at that time a whole hydrogen atom (proton plus electron) is
moving back an electron is physically transferred from A to D in this step.

The above PA-ET mechanism relies on the possibility of a temporary
switching of the H-bond interface connecting the two redox sites and therefore one
of the the major problem is the proof that chemical events, such as oxidation or
reduction at one site of the chain, can produce a driving force able to change the
shape of the H-bond double well potential energy profile, inverting the most stable
position of the H-bonded hydrogens (driving force). In this paper we will discuss
the driving force problem on model systems, closely resembling realistic
biochemical sequences. Several experimental studies attempting to clarify the role
of PT in long range ET have been carried out on model systems, because of the
high complexity of biological systems. Fitzmaurice ef al. have designed and
synthetized a few systems in which the electron-acceptor and donor groups are
held together by a H-bond bridge, rigid enough that direct contact of the redox
centers should be avoided. Injection of electrons by nano-electrodes, provocates
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ET through the H-bond interface.'® Nocera et al. used salt bridges to create a H-
bond interface between the acceptor and donor group. They found that ET
proceeds through the proton interface, but with a significant attenuation of its rate
with respect to that observed in systems with the same electron donor acceptor
(EDA) pair, but connected by o bonds.'® Hung er al. have synthetized a triad,
consisting of an EDA pair and a proton donor group, in which ET is followed by
rapid PT from the proton donor group to the electron acceptor group, which
significantly stabilizes the charge separated state.”’ This is a particularly relevant
result, because one of the most important problem in the artificial photosyntesis is
the designing of supramolecular assemblies exhibiting long lived charge separated
states. A few theoretical studies have been carried out on the possible involvement
of PT in long range ET. Cukier has studied several model systems consisting of
EDA pairs held together by a H-bond interface, such as those formed in carboxilic
acid dimers.”! His results show that proton motion within the interface can
influence the coupling between the two electronic states.?

We will start by reviewing previous results of our group® which show that,
in model systems consisting of supramolecular assemblies of H-bonded
substructures, the arrival or departure of an extra electron can be sufficient
pertubation to initiate the sequence of proton and/or hydrogen shifts, which give
rise to charge transfer (CT) and then to ET from one end of the chain to the other.
Then, we will discuss the dynamical features of PA-ET, by determining the time
evolution of a certain distribution of vibrational states of the neutral system, after
the injection of an extra electron has changed both the shape and the minimum
energy position of the H-bond interface. Finally, we will briefly discuss
preliminary results concerning the application of the PA-ET mechanism to a real
system, viz. to photoinduced ET between primary and secondary quinone of the
photosynthetic reaction center from Rhodopseudomonas sphaeroides."’

Proton assisted electron transfer

The general structure where PA-ET can take place in principle is a chain
consisting of an o-electron acceptor A with » electrons, H-bonds, covalent bridges
capable of tautomeric forms HP and PH, and an o-donor HD with m electrons.
Here the prefix o, standing for “outer”, indicates that A and D act as electron
acceptor and donor with respect to some unspecified redox site, whereas they
perform the opposite function with respect to one another.

The PA-ET mechanism involves the following succession of steps:
1) a negative charge is produced in the acceptor end A of the H-bond chain by the

arrival of an electron from an outer electron donor (0ED) species;
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2) A attracts an H-bond proton linked to the neighbouring site of the H-bond
chain (P), so that its negative charge is transferred to that site, without change
in the number of electrons of A;

3) a chain of proton shifts follows along the shortest hydrogen-bond peptide-bond
chain connecting the acceptor A to the donor D, which becomes negative by
losing the H-bond proton linked to it;

4) D yields an electron to an outer electron acceptor (0EA) to be reduced;

5) the reverse process (transfer of hydrogen by switching of the H-bonds) takes
place, but this time hydrogen atoms and not protons move back to restore the
original bond arrangement, carrying the mobile electron from A to D:

1) 0ED" + A~H-P--H-D —> 0ED + A™~H-P--H-D
2) A~H-P--H-D - AH-PHD
3) A-H~PH-D - A-H-P-H+D
4) A-H-P-H~D +0EA — A-H-P-H-~D + 0EA’
5) A-H--P-H+D — A~H-P-~H-D

Thus, the mobile electron initially captured by or generated at A can be
transferred to D by H atoms after proton switching has made D negative and the
latter has released an electron to an outer electron acceptor group.

As to the operation of the mechanism, the essential assumption is that
under suitable conditions a hydrogen bridged system can behave as a bistable
multivibrator, i.e. a system which, upon reception of a signal, will switch from its
normal state a, ¢f figure 1, to another stable state b, from which it will return to a
upon reception of a second signal. The operation of the PA-ET mechanism is
shown in figure 1: the input signal is the arrival of an extra electron at A, forming
the unstable structure 1, the output signal is the release of an electron by D
(structure 2). After an electron has been captured by A, which becomes negative,
the double well profile sketched on the right of figure 1, which had the shape r,
takes up the shape /, so that the right-hand minimum, where the proton is still
localized, becomes higher in energy than the left hand one. Unless the free energy
barrier is very high, after a time 7 the proton will be found in the left-hand well
and a negative charge will appear on D. As mentioned above, a completely similar
process in the opposite direction and involving a whole hydrogen atom instead of
a proton is expected as soon as D releases an electron to some external acceptor.

The PA-ET mechanism just described is formally plausible, since all the
nuclear configurations involved in its steps obey to the formal rules of the valency.
As mentioned above, a major problem is the proof that chemical events, such as
oxidation or reduction, can produce the driving force for proton switching in a
structure of the appropriate type. Such a problem is not easy to handle in a real
system, especially because the electrostatic field of the protein backbone, which
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probably plays an important role, analogous to that of the solvent in outer sphere
ET,** is difficult to model, due to the long range nature of the Coulomb
interaction, and because of the large size of redox substructures involved in
biochemical systems, often involving metal ions too. Therefore, the driving-force
problem has been analyzed on model systems where the intermediate species are
simple molecules not involving metal ions. The driving force problem can be
recasted as follows: is it possible to find a molecular pair D and A, resembling
simple biomolecules, such that a perturbation consisting of the arrival of an extra
electron on one end of the chain will cause the H-bond protons to switch their
positions, localizing the additional electronic charge on the opposite end?

Another important point concerns the effect of the H-bond chain
connecting sites A and D. Of course, any molecule possessing two symmetric or
degenerate tautomeric H-P and P-H forms is a suitable building block for it.
However, structural considerations on multiheme cytochrome ¢; would suggest
that a possible chain connecting the imidazole ligands of two iron-hemes should
involve both peptide links and structural water molecules."?* The involvement of
a peptide link is of particular interest, both because it is a very general bridge for
biochemical systems and because it is a good model for strongly asymmetric
proton interface, since its tautomeric form, viz. the hydroximine (imidol) % form,
is a high energy intermediate, which, to our knowledge, has never been observed,
either in the gas-phase or in solution. The latter observation does not rule out the
possible involvement of a peptide link as appropriate unit of a PA-ET chain,
because the hydroximine form is expected to be a transient structure with a short
lifetime, so that the combination of short life and low concentration with respect
to the normal amide form make its detection by standard techniques difficult.
What really matters is the lifetime of the hydroximine intermediate. If the
hydroximine form is a transient structure, it is sufficient that its lifetime is long
enough to allow for the next proton shifts taking place. Recent inelastic neutron
scattering (INS) study of polyglicine in the solid state would suggests that, in the
crystalline state, where the amino protons form H-bonds with the C=0 groups, the
potential energy profile for proton motion between the N and O site is symmetric,
so that the structure of the peptide unit is strictly intermediate between the keto
form (HN-C=0) and the hydroximine form (N=C-OH).”® That finding justifies the
conjecture that a peptide link can be a possible H-bond bridge for PA-ET and
legitimates further study on it.

The driving force for PA-ET
The problem of the driving force for PA-ET in EDA pairs connected by a
chain of H-bonds has been recently studied by considering simple model systems
of the type
A-H-N(CH3)-C(H)=0--H-D,
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which appears to embody all the critical features to be studied here.”® For sake of
completeness we will briefly review the results; details can be found in references
23.

As proton acceptor species we have considered the pyrimidinol (Pyr), the
monohydroquinone (HQ) radicals and uracyl (Ur); a xanthine-like molecule (X)
has been chosen as proton donor species. These systems have provided examples
of small (A = Pyr), medium (A = Ur) and strong (A = HQ) driving force. Electron
releasing and or withdrawing substituents have then be introduced in order to
determine to what extent the driving force for the CT steg)s can be chemically
modulated, keeping the basic components of the chain fixed. 3

Let us start by considering the behaviour of a single H-bonded complex
A--H-D. In figure 2 are sketched the computed potential energy profiles for the
neutral and negatively charged H-bond complexes formed by X with the three
donor species mentioned above. If A is modelled (as in figure 2a) by a p-
monohydroquinone radical, then the estimated energy difference between the
ground states of A-H-D and A-H--D is 24.5 kcal mol™" in favour of the former at
MNDO/PM3 level of theory. If an extra electron is injected on the o-acceptor
group A, whose electronegativity is higher than that of D, the situation is reversed:
the initial form A™-H-D is less stable than the form A-H---D" by 20.1 kcal mol™ at
ab initio 6-31G** level with full geometry optimization (19.5 kcal mol™ at PM3
level), and 21.5 kcal mol™ if the minimum energy geometry obtained by PM3
optimization is assumed in the ab initioc computation.

The same behaviour is found if A is modelled by the pyrimidinol radical
(figure 2b), uracyl (figure 2c), the latter being a closed shell system, and by several
substituted pyrimidinol radicals.”® As concerns the electronic distribution, the
extra electron is localized on A before PT and on D after PT. The ionization
potential of D is significantly lower than that of D; the charge transfer process has
roughly halved it, activating D to release an electron to an outer electron acceptor.
Once that process has occurred, the system will be left in a high energy state, from
which it relaxes to the lowest energy state by shifting the H-bond hydrogen
(proton plus electron) back to its initial position. The latter step, which
corresponds to ET from A to D, is expected to be very fast, because A-H--D is a
high energy nuclear configuration for the neutral system, ¢f. figure 2.

Effect of a peptide bridge

The above energy analysis applies in its essential lines to all those cases
where the A H-D pairs are connected by a H-bond interface whose building blocks
are molecules capable of two nearly degenerate tautomeric forms. This is the case
with chains formed by water molecules or hydroxyl groups, as discussed by Nagle
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Figure 2. Changes of the potential energy profiles of selected H-bonded EDA pairs before (left) and after
(right) injection of an electron on the “outer” electron acceptor species: (a) pyrimidinol-xanthine, (b)
monohydroquinone-xanthine, and (c) uracyl-xanthine.
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and Morowitz,* but also the case with polarizable H-bond chain, as discussed by
Zundel.'®

Let us now consider the same H-bonded complexes but with a peptide link,
which will be modelled by N-methyl-formamide (NMF), connecting A to D. As
mentioned above, the key point here is the effect of a nonsymmetrical covalent
proton interface, whose tautomeric form P-H is significantly at higher energy than
that of the normal form.

For the isomerization of NMF from the amide to the hydroximine form, ab
initio computations with full geometry optimization give an energy difference of
13.3 kcal mol™! in favour of the amide form, whereas single point computations on
the PM3 optimized structures yield an energy difference of 10.6 kcal mol™, always
in favour of the amide form. Thus, if the driving force for PA-ET, ¢f. figure 2, is
higher than 13 kcal mol™ there should be no problem concerning the lifetime of
the imidol intermediate: the keto-enol isomerization will probably be the rate
determining step of the whole ET process, but the hydroximine form will
correspond to the lowest energy state of the charge relay system and therefore its
lifetime will be long enough to allow D™ to release an electron to its neighboring
site in the redox chain. For a lower value of the driving force, or when several
peptide links are involved in the H-bond chain connecting the two redox partners,
the proton-shifted configuration will be a high energy intermediate, and then the
question concerning its lifetime becomes of crucial importance.

The potential energy profiles for the negatively charged H-bonded A---H-D
complexes of figure 2, but with an interposed peptide bridge are sketched in figure
3. As expected, the peptide bridge lowers the energy difference between the initial
configurations and the proton shifted ones, but the latter ones are the most stable
nuclear configuration for all the A species considered here.

The energy differences of figure 3 refer to MNDO PM3 computations, but
ab initio computations on the system with A = p-monohydroquinone give very
similar results: the energy of the CT state is now 12.1 kcal mol™ lower than that of
the initial form with the negative charge localized on A. This result show that the
hydroximine form of the peptide link is stabilized in a H-bond environment with
respect to the gas-phase, in line with the conjecture based on INS measurements.”®

Among the questions arising at this point one is particularly interesting and
concerns the ability of a longer system of the type under discussion to behave
efficiently as an electron wire. In order to answer to that question, the system of
figure 4 has been considered.

The novelty is not only the greater length, but the presence of two
structural water molecules in the H-bond interface. The energy variations
accompanying each proton shift are shown in figure 4. The CT process is still
exoergonic, the energy difference between the A™--H- bridge--H-D and the A-
H---bridge-H.-D" is 4.2 kcal mol™ in favour of the latter at PM3 level. Thus ET is
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Figure 3. Schematic potential energy profiles of the same, negatively charged H-bonded EDA pairs but with
an interposed peptide link.
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@ o

Figure 4. A chain consisting of five moieties: xanthine (on the right), a peptide bridge and two water molecules (in the center) and
monohydroquinone (on the left). The energy variations accompanying each proton shift are: +1.1 kcal mol”! (A--HP, - AH---P)),
+5.3 keal mol”! (P17 HP,--HP; —> P{H"-P,H---Py), -0.8 kcal mot' (P3"--HP,---HPs — P;H™---P,H---Py’), -9.9 kcal mol™ (Ps-HD
— PsH---D), where P, and P, are OH groups whose hydrogen atoms is not engaged in intra~chain bonding.
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predicted to occur even in this rather unfavorable case, where the H-bond interface
consists of three peptide units and therefore its tautomeric form is expected to be a
very high energy intermediate.

Dynamical features of the PA-ET mechanism

The analysis of the potential energy surfaces of the systems of figure 3 has
shown that CT takes place with a stepwise mechanism, in accordance with the
observation that in the concerted mechanism the protons would pass
simultaneously the corresponding energy barrier without any structural feature
being stabilized at the same time. The first step is the shift of the nitrogen proton
of the NMF, followed by the shift of the X one, which moves to the NMF oxygen.
If the X proton moved first, it would yield the charge separated intermediate
NMF-H"---D" and charge separation usually requires a lot of energy. The rate
determining step of the whole process is the first PT. That is because it localizes
the negative charge on the peptide bridge and the electron affinity of NMF is
significantly lower than that of A and D, whose negative ions are both stabilized
by resonance. As a consequence, in almost all the complexes, the first step is
endoergonic, except for D = HQ, for which it is slightly exoergonic, whereas the
second proton motion is always strongly exoergonic (ca. 12 keal mol™), with
usually a significantly lower barrier. Thus, in order to have a reasonable estimate
of the kinetics of PA-ET, we will consider the first proton transfer with a higher
accuracy, considering a two dimensional model for it, whereas we will use the
results of the previous one-dimensional treatment™® for the second PT, which
does not affect significantly the transfer rates, being much faster. Computation
have been carried out on the HQ---NMF---X system.

The transfer of a light particle (H) between two heavy ones (X-Y) is a
process which involves at least two large amplitude coordinates: the X-H or Y-H
stretching coordinate and the XY distance.’’*® In fact, the minimum energy
path, the most important path for the thermally activated process, consists, in the
transition state region, of the proton motion and approaches the region nearest to
the two minima along the X-Y stretching coordinate.** The latter is important not
only because it decreases the potential energy barrier for proton hopping, but
because it modulates the distance between the two potential energy minima, and
therefore the coupling between the vibrational wave functions associated with
proton oscillations in the sites near X and Y. Thermal activation is not expected to
play an important role in proton transfer reactions, since the potential energy
barriers are usually high, at least of the order of tens of thermal quanta at room
temperature.”® Therefore, we will focus our attention on the Born transition
probabilities for proton tunneling. We will adopt a two dimensional model taking
as reaction coordinates the distance between the two heavy atoms (7;) and the
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rectilinear coordinate which straightly joins the two minima associated with the
two bound sites of the moving proton (r;). The contour plot of potential energy
surface (PM3 computation) for the shift of the first proton from NMF to HQ as a
function of the r, and r, coordinates is shown in figure 5.

The vibrational eigenstates have been computed variationally; the product
of harmonic wavefunctions centered in both minima has been adopted as basis set.
The Hamiltonian matrix has been computed by numerical integration using
standard Hermite integration. The potential energy has been computed by PM3
method in each integration point. The kinetic couplings between the two modes
have been neglected, on the grounds that the two coordinates are very similar to
the Jacobi coordinates for a triatomic.

The computed eigenvalues and eigenvectors of the lowest vibrational states
localized in either well have been reported in table 1.

Energy/eV Eigenvectors
0.00000 0.59] Ly} -0.47] Lo 1) +0.39] Ly 2 +0.29] L 3)
0.02282 -0.54] Ly o) -0.23| Ly ) -0.34] Lg3) +0.33| Lo 4)
0.04726 -0.55| Lo ;) -0.24| Ly 5) +0.27| Lys) -0.26] Ly 7)
0.07322 0410 Lg ) +0.24] L5 5) -0.21] Lg 0 +0.23| Ly s)
0.09949 -0.47] Ly 2) -0.201 Ly 5 -0.19] Lg.4 -0.28 Lo 5)

0.10534 0.87] Ro0) +0.30| Ry, 1) +0.31| Rg2) +0.16| Ry 3)
0.12814 0.41] Ry0) -0.56] R 1) -0.22] Ry 2) -0.36| Ry 3)
0.12836 -0.19 Ry, +0.26| Ry.;) +0.10| Ry2) +0.171 Ry 3)
0.14888 0.63| Ro,1) -0.26l Ry 2 -0.34| Ro4) -0.31| Ry )
0.15288 0.49] Lo 4y +0.23] Ly 7) -0.19] Lo 7) +0.20! Ly 0)

0.16845 -0.68| Lg2) -0.23| Lo, +0.25| Ly 7) +0.21] Ly g)
0.18821 0.24| Ry 5y -0.45| Ro,5) -0.21] Rog) -0.14| Ry 5)
0.21567 -0.53| Ry,0) +0.47| Ry 1) -0.35 R1.2) +0.24| Ry 5)

0.30342 0.81| Lyg) +0.320 L; 1) +0.311 L, 5 +0.18| L; 3)

Tab. 1: Selected vibrational eigenstates of the potential energy surface of figure 5. The
first twelve are the lowest energy ones. [L, ,» and |Rk,,) indicate Hermite basis functions
localized on the left and right well, respectively; the subscripts refer to the quantum
numbers on the r, (i and k) and r, (j and /) coordinates.

Then we have considered the time evolution of the vibrational wave packet
prepared in the Boltzmann distribution with T'= 3000 K, which roughly mimicks
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Figure 5. Contour levels of the potential energy of the NMF-monohydroquinone system
as a function of r, (-1.0 <7, <3.5) and r, (-0.6 <r, < 0.6) distances (bohr amu"?). For the
definition of 7, and r, see text.
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the vibrational wave packet which would be obtained by injecting an electron in
the Boltzmann distribution with 7= 298 K of the neutral HQ---NMF complex. The
results are shown in figure 6. After ca 1 ps the initial wavepacket, ¢f fig. 7a,
which is shifted with respect to the equilibrium position of the lefi-hand well of
figure 6, is mainly localized in the minimum energy region of the lefi-hand well
(7b), but with a non zero probability of finding the system at , = -0.5 bohr amu'”?
Until now the initial wavepacket has moved only on the low frequency coordinate
r,, being localized in vibrational states corresponding to the left-hand well of
figure 6 (|L>) but for , = -0.5 bohr amu'? the couplings with the vibrational states
localized in the right-hand well of figure 6 (JR>) becomes important and the |R>
states begins to be populated (t = 4 ps). At £ = 10 ps there is the maximum
probability of finding the system in the other well (¢f figure 7d).

The second proton transfer, from the xanthine ring to the NMF oxygen is
faster. In that case, the motion over the r, coordinate is not important, because the
two minima are much close each other and the energy barrier is significantly lower
than that corresponding to the first proton transfer. The transition time evaluated
with a simple one-dimensional model® is ca. 50 fs so that, after the first proton
switches its position, the system will rapidly pass in a high excited vibrational
state of the final state, from which it may either go back to the intermediate state
and begin to oscillate between these two states, or decay to a lower vibrational
state, redistribuiting the excess energy among the other vibrational degrees of
freedom, being irreversibly trapped in the final state.

Application to a real system

As a first application to a real system, we will briefly discuss our
preliminary results on electron transfer from the primary (Qa) to secondary (Qg)
quinone in the photosyntethic reaction center of Rhodopseudomonas Sphaeroides.
The crystallographic structure of the portion of system under consideration® is
shown in figure 7. Computations have been performed at PM3 level. In the
optimization runs, the geometrical parameters governing the mutual orientations
of each substructure with respect to the others have been kept fixed to their
crystallographic values. The iron ion has been replaced by a zinc ion; it has been
proven experimentally that this substitution slightly decreases the rate of ET.*

The first step consists of the arrival of an extra electron on the right-hand
quinone of figure 8 (Q4). The presence of an extra electron on Q, causes the shift
of a proton from the histidine ligand which is H-bonded to the primary quinone to
the oxygen of Qa. This PT, which is significantly exoergonic (10.1 kcal mol™) and
probably also very fast, localizes the negative charge on the imidazole ring H-
bonded to the primary quinone. The next step is a rearrangement of the Zn-N
interatomic distances, followed by a concerted motion of both hydrogen atoms
(proton plus electron) engaged in the H-bonds connecting Qa and Qg to the
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Fig. 6. Time evolution of the vibrational wave packet prepared in the Boltzmann distribution with 7=3000 K



Figure 1. Portion of the photosynthetic reaction center of
Rhodopseudomonas Sphaeroides including the primary (right) and
secondary (left) quinones, with the histidine-Zn-histidine bridge (oxygen
and nitrogen atoms in white and light gray, respectively) .
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histidine ligands of the metal ion. That concerted motion bring the mobile electron
from Qa to Qg. That step is slightly exoergonic (ca. 5.8 kcal mol™), due to the
asymmetry around the metal center, and is also expected to be slow, in line with
experimental results, which predict a AG of ca. 1.6 kcal mol” for ET from Q4 to
Qg, with a transition time of the order of hundreds microseconds.* Computations
on the transfer of a second electron from from Q's to Qg are in progress; full
details will be reported elsewhere.

Conclusions

We have discussed a microscopic mechanism for proton assisted electron
transfer, which appears to be likely in systems closely resembling redox enzyme
substructures. The mechanism applies well to the case of ET from primary to
secondary quinone in photosynthetic reaction centers, but beyond that result, the
existence of structures capable of sending an electron to one another via a H-bond-
peptide link chain seems to be established, pending ad hoc experimental studies.
The above results should be useful not only in attempts to understand selective
long-range electron transfer in redox enzymes, but in the design of supramolecular
assemblies exhibiting long lived charge separated states, a central problem in
energy conversion.

Computational details

Energy estimates have been obtained both at ab initio and semiempirical
MNDO PM3*%# using GAUSSIAN 94* and MOPACY® packages. UHF
techniques have been employed for open shell systems. The standard 6-31G**
basis set, which includes a set of d polarization functions and p diffuse functions
on all the heavy atoms, and a set of p polarization functions on hydrogen atoms,
has been adopted in the ab initio computations. Wherever not specified, the energy
estimates refer to PM3 optimized structures. For the H-bridged complexes of
figure 2 and 3 only the initial nuclear configuration has been fully optimized; for
the other nuclear configurations both the valence and the dihedral angles which
determine the mutual orientation of each block with respect to the others have
been kept fixed to avoid large changes in the mutual orientations of the different
subunits upon ET, which would be unrealistic in a real proteic system.
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Lanczos calculation of the X2A, /A%B, nonadiabatic
Franck-Condon absorption spectrum of NO2'
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1-53100, Siena, Italy.

The nonadiabatic absorption spectrum of the XA, /A’B, conical intersection of
NO, has been investigated by the Lanczos method. Within the Franck-Condon
approximation, we have calculated both cold and hot intensities up to 22000 cm'!,
by using a nonorthogonal Hamiltonian and up to 14932 optimized molecular basis
functions. We have checked the convergence of the spectrum with respect to the
dimensions both of the molecular basis and of the Lanczos one, and we have
compared the results of orthogonal and nonorthogonal Lancozs recursions between
themselves and with those of conventional eigensolvers. We have employed the
nonorthogonal Lanczos method for obtaining the levels and the intensities, and the
orthogonal one for computing the expansion coefficients of the nonadiabatic states
on the molecular basis. Therefore the advantages both of the nonorthogonal
recursion and of the orthogonal one have been merged: we have calculated 1304
B, nonadiabatic levels and cold intensities up to 22000 cm-! by the former, and we

have assigned the /1232 character of the vibronic bands up to 20300 cm™! by the
latter. The understanding of the conical-intersection effects in the NO, absorption
spectrum has been improved by analyzing the individual nonadiabatic states, their

Born-Oppenheimer main components, and the AZBZ Fermi polyads, by comparing
cold and hot bands, and by finding the energy threshold for the beginning of the
interactions between adjacent polyads. A statistical analysis of the spectrum
confirms the irregular distribution of high-lying individual levels.
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I. INTRODUCTION

The conical intersection between the X4, and A’B, electronic states of NO, has a

huge impact on its spectrum, from the A’B, origin at 9734 cm! up to the first
dissociation limit at 25129 cm! [1,2]: the number of bright B, cold bands is
between one and two orders of magnitude larger than that expected by the Born-
Oppenheimer (BO) approximation and the spectrum is much more irregular than

that of the AZBZ vibrational progressions. Also the dynamical properties are
strongly affected by this nonadiabatic interaction: the fluorescence lifetime

increases by about a factor 100 and the ;lsz non radiative decay is very fast.

The recent and very accurate experiments of the Grenoble group [1] represent
an exciting challenge for theorists involved in the development of quantitative
models, which aim both at reproducing the frequencies and intensities of the NO;

spectrum and at explaining the most important features of the XZAI-AZB2
absorption system. We are engaged in this project since some years, and we have
already investigated several aspects of the spectrum by employing an exact vibronic
Hamiltonian, diabatic potentials, finite basis representations (FBR), and
conventional eigensolvers, based on the Householder tridiagonalization [3-5].

Due to the strong anharmonicities of the potentials [3] and to the vibronic
interactions, the convergence of the NO, levels is very slow and our previous
spectrum [4] is therefore not fully converged above 17000 cml. Moreover, the
basis truncation errors of the states are larger and the strongest bands are above
17000 cm-! [1,2])- By employing larger basis sets than that of Ref. 4, in this paper
we check our previous results and extend the analysis of the high resolution
spectrum towards its most dense and strong portion, up to 22000 cml. The
number of bands we are interested in is so large, that the dimensions of the
molecular basis must be increased beyond the present limits of the Householder
tridiagonalization [5]. We have therefore developed two versions of the Lanczos
algorithm [5] which converge the levels up to 22000 cm'! and allow to assign the
nonadiabatic bands up to 20300 cm™1.

II. METHOD
A. Overview

We have chosen a nonorthogonal bond lenghts-bond angle vibronic Hamiltonian H
[6], which has a complicated kinetic term but gives the best convergence and

assignment of the NO, spectrum. The nonadiabatic states In) and levels E,, have
been calculated by using diabatic electronic states le) and two vibrational FBR,
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In)y=Y 3" lesb,)es,b,In) 4}
e s b

=YY lef Xef.ln), )
e f

e=1or2for 5{2A, or f&sz, respectively,
0<s,<NS,, 0<b,<NB,, 0< f, <(NS,+1)(NB, +1)-1,

where [s,) and 1b,) are optimized stretching and bending functions of le), | £,) are
BO vibrational eigenstates of the effective Hamiltonian (eH le), and the
dimensions of the basis sets are equal [3].

The |n) «-1g) absorption intensities have been calculated at some temperatures
T for the lowest nonadiabatic states |g) of A; symmetry, namely the f(zA‘ (0,0,0),
(0,1,0), (1,0,0), and (0,2,0) levels, which give rise to the cold and hot spectrum,
respectively. The excited levels are at 760, 1331, and 1513 cm! above the zero

point energy value and the absorbing states are nearly unperturbed by the
nonadiabatic couplings, which begin above 9500 cm-! [3]. They are thus very well

described by their main BO components |1g,), where 1) is the X?A, electronic
species and |g) are .its BO vibrational functions. The spectral and dynamical
properties depend on the electric-dipole matrix elements (nlptlg), and therefore on

the doorway states 1d,)

V= ulig ) (ulgnlg)” = 12g,), 3)

ld,) = ulg)/{nglng)
where we have used the Franck-Condon (FC) approximation and 12} is the AzBZ
electronic species. The states 12g ) have been expanded in both the 12s,b,) and
12f,7 FBR of Egs. (1) and (2), and are of B, symmetry. Only transitions to B,

nonadiabatic states in) are then allowed, in agreement with the ICLAS
measurements (7] which have observed only B, bands above 11200 em'l. By

labelling the A, or B, symmetries as + or -, respectively, the nonadiabatic
absorption intensities are then proportional to

Ly = (E] = EDNn1d; P exp(-E; [k T), “)

which are here reported in hartree.
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B. Lanczos algorithm

The use of very large dimensions excludes the implementation of conventional
eigensolvers, based on the Householder tridiagonalization, which requires the
explicit calculation of the Hamiltonian matrix H and its full storage in core
memory. We have then self-developed FORTRAN codes which implement the
Lanczos algorithm, with and without the full Householder reorthogonalization of

the vectors [5]. By starting from a normalized state |L), this method generates

recursively a basis IL) of dimensions M and a tridiagonal matrix T,,, which in
exact arithmetics is the orthogonal projection of H onto the subspace spanned by
the vectors {L). The matrix T, is then diagonalized by standard techniques and its
eigenpairs are approximations of those of H.

The state |L;) is only sequentially coupled to the other ones and the main
spectral and dynamical properties are thus well reproduced by Lanczos
representations which are much smaller than the molecular one, though they
approximate in a satisfactory manner only a very small fraction of the eigenvalues
of H. By employing large Lanczos expansions, the method becomes a powerful
tool for obtaining a large number of eigenpairs of H. Nevertheless, the generated
vectors become nonorthogonal (sometimes even linearly dependent) after few
iterations, owing to the computer finite precision, and one then obtains spurious
eigenvalues and multiple copies of the correct ones. We have dealed with the
orthogonality problem by following Lami and Villani (LV) [8] and Cullum and
Willoughby (CW) [9], and the spectrum has been calculated according to Heller et
al. (HKC) [10] and to Wyatt and Scott (WS) [11].

LV have reorthogonalized each new Lanczos vector with respect to all the
previous ones with the Householder algorithm [5], which can be easily and safely
employed for the calculation of the expansion coefficients of the eigenstates on the
molecular basis. However, the orthogonal Lanczos algorithm may become very
costly when a large number of converged eigenvalues is required and very large
basis sets are then employed. In this case, we follow CW who do not
reorthogonalize the vectors but have introduced some severe tests for identifying
the good eigenvalues, based on the comparison of the eigenvalues of the T,, and
T,,.; tridiagonal matrices, where the latter derives from the former by deleting the
first row and column. By computing the last row {L,[n}) of the eigenvector matrix
of T, CW also estimate the convergence errors of the good single eigenvalues,

the multiple ones being considered converged.
HKC have calculated the spectrum of Eq. (4) by simply starting the Lanczos

recursion with the doorway state Idg); therefore the scalar product (nldg) are just

the components of the first row (LIn) of the eigenvector matrix of T, Finally,
WS have diagonalized T, by a modified QL algorithm which computes only the
first row of the eigenvector matrix, with a remarkable gain in CPU time and
storage requirements. We have implemented this techniques in our codes both for
the first and for the last eigenvector row, because we have employed the latter in
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the CW estimate of the eigenvalue convergence errors, which have been further
calculated by increasing the dimensions of the Lanczos basis. According to WS,
the application of the CW tests can be avoided, realizing that spurious eigenvalues
do not contribute to the spectrum and summing the contributions of the multiple
copies of a good eigenvalue. We have followed their latter suggestion but we have
retained the CW tests for a trustworthy identification of the spurious eigenvalues.

By using a large les.b.) basis, we have obtained in this way a large number of
levels, which are converged within 103 cm! with respect to the number of
Lanczos states. This direct calculation of the spectrum is very efficient but has a
non-negligible cost: we do not know the eigenvectors on the molecular basis,
because this calculation requires a huge amount of CPU and storage resources.
The eigenvectors are however very useful for assigning the spectrum and for
computing other state-dependent properties; therefore, they have been calculated
by using a smaller Jef,) basis and the orthogonal Lanczos eigensolver.

The rate limiting step of the Lanczos recursion is the matrix-vector product

|P)= HI L) which must be carried out at each step i. By working with small basis

sets, we have employed both the les,b,) and lef.) representations of Egs. (1) and

(2), respectively. The latter diagonalizes the H blocks of the two electronic states,
and the matrix-vector product is thus greatly simplified. Nevertheless, the

calculation of all the BO states |f,) becomes too costly by increasing the basis

dimensions, and we have thus implemented a direct algorithm in the les,b,)
representation, without explicitly calculating and storing the matrix H, which is
equal to

5
(e'sibl\Hles,b,) = 8, (sib]lY TS T +V, Is,b,)
a=}

+(1=8,, BV, 15,55, o)

where 7" and T2 are stretching and bending kinetic operators, respectively {6],
o a g 2

labelled by o and V,, are the diabatic potentials. The kinetic and the potential
terms give respectively the product components

(sHIPY =¥ z<s'|fg"ls>(2<b'| 7o) by sbl m), (62)
s o b
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(sB'IR)Y = 2Z(s’lVkls)(z(ka’)(ka)(sbIL,.)wK), (6b)
k s b

where we have omitted for simplicity the electronic labels, £ runs on M5 bending
integration points, and wy, are the corresponding integration weights. By carrying
out sequentially [12] the operations of Egs. (6), the first requires about 10m? flops
and the latter about 2m?, where m is the average value of M3, NS;, NB;, NS, and
NB,. This flop count is about one order of magnitude smaller than that
corresponding to the explicit calculation of H. We have used M5 = 110 and thus
the main cost is due to the calculation of the potential terms, and does not change
by using orthogonal coordinates which simplify the kinetic operator. Moreover,
some tests with the Radau Hamiltonian have shown that the level convergence with
the basis dimensions is much slower than that of the present Hamiltonian.

III. RESULTS
A. Convergence
The absorption spectrum has been calculated with three molecular basis sets which

are labelled as N [(NS, +1)x(NB +1) + (NS, +1)x(NB,+1)], where N is the
number of basis functions and NS, and NB,, are defined in Egs. (1) and (2). We
have used a small basis 6117 (111x36+101x21) for comparing the results of
orthogonal and nonorthogonal Lanczos eigensolvers with those of the conventional
ones, for computing the hot spectra, and for assigning the states. The convergence
of the levels with respect to N has been checked with an intermediate basis 10682
{161x46+126x26). Finally the cold B, spectrum has been calculated with a large
basis 14932 (201x51+151x31). The nonorthogonal Lanczos recursion has been
stopped when about a 20% increase of the number M of the Lanczos vectors and
the CW [9] estimate have shown that all the levels are stable within 10-3 cml. The
two checks are qualitatively different and usually give the same convergence.
However, the former is more robust and the latter can be misleading. Sometimes,
at a given M, some levels corresponding to states very poorly represented in the
starting vector are completely missing in the energy range of CW fully converged
eigenvalues, whereas they appear by pursuing the recursion (see also below). This
finding has been already pointed out by CW who dealt with it by implementing
further checks in their routines. Sporadically, the CW tests still assign a large
convergence error to few eigenvalues, whereas all the levels are well stable with
respect to M.

Table I and Fig.1 report some convergence results with respect to M and to the
ratio MIN: NE, oy and NE are the numbers of lowest and total stable levels,
respectively, within 1 cm'l, and NEqqy is the total number of levels up to 22000
cml. With N = 6117, 5000 orthogonal Lanczos vectors give 1272 levels E,, and

states |n) which are identical to those obtained by the Householder
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TABLE 1. Convergence of the B; levels up to 22000 cm™.

6117, orthogonal 6117, nonorthogonal 14932, nonorthogonal

M
NE ow NE NEiow NE NE ow NE

3000 651 830

4000 985 1134

5000 1272 1272 335 559
10000 531 1017 219 681
20000 779 1271 845 1148
25000 1272 1272 1100 1263
30000 1304 1304
35000 1304 1304

OJle])ljjllAl‘llJlJlJLlA]AlellljJ

.
.
0+ ———

M/N

FIG. 1. Level convergence with respect 0 the ratio of the Lanczos dimensions M to the
molecular ones N: NEL(PW and NE are the numbers of lowest and total stable levels,
respectively, within 1 cm™¥, and NETQT is the total number of levels up to 22000 an-l, Basis
6117 orthogonal with circles, basis 6117 nonorhogonal with triangles, and basis 14932

nonorthogonal with squares.
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tridiagonalization. As expected, the orthogonal recursion converges faster and
more regularly than the nonorthogonal one. In the first case, the ratio NE/NE g,
increases nearly linearly with M/N, and the ratio NE/NE, , is nearly equal to 1
during the recursion, showing a steady increase of the number of the lowest
converged levels. The nonorthogonal method is slower, by requiring about 25000
or 31000 Lanczos states for converging 1272 or 1304 levels, within 10-3 cm-!, with
the bases 6117 or 14932, respectively. Nevertheless, the computation cost of the
nonorthogonal recursion with the basis 6117 is just 35 % greater than that of the
orthogonal one, owing to the smaller operation count per iteration. On the whole,
the nonorthogonal algorithm is more depending on the initial state and on the local
level density: NE/NE;or is not linear with respect to M/N, NE/INE, 4, may be
remarkably larger than 1 and irregular, and it is very difficult to obtain levels E,
which correspond to very small components I{L,1n)! of the starting Lanczos vector.

For example, the states 532 and 780 of the 6117 basis and the state 220 of the
14932 basis appear only for a very large number of Lanczos vectors because they

have I(L,In)l< 107,
Table H reports the maximum convergence errors of the levels with respect to
the number N of the molecular basis functions.

TABLE II. Maximum convergence errors 8 of the levels of the 6117 and
10682 bases with respect to the 14932 one. Energies in cm”.

max 8 up to
basis
10000 12000 14000 16000 18000 20000 22000
6117 14 36 6.0 10.4 11.2 47.1 153.1
10682 04 0.8 1.1 1.8 1.8 43 16.8

As the maximum error, also the mean one increases with the energy, and is equal to
5.6 cm-! between 20000 and 22000 cm-! with the 10682 basis. By increasing N
from 6117 to 10682, the largest error is reduced by about a factor 8, and we then
estimate that the large 14932 basis should have converged even the highest levels
at 22000 cm! within 3-4 cm-!. Finally Fig. 2 shows the Gaussian convolutions of
two stick spectra above 21000 cm™!. The convolutions have been calculated with
the nonorthogonal Lanczos method, with N = 14932 and M = 35000 or with N =
6117 and M = 600, and with half width at half maximum (HWHM) equal to 62.5
cml, Note that the latter computation gives just 78 converged eigenvalues within
lTceml
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FIG. 2. Energy range 21000 - 22000 am”!. Gaussian convolution of the spectrum with HWHM
= 62.5 cm-! and nonorthogonal Lanczos. Full line: N = 14932 and M= 35000; dashed line: N =

6117 and M = 600.

The two convolutions compare well enough, even in this high energy range (the
agreement at lower energies is better), thus confirming that small molecular and
Lanczos bases give acceptable low-resolution spectra. Of course, the orthogonal
Lanczos results corresponding to N = 6117 and M = 5000 agree much better with
those of the 14932 basis. These results show that the 6117 basis can be used to
assign correctly strong nonadiabatic bands.

B. Spectrum
The absorption spectrum depends mainly on the different equilibrium geometries of

the electronic states, which give rise to a very long fizBZ symmetric stretch-bending



TABLE II1. Energy ranges, number of corresponding cold and hot bands stronger than [,,, and
A’B, polyad features. Energy in cm™ and intensity in phartree.

Energy range  number of bands Ione v Istlastband 2 Fmx  Imx 4B,
cold hot

9500-13000 21 15 0.02 3 11727-11942  170* 11917 008 0,4,0*
13000-14500 6 1 08 4 12413-12693 170 12672 036 0,40
14500-15700 8 25 5 13394 207 13394 1.0 1,3,0
15700-17100 15 10 6 13924-14228 250 14105 35 1,4,0
17100-18100 14 15 7 14530-14818 298 14818 11 1,5,0
18100-19250 14 30 8 15350-15623 354 15550 11 1,6,0
19250-20250 15 50 9 15934-16284 407 16145 23 2,5,0
20250-22000 27 75 10 16637-17013 479 16871 19 2,6,0

11  16890-17859 555 17563 62 2,70

12 17581-18574 621 18090 124 36,0

13 18557-19243 718 18812 276 3,70
14 18292-19762 gpsb 19516 305 3380

15 19667- 903 19972 292 4,70

a A star labels a hot band from X4, (0,1,0) at 300 K.
b Bands 825 and 826.



Intensity (uhartree)

Lanczos Calculation of Franck-Condon Absorption Spectrum of NO, 333

progression, and on the A%B, (v1,v5.v3) Fermi resonances, which cluster the bands

in polyads corresponding to the quantum number v =2v, + v, +2v, [4]. We report

in Table IIT a summary of the spectrum: the number of cold and hot bands stronger
than some intensity thresholds [, in different energy ranges, the first and the last

band of each polyad with /., 2/, . and the corresponding intensity maxima with

their A’B, assignments. The spectrum up to 22000 cm! is presented in Table IV,
p p

where the hot bands refers to the X 2A1 (0,1.0) or (0.2,0) state at 300 K, are labelled
as * or **, respectively, and are by far more intense that the hot ones due to other

X’A, species. Fig. 3 shows the stick bands, their A2B, assignments and their
convolution from 18000 to 22000 c¢m'!,
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FIG. 3. Energy ranges 18000 - 22000 an-l.  Nonadiabatic By stick bands, Gavssian
convolution with HWHM = 62.5 cm°1, and AZB‘ assignments. Basis 14932,
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In our previous work [3,4] we have assigned the A’B, character of the
nonadiabatic B, bands up to 16200 cm'! and of some of the strongest ones up to
18600 cm'l. We here extend this analysis, by assigning the strong bands up to
20300 cm!; above this energy value, both vibrational and vibronic mixings are so

large that the assignment is impossible and the A’B, polyads lose their physical
meaning.

The nonadiabatic cold and hot bands are very weak near the A’B, origin at

about 9750 cm-!: at 300 K, the intensity of both the transitions A’B, (0,0,0) - X*4,

0,0,0) and (0,1,0) - (0,1,0) is equal to about 1/50 of that of the first band of Table
IV, whereas the hot diabatic band is about six times stronger than the cold one, in
agreement with Ref. 13. The spectrum remains weak up to 13000 cm!, i.e. for the

AZBZ polyads 0-4. Below 11700 cm-l, the strongest cold bands have a dominant
XA, character and their intensities are due to very small weights of excited and

bright AZB2 BO states, whereas the first three AZBZ polyads and the hot bands do
not contribute appreciably to the spectrum. Our coupling potential V;, therefore
gives too large vibronic couplings in the region of the first three polyads, thus
mixing vibrational species quite far in energy.

However, this shortcoming of V, is less important for assigning the states and
for the levels above 11700 cm!, where the polyad 3 begins: the hot band 170% at

11917 cm-! is the strongest one up to 12600 cm! and is due to an A 32 (0,4,0) -

X2A1 (0,1,0) transition. The next polyad 4 contributes to the spectrum with several
bands, from the hot one at 12413 cm! which corresponds to the absorption from

X2A (0,2,0), up to a group of four states around 12650 cm-! which give rise to
three comparable intensity maxima: the first is due to the near degcnerate species
167 and 205%, and the next two correspond to the bands 207* and 170 of type

A?B, (1,3,0)* and (0,4,0) respectively.
Above 13000 cm-!, the hot bands are not longer important, except one at 14068

cml, and the absorption structures are mainly due to AZBz combination
progressions (vy,1,,0): the weaker stretching (v;,0,0) and bending (0,v,,0)
overtones are respectively shifted to the red and to the blue of the strongest band
of each polyad, and the (0,0,v3) overtones borrow the intensity from vibrational

resonances with strong AZBz states. Up to 16000 cm'1, the spectrum calculated
with 14932 basis functions is not significantly different from those of the smaller
10682 and 6117 expansions: the maximum intensity change is about equal to 20%,
save a splitting of the state 386 into two nearly degenerate bands and two
permutations of the assignments of two pairs of adjacent levels.
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TABLE 1V. Cold and hot spectrum and ,5232 assignments up to 22000 cm-L. Eng
incm-! and 7, in phartree.

”a Ew 1b ABC n Ew I 4BC
99 10749 0.03 207 13394 10 130
121 11408  0.03 236 13924 08 220
122 11469 0.02 243 14038 08 022
129 11727 003 03,0 298%* 14068 15 150
167* 11858 004 12,0 250 14105 35 1,40
207** 11886 002 13,0 257 14228 08 0,60
137 11910 004 03,0 276 14530 09 3,10
170* 11917 008 04,0 298 14818 11 1,50
139 11942 004 1,10 335 15341 3.5

176* 12022 0.02 337 15350 69 240
141 12023 0.02 339 15378 88 240
147 12108 002 352 15524 30 0,4,2
151 12238 0.03 354 15550 11 16,0
153 12277 0.02 360 15623 2.7

236** 12413 002 22,0 364 15663 3.5

195% 12451 0.03 386 15934 17 33,0
196* 12456 002 2,10 403 16105 15 250
163 12516 002 0,02 407 16145 23 250
164 12527 0.02 410 16177 10 25,0
201* 12557 003 13,0 419 16286 12 1,70
202* 12558 0.04 454 16637 16 34,0
166 12592 0.05 457 16673 18 3,40
250** 12598 005 1,40 458 16689 10 34,0
167 12613 017 120 461 16711 12 222
205* 12615 0.12 462 16730 10

207* 12639 024 13,0 472 16809 14 26,0
170 12672 036 04,0 475 16836 10 26,0
210* 12693 002 0,50 479 16871 19 2,60
171 12705 0.03 481 16890 10 51,0
175 12762 0.03 492 17013 17 18,0
176 12780 0.07 513 17170 22 430
216* 12786 0.06 531 17356 44 3,50
178 12792 0.06 543 17447 28

217* 12802 0.03 549 17510 16

180 12826 0.03 554 17551 26

183 12922 0.04 555 17563 62 27,0
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TABLE IV. (Continued).

m  Ex b ABc m  Ee b Zipc

556 17571 22 2,7,0 942 20183 76

557 17581 16 52,0 947 20218 116 39,0
585 17806 22 440 948 20222 62

589 17829 28 44,0 950 20233 64

594 17859 26 0,110 952 20241 167 390
596 17875 39 440 969 20359 116

613 18028 36 992 20485 106

621 18090 124 36,0 1020 20638 98

646 18292 39 7,0,0 1025 20655 145

649 18306 60 2,8,0 1038 20706 153

650 18319 47 2,8,0 1059 20820 166

670 18466 36 1,10,0 1079 20930 107

685 18557 67 45,0 1080 20936 80

686 18567 70 450 1084 20964 110

687 18574 33 0,8,2 1086 20977 149

689 18581 34 1095 21023 123

718 18812 276 3,7,0 1103 21055 107

740 18956 39 54,0 1132 21204 82

742 18975 69 54,0 1134 21217 161

749 19025 108 29,0 1157 21319 131

783 19242 139 46,0 1172 21388 78

784 19243 T I,11,0 1191 21469 108

793 19290 82 4,6,0 1230 21666 143

825 19513 117 3,80 1234 21684 89

826 19518 188 3,80 1239 21702 186

832 19545 56 3,8,0 1241 21713 108

849 19667 63 55,0 1267 21834 94

865 19749 59 2,10,0 1278 21879 85

866 19762 70  2,10,0 1285 21914 216

898 19949 55 4,70 1294 21951 97

903 19972 292 47,0 1297 21963 81

904 19981 99 4,70 1298 21970 109

8 A star or a double star labels the hot bands from X?4,(0,1,0) or (0,2,0),

respectively, at 300 K.

b} arger than the intensity thresholds of Table IIL.
¢ Up t0 20300 cm™: main 4B, configuration , with [{(A*B,(v,,v,,v, Yn)}}210%.
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Each of the A’B, polyads S, 6, and 7 has one dominant bright level, at 13394,
14105, and 14818 cml, respectively, whereas the polyads 8 and 9 are splitted into
three and four bands, respectively, of comparable intensity. The strongest band up
to 17350 cm! is that relative to the transition to the state 407 at 16145 cm!, it

belongs to the polyad 9 and is of A’B, (2,5,0) type. In fact, the intensity of the
following polyad 10 spreads on several weaker lines. This is the first signature of a
gradual development of the spectral chaos above 16800 cml, from v = 10
upwards, where the vibronic couplings begin to overlap next-neighbor polyads (see
Table 1I1). Indeed the bands 475 and 481 at 16836 and 16890 cm!, respectiviey,
are vibrationally mixed between the polyads 10 (2,6,0) and 11 (5,1,0), and their
relatively small intensities are due to an asymmetric-stretching character of their

/1232 third main configuration. The largest interactions involve polyads 12, 13, and
14, from about 18300 up to 19200 cm-t: Table HI and IV show that the first band
of polyad 14 at 18292 cm-! is below the last band of polyad 12 at 18574 cm-!, and
that the polyad width increases from about 370 cm! for v = 10 up to 1470 cm-! for
v =14. Fig. 3 shows these nonadiabatic effects on the intensity distribution, from

the AZBZ (7.0,0) + (2,8,0) assignments of a group of bands at about 18300 cm™!, up
to the (4,6,0) + (1,11,0) characters of the absorption maximum near 19250 cm-l,
The strongest stick bands are at 18812 and 19972 cml, nevertheless the
convolution peaks increase nearly linearly up to 22000 cm-!, at least. The
nonadiabatic effects do not fully mask some residual regularities of the strongest
bands: Fig. 3 shows that the convolution maxima are spaced by about 256117
cm-!, a value which corresponds to a 8 % recurrence at 138 fs of the survival

probability of the ground doorway state !d,).

This qualitative analysis of the regular or chaotic behaviour of the spectrum has
been confirmed by computing the next-neighbor spacing distribution (NNSD) of
the levels. We have divided the spectrum in half-overlapping sets of 200 levels and
we have best fitted in each set the Berry-Robnik ¢ value [14] to the NNSD. The
parameter ¢ is O for regular systems and 1 for chaotic ones, and represents a
quantitative index of the chaos of the set. Fig. 4 shows the variation of g with the
energy, for the nonadiabatic B, bands (circles) and for the set of B, bands
(triangles) obtained removing the vibronic coupling from the full nonadiabatic
Hamiltonian. The chaos of the nonadiabatic levels increases up to about 18500
cm! and then slightly decreases at higher energies. The comparison with the
second curve (triangles) shows that the vibronic coupling strongly influences both
the degree of chaos of the spectrum and its energy dependence, but it also also
shows that part of the nonadiabatic spectrum chaos is also due to the vibrational
couplings within the single diabatic states. A detailed investigation on the causes
of the spectrum chaos will be the subject of another paper.
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06 1 T T YT T
12000 14000 16000 18000 20000 22000

Energy (cm™)

FIG. 4. Vaniation of the Berry-Robnik ¢ parameter with the energy. Nonadiabatic By lines with
circles, and By levels obtained removing the vibronic coupling from the full nonadiabatic
Hamiltonian with triangles.

IV. CONCLUSIONS

We have implemented the Lanczos algorithm for the calculation of the X24, /A’B,
nonadiabatic FC absorption spectrum of NO, up to 22000 cm'l. We have
employed a bond lenghts-bond angle vibronic Hamiltonian, three realistic diabatic
potentials, two FBR in optimized stretching and bending functions or in BO
vibrational states of both electronic species, and both orthogonal and
nonorthogonal recursions. By using up to 14932 optimized basis functions and
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35000 Lanczos states and by analyzing the expansion coefficients on the molecular
basis functions, we have removed the truncation errors of our previous works
[3,4], we have discussed the convergence of the spectrum with respect to the
dimensions of the molecular and Lanczos bases, we have calculated 1304 B,

nonadiabatic bands and cold and hot intensities, and we have assigned the A’B,
character of the nonadiabatic states up to 20300 cm1,

We have compared the results of Lanczos orthogonal and nonorthogonal
eigensolvers, by showing that to obtain the same accuracy one must utilize a
nonorthogonal Lanczos basis which is about four-five times larger than the
orthogonal one, and that however, this implies only a much smaller CPU time
increase. The orthogonal recursion is preferable for assigning the nonadiabatic
states and for high precision-small dimensions calculations. On the other hand, the
hundreds of levels of the overall spectrum require large basis sets and
nonorthogonal recursions, via Lanczos expansions which are about two-three times
larger than the molecular ones. A final convergence check has shown that the
computational effort can be reduced by more than two orders of magnitude, still
obtaining a satisfactory low-resolution spectrum.

The main absorption features follow the A’B, Fermi polyads, but the details of
the intensity distribution in different spectral regions depend strongly on the

X?A,/IA’B, electronic interactions and A’B, vibrational resonances. We have
therefore identified the following regions of the spectrum.

1. Up to 13000 cm™! (polyads 0-4). The cold and hot origins are very weak; X’A,
or hot bands are relatively important, and the spectrum is weak.

2. From 13000 to 16500 cm! (polyads 5-9). The /1282 symmetric stretch-bending
bands are stronger than the bending overtones; the intensity increases quickly.

3. From 16500 to 17800 cm! (polyads 10-11). The polyads begin to mix at 16800
cm!; beginning of the quantum chaos; the polyad 10 is weaker than the 9 one.

4. From 17800 to 19700 cm! (polyads 12-14). Maximum polyad mixing and
quantum chaos.

5. From 19700 to 22000 cm-l. The polyads lose their identity and the bands
cannot be assigned above 20300 cml; residual regularity of the peaks of the
gaussian convolution.
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Abstract

‘We present an introduction to various aspects of the hyperspherical ap-
proach to chemical reaction dynamics. The emphasis is on the choice of
the coordinate systems for the study of the quantum mechanical prob-
lem of few interacting bodies. The treatment is appropriate when bonds
break and form (as in chemical reactions) and also when large ampli-
tude motions influence rovibrational spectra of polyatomic molecules
and clusters. The development is kept at an elementary level and refer-
ence is made almost exclusively to the work carried out in our labora-
tory. Particular attention is devoted to point out the current research
activity in this area as an extension of angular momentum theory, even
for the purpose of developing efficient numerical codes.
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2. Separation of radial and angular variables. Orbital angular momentum.
3. Near separability. Adiabatic and diabatic representations.
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1. Introduction

The modern theory of chemical reactions requires the treatment of the quan-
tum mechanics of few bodies, an intrinsically multidimensional, non-separable
problem. Accordingly, a proper choice of the coordinate system is of crucial
importance for the theoretical approach to molecular dynamics. Introduc-
tion of alternative orthogonal coordinates allows the separation of the center
of mass and thus the diagonalization of the kinetic energy tensor, leading to
an essential simplification of the computational problems connected with the
study of chemical reactivity and the mapping of potential energy surfaces [1, 2].
The basic geometric theory of the modern approach to the N-body problem is
reviewed in ref. [3].

In the following, we emphasize aspects which illustrate the development of
the theory as an extension of the elementary theory of angular momentum.
As the latter is basically founded on the group theory of rotations in ordinary
spaces, tremendous progress has been achieved by properly mapping multidi-
mensional problems on hyperspheres, This article is kept at an elementary level
and technicalities are to be found in the quoted references. There it is demon-
strated that the theoretical methods based on hyperspherical coordinates have
turned out to be essential tools in the quantum mechanical treatment of the
interaction between few particles, involving studies both of bound states and
of scattering problems.

The recent application of hyperspherical and related coordinates to treat the
dynamics on a reactive potential energy surface offers, in fact, the possibility of
exploring also those regions where reaction paths present sharp curvatures or
bifurcations, taking into account of dynamical quantum effects like tunneling
and resonances. Several reviews available [4-10] provide a useful introduction
to various aspects of the hyperspherical approach.

In the next two sections of this article we face the problem of separabil-
ity or “near” separability of variables related to the solution of Schrédinger
equation, giving the definition of adiabatic and diabatic representations which
applies to the present context. Then we focus our attention on orthogonal co-
ordinate systems starting with the Jacobi vectors for the three body problem
and stressing the implication of their choices on the proper handling of the in-
volved angular momenta. In the fifth and sixth sections we give an overview of
the hyperspherical coordinates in their different parametrizations and provide
the connections with hyperspherical harmonics, which are the eigenfunctions
of hyperangular momentum in a hyperspherical diabatic representation. In
section 6 we also explore the mapping of potential energy surfaces from the
perspective of hyperspherical coordinates, enlightening the characteristics of
the regions most relevant for the reaction dynamics.
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In the final section we briefly describe some recent developments of the
hyperspherical approach, such as the hyperquantization algorithm as an im-
portant computational tool for the solution of dynamical problems and the
extensions of the hyperspherical method to treat the dynamics of reactions
involving polyatomic systems.

2. Separation of radial and angular variables. Orbital
angular momentum.

In order to treat properly those atomic and molecular processes, which in-
volve large amplitude motions and even breaking and formation of chemical
bonds, one has to face the failure of the nearly harmonic separation on which
molecular spectroscopy is rooted. In any case it is basic to try to solve the
Schrodinger equation introducing some sort of “near” separability of variables,
so to transform a partial differential equation in a set of ordinary coupled
differential equations in a variable of the propagation type. In general, this
would correspond to find operators which nearly commute with the hamilto-
nian, giving approximately “good” quantum numbers related with the external
or internal angular momenta of the system.

To prepare for proper generalizations, we reconsider a familiar case where
exact separability of radial and angular variables is possible: the interaction of
two particles, of mass m; and mg, in a central field. Physically, this corresponds
to the important example of elastic atom-atom scattering.

In three-dimensional space the positions of the two structureless atoms are
specified by six coordinates which, after separating the motion of the center
of mass, are reduced to three. Introducing the reduced mass p of the system
(4 = [mymy/(m;ms,)]*/?), we obtain a hamiltonian which is the sum of a kinetic
part represented by the Laplacian operator acting in a three-dimensional space
plus a potential energy V(r}, which is a function only of the distance, r, between
the two particles:

h2
—3zA7 + Vi) -B[ T =0 (1)

The transformation of the Laplacian in polar coordinates introduces an effec-
tive simplification of the Schrodinger equation, here exploiting the separability
of the radial coordinate from the angular ones. Here are the known formulas:

2 2 2 2
ij J 0 7] 20 1 A®

B L = LS
A 6x2+8y2+3z2 .6r2+r8r ) S )
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where
x=rsinfd cosp , y=rsindsing , z=r cosd (3)

r=(x2+y2+zz)% , 0<80<m0<d<2r 4)

Separate solutions of the angular and radial parts of the equation are to
be found. The former can be done analytically, and leads to the spherical
harmonics (Y;..(6,¢)) as eigenfunctions of the angular Laplacian:

A Y m(0,¢) =11+ 1)Yim(6,¢) , 1=0,1,2,... , —-I<m <1 (5)

where ! and m represent the “orbital” angular momentum quantum number
and its projection on an axis fixed in the center of mass.

The wave function is the product of a spherical harmonic and the radial
factor Fy(r) (a vectorial set):

o= %Yz,m(0,¢)F,(r) (6)

For a general interaction, one has finally to solve the radial part of the Schrédinger
equation

If, e.g., V(r) is a harmonic or Morse oscillator, or the Coulomb potential,
as for the hydrogen atom, eq. (7) can be solved analytically, otherwise nu-
merical solution is necessary, but involves only a one-dimensional integration
and nowadays can be carried out routinely when needed, as for the analysis of
elastic scattering experiments in atomic and nuclear physics.

3. Near separability. Adiabatic and diabatic representa-
tions.

The consideration that the velocity of electrons is much higher than that
of the nuclei (a consequence of their much smaller masses) leads to the Born-
Oppenheimer approximation, perhaps the better known example of the near
separability of variables. We reconsider it in view of subsequent generaliza-
tions. Using the language of classical mechanics, we will speak of adiabatic
separability, which can be shown to be related to a semiclassical expansion, i.e.
to an asymptotic expansion in h. See references [11-14] where we also discuss
a “post-adiabatic” representation.
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Let us consider again the atom-atom interaction, but permit now the atoms
to have a structure. Namely, allow now for inelasticities, and indicate with
R the internuclear distance and with r the collection of vectors representing
the electron-nucleus distances. We can write down the following Schrédinger
equation:

LN
2u 2m,
where m, is the mass of the electron.

Solving separately the electronic part of the equation for each fixed con-
figuration of the nuclei, we obtain the spectrum of the electronic adiabatic
eigenvalues €}, which depend parametrically on R, and have the meaning of
potential energy curves

— A% + V(R,1) - E] T=0 (8)

Hel¢ia(R7 r) = €?(R)¢i“(R7 !‘) (9)

In practice, one considers only a limited number of the lowest lying eigenval-
ues and eigenfunctions ¢f, corresponding to the energy range of interest. It is
then possible to factorize the wave function in terms of electronic and nuclear
eigenfunctions:

U = 54} (r,R)F{(R) (10)

where F(R) are now the solutions of a system of coupled second order ordinary
differential equations:

[ B (12;% + P(R))2 +e(R) - IE} F(R) = 0 (11)

Such a system is in principle infinite, but, as we have seen, in practice
a convenient truncation has to be introduced. According to the Hellmann-
Feynman theorem, we can write the coupling terms as follows:

P;(R) =< ¢“| wE>=—= - < ¢>"| I<¢>a >= —P;(R) (12)

Solving eq. (11) including eq. (12) would amount to “exact” solution of the
coupled-channel or close-coupling (CC) formulation in the adiabatic represen-
tation. The adiabatic approximation consists in neglecting the coupling terms,
as it is done in the Born-Oppenheimer separation.

An alternative development leads to the diabatic representation, which re-
quires the definition of an orthogonal matrix T(R) to interconvert the eigen-
functions corresponding to the two different representations:
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F* = TF¢ (13)

and

e L (14)

where the prime denotes differentiation with respect to R, so that, in spite of
their innocent look, equations (13) and (14) correspond actually to an often
formidable set of differential equations.

The final equation for the diabatic representation is

h? d? 4 4
—mlaﬁ-l-v —1E|F (R)=0 (15)
where
V4 = T 1¢R)T (16)

The main difference between (11) and (15) is that in the former case, the
coupling acts in the kinetic energy, while in the latter it acts in the poten-
tial energy. This is often convenient for numerical solutions. However T is
not unique: solution to the equations (13) and (14) requires specification of
boundary conditions and therefore the diabatic representation is not unique
as well. This can be in practice a great advantage. A physically motivated
diabatic expansion on a mathematically well-behaved orthonormal complete
basis set, as the expansions in spherical and hyperspherical harmonics to be
considered in the following, leads to analytical evaluation of matrix elements
and to the possibility of exploiting powerful numerical techniques. This is the
theme of the following sections, as far as chemical reaction theory is concerned.

See [15, 16) for the alternative diabatic representations which correspond to
the alternative Hund’s angular momentum coupling cases in the spectroscopy
and dynamics of a diatomic system.



Hyperspherical Coordinates for Chemical Reaction Dynamics 347

4. Three-body problem. Orbital and rotational angular
momentum.

When molecules undergo large amplitude motions, or even bonds break and
form as in a chemical reaction, one doesn’t have any more a privileged in-
teratomic distance and has to consider explicitly the interactions among the
various bodies. To begin with, note that for the interaction among three
particles it is certainly very difficult to identify a trivially separable variable.
Nevertheless it is still possible to reduce the dimensionality of the problem
eliminating those coordinates related with the motion of the center of mass.

There are several different representations of the six coordinates necessary
to describe the positions of the three particles, but we will treat in detail the
Jacobi scheme, not only because it came first chronologically but even because
it is nowadays the one more widely employed. Alternatives are discussed else-
where [1].

In the three body problem we can write down two Jacobi vectors: the first
(r) is simply the internuclear distance between two particles and the second
(R) connects their center of mass to the third particle.

n 2 3)
b b b
r
6 R
r 2} 0
IAT‘O«: %c >/© .
r
a a a
Figure 1: Jacobi vectors for three particles in space.

The resulting hamiltonian will contain as a kinetic term the sum of two three
dimensional Laplacians acting on the coordinates of the Jacobi vectors plus a
potential energy term describing the interaction between the three particles

h? i

_mAg) - EA?’ +V(R,1,0) —E|¥ =0 (17)
where
i ” and M= ______ma(m1 + o) (18)

m; + mg m; +my + mg
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Expressing the vectors in polar coordinates R = (R0, ¢5) and r = (1,6,, ¢,.),
as before we have, as separate eigenfunctions of the angular part of the Lapla-
cians, two spherical harmonics Yin, (0r, #r) and Y (0r, ¢,), where the quan-
tum numbers of orbital (! and m;) and rotational (j and m;) angular momen-
tum appear.

Because of the conservation of the total angular momentum (J = j + 1), we
have to search for a proper combination of spherical harmonics. Introducing
then the coupling coefficients of quantum mechanical angular momenta (the
Clebsch-Gordan coefficients), we obtain a bipolar harmonic

YjIM = zm,‘ml < lml]mglJM > Ylm; (OR’ ¢R)Yj'm,' (9n¢rR) (19)

After the expansion of the wave function in terms of dipolar harmonics, we
obtain:

e ﬁumn+ i +1)

J

MR meE M W Tam @ b T = B Vi Fe
(20)
Vi (r,R) =< YM|V(r,R, 0] Y} > (1)

where < ... > implies the integration on the angle 6.

Also the potential energy V (r,R,0) can be expanded as a function of Leg-
endre polynomials. This expansion allows analytical evaluation of matrix el-
ements according to the algebraic rules for the coupling of angular momenta
[17]. Therefore, to solve an “inelastic” problem, where R and r remain appro-
priate throughout, we may solve first the Schriidjnger equation in r, 8,, ¢,,
parametncally in R, obtaining the eigenvalues ¢ (R) and the eigenfunctions

¢4,(R,7), where v is the vibrational quantum number and then integrate a
set of coupled equations in R. Computer programs are available to carry out
such calculations of interest for the study of the exchange of rotational and
vibrational energy in molecular collisions.

When treating reactions, the situation is obviously more complicated and
we have to face the rearrangement problem. We have to take into account
the Jacobi rearrangements related to the reactants and products respectively.
The main question we should try to answer is whether it can be found a near
separable coordinate for rearrangement scattering or in general for any many-
body problem, even when one cannot use a manifest difference in masses, as in
the Born-Oppenheimer separation. The solution to this problem requires an
extension to spaces of mathematically higher dimensionality of the procedure
we have been following so far. In such a hyperspace, we are going to introduce
the radius of a hypersphere as our key variable.
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For a prototypical three body problem, the Helium-like atom, the procedure
is well known since the early days of quantum mechanics. More recently, Fano,
Macek and Klar [18-23] identified a near separable variable p = (12 + 12)3,
where r; and r are the two Jacobi vectors of the system, named “hyperradius”,
corresponding to the radius of a six-dimensional “hypersphere” parameterized
by five “hyperangles”. However, note that the hyperradius is independent
of the numbering of particles and is therefore very useful for rearrangement
problems.

The hyperspherical coordinates, which will be discussed in detail in the
present article, represent a generalization to any mass of the near separability
for the hyperradius explored for Helium-like atom. Jacobi vectors, besides the
reduction of the dimensionality of the problem eliminating the center of mass
coordinates, allow us, after a proper mass-scaling, to express the kinetic energy
of the system in a diagonal form which depends only on the reduced mass of
the system.

If we multiply the vectors Ry and ry, where k indicates one of the three
possible arrangements of the particles (fig. 1), by the mass factor a;

L
wom (Hed)' = Demitm) o mym
1 T mptmy4+m 7Y my4+my
where we indicate with k the particle connected by the vector R to the center
of mass of particles j and i, we obtain the mass-scaled Jacobi vectors Xy and
Xk

(22)

Xk = agRg X = a;lrk (23)

Substituting the previous expressions in the kinetic energy operator in eq.
(17), it will result a diagonal expression

T= —f‘i(A“’ +a) = BLVC (24)
- 2” Xy X /T 2#

where we encounter the reduced mass for the three particles

b= (M..)l (25)

my + m; +my

The procedure can clearly be extended to treat more than three particles,
and this is done, e.g. in ref. [24]. It has also to be pointed out the fact that the
hyperradius is a measure of the total inertia of the n-body system, and this
can be a physical motivation for its candidacy as a proper nearly separable
variable, invariant with respect to the choice of the set of Jacobi vectors.
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5. Hyperspherical coordinates and harmonics. Hyperan-
gular momentum.

We are now ready to generalize to spaces of higher dimensionality the well
known polar representation of the position vector of a particle in a three-
dimensional space. A hyperspherical representation of the Jacobi vectors can
be developed, corresponding to the projection on a d-dimensional hypersphere,
with d=(n-1)D for n particles in a D-dimensional space after the separation
of the center of mass. The d hyperspherical coordinates consist of a hyper-
radius, which does not depend on the particular Jacobi set chosen, and d-1
hyperangles, dependent on the arrangement of the particles.

The case of three particles can be simply represented by the hyperradius p,
related to the sum of the Jacobi vectors, plus five hyperangles, originating a
kinetic energy operator [24,25] consisting of a term depending exclusively on
p plus a five dimensional Laplacian, A({2s), corresponding to a “hyperangular”
momentum [26]:

B’ h? 8, 50
-ﬂA(S) (p, ) =~ p“"%(psgz) — p7?A(Q) (26)

There exist different parametrizations of the hyperangles, such as the com-
monly used asymmetric or Fock’s parametrization and symmetric or Smith’s,
which will be discussed in the next section. The eigenfunctions of the hy-
perangular momentum are called hyperspherical harmonics and can be easily
visualized by the tree method [4,10,24]. To a d-dimensional hypersphere,
parameterized by d cartesian coordinates or one hyperradius and d—1 hyper-
angles, is graphically associated a tree which is composed of d leaves corre-
sponding to the cartesian coordinates and each leaf is connected by a branch
to one of the d—1 nodes representing the hyperangles and labeled with the
proper quantum numbers.

Starting from a leaf and descending to the root of the tree, through the vari-
ous nodes, we may find the relationship between coordinates and hyperangles,
according to the convention which establishes that the branch converging to a
node from the left-hand (right-hand) side corresponds to the cosine (sine) of
the hyperangle.

If a hyperspherical parametrization can be represented by a tree, the coordi-
nates can be shown to form an orthogonal set. This implies that the Laplacian
on the hypersphere will contain no cross terms, the corresponding Laplace
equations are separable and the hyperspherical harmonics can be constructed
in closed form [24].

We start considering some examples in two and three-dimensional space and
then generalize to spaces of higher dimensionality. On the plane it is possible

T=
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only one representation visualized by the tree in fig. 2.

X Y

¢

m
Figure 2: Illustration of eq.(27).

The tree represents the correspondence between cartesian and polar coordi-
nates:

x =rcos¢ y =rsing 27)

and the corresponding eigenfunction is given by ™4 with m=...,—1,0, +1,...

In three-dimensional space there are two possible symmetric trees (fig.3), the
first corresponding to the usual polar representation related to the spherical
harmonics Y. (9, ¢).

Z x y

(@)

l

Figure 3: The trees a and b represent two alternative
parametrizations of the three-dimensional sphere, S2.

In this case, the correspondence between polar and cartesian coordinates is:

x = rsinfcosd  x = rcosf'sing’
y = rsinfsing y= rsiné’ (28)
%z = rcosf 2z = rcosf'cosd’
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The orthogonal transformation which allows the connection between Yy, (6, ¢)
and Yj,,(6',¢') is in this case a Wigner’s rotation matrix. For d greater than
three the number of possible representations increases and we can have differ-
ent hyperspherical harmonics. Transformations allowing the connection among
them are orthogonal matrices, whose study is a current important topic of an-
gular momentum theory.

In the four-dimensional case we have many possibilities. Of these, two are
basically different. As an example, we show in fig. 4 the trees corresponding to
such two different parametrizations (the others are obtained “anagramming”
X, ¥, z and w).

Figure 4: The trees a and b correspond to two alternative
parametrizations for S2.

The related hyperspherical harmonics are:
Ynlm = Cnl(X)Ylm (0, ¢) D:z:] tuy 8y ;»z = eim,adzm (ﬂ)ei#” (29)

where ¢ = vy and m = 3.

To further illustrate the tree-method, consider the six-dimensional hyper-
sphere which parameterizes the components of Jacobi vectors for the three-
body problem: the symmetric tree, see fig. 5, corresponds to the hyperspheri-
cal harmonics

YAI, lemyme (X’ 011 92) ¢1¢2) = Yl’) Iy (X)Yh my lemz (30)

The quantum number A is the first example that we encounter of a kind of
quantity that can be viewed as the generalization to hyperspace of ordinary
angular momentum. They will be called hyperangular (or grandangular) mo-
menta [10, 24, 26] and the connections among alternative harmonics are related
to coupling and recoupling coefficients of hyperangular momentum.
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21 X1 V1%, X, ),

Figure 5: The tree represents the hyperspherical parametriza-
tion for the components of the Jacobi vectors describing three
particles in space. 1;,m; and l,my can be put into correspon-
dence with j,m; and 1,m, of section 4, and the upper part of
the graph to the ordinary spherical harmonics.

The generalization of the hyperspherical treatment to n particles runs as
follows. Considering that n particles in a three-dimensional space, after the
separation of the center of mass, can be represented by d=3(n-1) coordinates
parameterized by a d-dimensional hypersphere with d-1 hyperangles and one
hyperradius, we can write down explicitly the kinetic energy operator as fol-
lows:

iy 8 4,0

LI DRGSR S N T 31

P 5" 3 P (dl)] (31)
where A(Q4-1) (group-theoretically a quadratic Casimir operator) is the

hyperangular Laplacian on the d-dimensional sphere of unit hyperradius.
The hyperspherical harmonics will then be the eigenfunctions of A(Q4_1):

AY 3,4 (Qa-1) = AA +d — 2) Y5 ,(Qa1) (32)

A being again the hyperangular or grandangular momentum quantum number
and u is here a set of d-1 quantum numbers.

The explicit form of the harmonics depends obviously on the particular
parametrization chosen for the coordinates, giving rise to different possibilities,
which are formally equivalent, but offer great flexibility to the method.

For the four-body problem in a system of symmetric hyperspherical coordi-
nates the expression of the kinetic energy operator and the kinematic rotations
connecting the different reactive channels have been explicitly derived in two
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recent papers {27,28].Also, hyperspherical harmonics have recently attracted
much attention because of their use as atomic and molecular orbitals in mo-
mentum space, allowing the treatment of the many body Coulomb problems
via expansions of the Sturmian type over complete orthonormal basis sets, see
[10,29-35).

We consider now the consequences of extending the concept of near separa-
bility to the hyperspherical parametrization. The hyperradius can be identified
as the near separable variable and it is then possible to expand the wave func-
tion as a product of a “hyperradial” term and hyperspherical functions [36, 37):

V(o Qam1) = p~ 5 S FH(0)B2(p, Q) (33)

where Q4 indicates the d-1 hyperangles of the d-dimensional problem,

®;(p, Qa-1) corresponds to the eigenfunctions of d-1 dimensional problem with

eigenvalues ¢;(p) depending parametrically on p. We thus obtain a set of
coupled differential equations

B (. d : a
[_5; (1;1; + P(p)) +€(p) - IE] F*(p) =0 (34)

where €(p) represents the matrix of adiabatic potential energy curves and
P(p) is the matrix containing non-adiabatic coupling elements F;;(p), exhibit-
ing maxima at avoided crossings, changes in coupling schemes, ridges between
modes [38,39]. An illustration will be provided in the next section, see fig. 7
below.

As in section 3, the diabatic representations are obtained finding the or-
thogonal matrix T such that TT = P. Again, the diabatic representation is
not unique because T is defined within an overall p-independent orthogonal
transformation. In actual calculations, one has to manipulate the potential
energy matrix V = Te(p)T, whose large dimensions are often the bottleneck
in practice. Proper choice of T is therefore crucial. The practical implementa-
tion (see the final section) of hyperspherical harmonics as the proper diabatic
set is of great perspective power.
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6. Hyperspherical mapping of potential energy sur-
faces. Alternative parametrization of hyperangles.

The hyperspherical approach leads to a change in perspective with respect
to our views on reactive potential energy surfaces, not only with reference to
their representation in terms of coordinates, but also regarding topological fea-
tures. These are important both as a guide to the numerical implementation
and as a tool to understand the qualitative features of the dynamics. The
representation of potential energy surfaces in hyperspherical and related coor-
dinates allows us to focus the attention on those regions which are relevant for
the numerical implementation of the dynamics and therefore need to be known
very accurately [2, 9]. If we start by limiting our consideration to a symmetric
collinear three particle collision, the easiest to visualize, we may sketch the
potential energy contour map as a function of skewed coordinates (fig. 6 a).

........“nul“

s P

Figure 6: Schematic potential energy surface for a symmetric
collinear triatomic system in skewed coordinates (panel a).
The dashed and dotted lines correspond respectively to the
valley bottoms and ridges, which are represented in panel ¢
as a function of p. In panel b a conventional view of the
minimum energy path is sketched as a function of a generic
reaction coordinate s.

The idea of “skewing” the coordinates according to a mass-dependent an-
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gle was put forward by the early pioneers of theoretical gas kinetics (Wigner,
Polanyi, Eyring ...) in the thirties. Such a mass scaling is the first step to-
wards the mass scalings employed in the hyperspherical approach (sect. 4).
The dashed line represents the usual minimum energy path connecting the
reagents and products channels (see fig. 6 b), the dots correspond to ridges
of the potential energy surface and the continuous line follows the increase in
hyperradius, starting from the coalescence of particles near the origin and to
their alternative rearrangements far from it. It is possible to identify two main
kinetic paths (fig. 6 c): the first, given by the evolution of energy minima
or “valley bottoms” as a function of p, describes at large p values the rear-
rangement channels, while the second is the ridge line, corresponding to the
evolution of saddles as a function of p.

Ridges play a crucial role in chemical reactions because of the coupling be-
tween rearrangement channels leading to non-adiabatic transitions. In corre-
spondence of the “transition state” the valley bottom line undergoes an abrupt
transition from single- to double-well situation, bifurcates and continue as a
ridge line. Accordingly, the qualitative behaviour of adiabatic potential curves
€y(p) drastically changes astride of the ridge (fig. 7 a) and non-adiabatic ma-
trix elements P,,(p) show a peak there, as we can see in fig. 7 b [39,40].

E (V)
v @

. 2 B ]
. a
@al) L 1 ]

P

Figure 7: Adiabatic curves (panel a) and non-adiabatic matrix
elements (panel b) as a function of p.



Hyperspherical Coordinates for Chemical Reaction Dynamics 357

If we represent on a plane, which has been named “kinetic plane” [2], all
the possible rearrangements of three particles constrained to lay on a line
(fig. 8 a), we can identify the kinematic rotation angle ®, which therefore is
a proper generalization to continuous values of the skewing angle, which de-
scribes asymptotically the passage through the different rearrangement chan-
nels. In fig. 8 b are represented cuts through the potential energy surface at
different p values which give a useful alternative view of the surface. Curves of
fig. 7 are obtained by “quantizing” on these p-fixed cuts, obtaining eigenvalues
and coupling matrix elements to be entered in eq. (34).

a) C+AB b
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Figure 8: Schematic view of the various arrangements for a
triatomic collinear reaction (a) and cuts through the potential
at different p values (b) as a function of the kinematic angle.

In general, before any numerical calculation, and in order to explore poten-
tial energy surfaces of higher dimensionality, it emerges the crucial necessity to
consider cuts as these, where some coordinate is held constant or is adjusted
to minimize the potential energy [41].

We are now ready for the extension of the previous polar representation
of the collinear case in terms of the radial variable p and the angle & The
case of three particles in three-dimensional space is described, as we have
already shown, by a six-dimensional sphere corresponding to a hyperradius
and five hyperangles. However, the potential energy surface requires only
two angles and, in general, angular momentum conservation can be imposed
to restrict the dynamics to a manifold of lower dimensionality. Among the
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different possible parametrizations we will now consider the most commonly
used, i.e. the asymmetric and the symmetric ones.

Asymmetric parametrization

The asymmetric parametrization [24,42] can be expressed in terms of two
coordinates referred to an internal reference system: the angle (¥) between
the two Jacobi vectors and the angle (x) related to their ratio plus the three
Euler angles which specify the spatial orientation of the triangle formed by the
three particles. Considering a system with zero angular momentum, we may
consider only the three internal coordinates p, ¥, x:

9 9 2 arcosX - x 1X|
P=XP+x° ¥9=—F—— x=arctan"— 35
| XI5 )o@
and then
x| = pcosy  |X| = psinx (36)

Symmetric parametrization

The symmetric parametrization, can be obtained taking as internal reference
system the one which diagonalizes the inertia tensor and placing the principal
axis in correspondence of the maximum inertia one [26, 43, 44]. In this way we
obtain an angle (©) correlated with the area of the triangle made up by the
three particles, invariant respect with their possible rearrangements (fig. 9),
plus an angle (®) connected with the shape of the triangle and corresponding
to the kinematic rotation angle whose value depends on the particular set of
Jacobi vectors considered

AX] _

: x-X
Pt =|XP+x]? sin20= 2—72—— 41;—721 tan2® = 2 ( )

Wy ¢

B

Figure 9: Nlustration of the geometrical meaning of the © angle.
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© = 0 can be shown to correspond to the collinear case, while © = % to
the equilateral triangle. The interconversion formulas between symmetric and
asymmetric coordinates are [2):

sin2xcos? = cos20sin2®  sin2xsind =sin20  cos2y = cos2Ocos2® (38)

All the relevant machinery for handling these coordinates and the explicit
relationships with interatomic distances are given in ref. {2]. Symmetric and
asymmetric representations for more than three particles are considered else-
where [1]. For four particles see [27,28, 45).

7. Perspectives and concluding remarks.

In this final section we will deal with current research problems. Although nu-
merical implementations of the hyperspherical approach have been extensive,
so that now they are considered the main route to full state-to-state infor-
mation on the dynamics of elementary A+BC type of reactions, they have
not been discussed in this paper. However, note that the great power of this
approach stems from the fact that, within the framework of the hyperspher-
ical approach to reaction dynamics, it is possible to use angular momentum
algebra (or its generalization, see below) to compute matrix elements of the
Hamiltonian. The particularly advantageous aspects of the method is that the
kinetic energy matrix is universal and sparse: salient features are the block
tridiagonal structure and a number of symmetry properties.

Specifically, the technique developed in our group exploits the discrete ana-
logues of orthonormal basis sets usually defined on continuous angular vari-
ables. These bases are orthonormal polynomial sets and our representation
uses, as their discrete counterparts, polynomials orthogonal on lattice points,
the so-called Hahn coefficients [31,41,46-48]. These can be identified, in par-
ticular cases, with the Clebsch-Gordan coefficients or vector coupling coef-
ficients in the quantum theory of angular momentum. The algebraic work
needed to develop this generalization is an important goal of current research.

Numerical aspects and performances of this "hyperquantization” algorithm
have been demonstrated for a prototypical atom-diatom reaction (F + Hj)
[49], including extensions for the treatment of the excited electronic surfaces.
Calculations have been carried out on the reaction at total nuclear angular
momentum equal to zero, the fine structure of the fluorine atom being explic-
itly taken into account. The technique presented is shown to be simple and
effective for applications to reactive scattering problems, and the results are
competitive with those obtained applying other current methods. The theory
as well requires substantial effort to provide the ground to further develop-
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ments. Expansions in alternative hyperspherical harmonics for three-body
problems, corresponding to different couplings of particles and angular mo-
menta, allow closed-form expressions for orthogonal transformations between
coupling schemes. Similar transformations can also be found for alternative
parametrizations of hyperangles [50].

Connections between harmonics are important for providing orthogonal trans-
formations between basis set expansions pertaining to different Jacobi parame-
trizations. They were first introduced by Raynal and Revai. Their use, espe-
cially for nonorthogonal treatments where it may be convenient to expand over
different basis sets for entrance and exit channels, is still to be exploited. The
extension to more than three particles is the goal of current investigations.

Being the exact quantum mechanical treatment of the dynamics of systems
containing more than four atoms presently computationally out of question,
only particular cases or approximate methods are nowadays being developed
in order to extend the hyperspherical method to complex reactions. Proper
formulations of the coordinate systems and relevant hamiltonians have already
been referred to (27,28, 45], see also [51].

The reaction-volume Hamiltonian approach developed by Billing [52], in
analogy with reaction path and surface Hamiltonian developed by Miller [53],
consists in the reduction of the reactive process to a three- or four-center prob-
lem, focusing the attention on the dynamics of the subsystem constituted by
the atoms directly involved in the reaction, while treating the remaining de-
grees of freedom within a harmonic decoupling scheme. Therefore the accurate
hyperspherical method is used only for the reaction centers and the motion of
the “spectator” atoms can be followed using the small amplitude approach.
As a further example, the reaction OH + Hy;— H;O + H has been studied
[62, 54], considering that the initial O-H bond is not directly involved in the
rearrangement.

Finally, time dependent methods are yielding interesting views on poly-
atomic reaction dynamics, although not actually leading to the full state-to-
state information. Most promising for the future will be the blending of these
methods with the hyperspherical approach under focus in the present paper.
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Abstract

Central to the EPR paradox is a ‘thought experiment’ in which two spins are initially
coupled to a state with .S = 0 and are then separated to a large distance, at which
they can be separately observed. Quantum mechanics apparently predicts that
the two spins remain forever coupled, but this conflicts with Einstein’s principle of
‘locality’ or ‘separability’, according to which spatially well separated systems must
be independent, no matter how strongly they have interacted in the past. It is now
widely held that Einstein was wrong and that ‘non-locality’ follows inevitably from
quantum mechanics i.e. that even distant systems are never truly separable.

Here the question of separability is re-examined, within the framework of orthodox
quantum mechanics but with a more realistic mathematical model than the one used
in previous work, notably that by Bell.

The conclusion is that there is no conflict between Einstein’s locality principle and
the predictions of quantum mechanics: the discussions by Bell and others are based
on an oversimplified model and on postulates that are untenable. Near the dissoci-
ation limit, states which differ only in spin coupling fall within an energy interval
whose width tends to zero: representation of the system by a quantum mechani-
cal ensemble then becomes mandatory, the coupling is broken, and the dissociation
fragments become completely independent.
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1) Introduction

“Reality resists imitation through a model” (Schrédinger, 1935)!

In the early days of quantum mechanics there was much discussion of the ‘reality’
of physical systems and of the ‘completeness’ of theories whose aim was to describe
them mathematically. Much effort was expended in devising ‘thought experiments’
to test the validity of quantum mechanics: one such experiment was proposed by
Einstein, Podolsky and Rosen (2], whose argument has since been extended and
applied to many types of physical system. The EPR paper starts from the premise
that “A sufficient condition for the reality of a physical quantity is the possibility of
predicting it with certainty, without disturbing the system” and, after considering
quantities whose associated operators do not commute, it is concluded that either
(1) the description of reality given by quantum mechanics is incomplete; or (ii) that
quantities whose operators do not commute can have no simultaneous reality. It is
then a short step, by considering a system comprising two subsystems which interact
for a short time and then separate, that if (i) is false then (ii) is also false. The final
conclusion is that quantum mechanics (and in particular the wavefunction) cannot
give a complete description of physical reality.

In 1951, Bohm [3] re-examined the EPR paradox and initiated the search for ‘hidden
variables’, new ‘elements of physical reality’ not included among the variables of
orthodox quantum mechanics, which might be used to formulate a more complete
theory. Bohm took as his ‘model system’ a pair of electron spins, a model containing
only six physically measurable quantities (the spin components of the two electrons)
and thus amenable to straightforward analysis. His proposals were attacked by von
Neumann and others and ultimately ruled out by the work of Bell[4,5], who proved
formally that for such a system a hidden-variables interpretation was mathematically
untenable. Bell's work, however, was concerned purely with (i) the hypothetical
system of two spins, initially interacting and then separating to a distance at which
there was no further interaction; and (ii) with the question of whether or not the
EPR paradox might be resolved by introducing hidden variables. Bell’s theorem
[4] excludes that possibility; but it must be conceded that the model considered is
so remote from the system it sets out to represent (namely “e molecule containing
two atoms in g state in which the total spin is zero”) that the applicability of Bell’s
analysis to any system encountered in ‘the real world’ is open to question.

Bell recognized very clearly, however, the fundamental problem, restating the views
of Einstein [6]: it is the ‘common sense’ requirement that “the result of a measure-
ment on one system be unaffected by operations on a distant system with which it
has interacted in the past, that creates the essential difficulty” [4]. And in his second

See Ref{l] for an English language version of Schrodinger’s famous 1935 paper
and for a large collection of reprints of other papers on quantum mechanics and
measurement.
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paper {5] he pointed to the possibility of “replacing the arbitrary axioms [concerning
hidden variables] .... by some condition of locality, or of separability of distant sys-
tems”, suggesting that “an interesting axiom would be that mutually distant systems
are independent of one another. However, othodox quantum mechanics apparently
denies the possibility of such a separability: the two interacting spins in the EPR
model, no matter how far they fly apart, must forever keep their original coupling
to total spin zero. The same view has been expressed by d’Espagnat [7] and others,
who claim that everything is connected to everything else in the universe. Such
conclusions have given rise to the ‘many worlds’ and ‘many minds’ interpretations
of quantum mechanics (well presented by, for example, Lockwood [8]), which con-
tinue to engage the minds of many philosophers. To the average physicist, however,
such interpretations seem to border on science fiction; and one wonders whether
such exotic deviations are really necessary (fascinating as they may be) in seeking
an escape from the ‘separability /non-separability’ conflict.

The argument is real enough. The idea of non-separability, presented as an inevitable
consequence of the axioms of quantum mechanics, appears to have been largely
responsible for Einstein’s rejection of the Copenhagen interpretation. But sixty
years later it is widely accepted [7] that “non-separability is now one of the most
certain general concepts in physics”. One feels that the argument ought to be
settled on the basis of orthodox quantum mechanics and that failure to do so may
be connected not with the theory but rather with its application: could it not be
that the alleged predictions of theory, on which the debate is centred, are simply
artefacts arising from the use of drastically oversimplified models? For example,
even a cursory inspection of the two-spin model reveals that it does not recognise
some of the central features of quantum mechanics. How do we know where the two
particles are, if the Hamiltonian contains no spatial variables, so how can we tell
when they are ‘distant’? How can their indistinguishability be recognized if we use
a wavefunction which does not conform to the Pauli (antisymmetry) principle? And
if the (2-electron) model is indeed a non-separable system then at what point can
independent observers make measurements on the individual electrons?

The aim of the present work is to reconsider the separability question, using the
system referred to by Bohm and Bell but with a more realistic mathematical model:
this should include the space and spin variables of all electrons, together with the
nuclear coordinates which define the ‘geometry’ of the system. The simplest con-
ceivable system of this type is the hydrogen molecule, to which orthodox quantum
mechanics can be applied without difficulty - even with the recognition that the
molecule may be in weak interaction with a ‘heat bath’ (i.e. with the rest of the
world) and may thus be in an incompletely specified state, rather than a pure state
(the isolated molecule singlet ground state). The question to be answered is: If
the two hydrogen atoms move apart, at what point does an electron ‘forget’ that
in the molecular ground state its spin was coupled to that of the other electron?
And the aspects of the problem that seem to require special attention will be (i)
the association of a statistical (or ‘density’) operator with the system; (ii) the in-
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troduction of ‘reduced’ density operators and, in particular, a function to measure
the coupling between the spins of two electrons at different points in space; and (iii)
the importance of including electronic and nuclear coordinates in the Hamiltonian
operator, which uniquely determines the evolution of the electronic wavefunction as
a function of nuclear positions.

2) The system density matrix

First it is necessary to introduce appropriate notation and definitions and to recall
some properties of the density operator introduced by von Neumann [10] and Dirac
[11]. A general many-electron? wavefunction, for a system in stationary state K, will
be written ¥ g(g), where ¢ stands for all the required particle variables (space and
spin coordinates). Such functions will be assumed orthonormal, so that the scalar
product < ¥x|¥;, >= éxz, and being eigenfunctions of the Hamiltonian operator
define a ‘privileged’ basis in the sense that their time evolution is unitary. For a
system known to be in state K, the ‘density matrix’ may be represented symbolically
by WgU% (also written |¥x >< ¥k|) and in reality is an operator: thus, acting
on an arbitrary state vector ®, the result will be px® = Vg (V% ®) or, in bra-ket
notation

p|® >= Vg >< k| >=cx|Tx > (cxk =< Tk|P>.
The number cg is clearly the ‘component’ of |® > in the ‘direction’ {¥x >, when
® is expanded in the form ® = }>; ¢, ¥1; and the density operator is therefore a
projection operator, with the characteristic property (p% = px). Thus,

prpk = Vg > (K Ug|Uk >) < Uk| = | >< Vk| = pk.
When the particle variables ¢ are introduced explicitly, px is represented as an

integral operator, px — pk(q;¢') = Yk(q)¥%(¢’), whose effect on an arbitrary
wavefunction ®(q) is represented by

pr®(q) = /px(q; q")®(q")dg’". (1)

Expectation values of all physical quantities A, B,..., with associated operators
A, B, ... may then be expressed typically as

< A>=< Ug|A|Ug >= / Uk (q) AUk (q)dg = / [Apk (3¢ )lgsede,  (2)

where ¢’ = ¢ means the primed and unprimed variables are identified after the
operation — so that the operator works only on the wavefunction and not on its

It is sufficient to consider electronic variables alone and to employ the usual fixed-
nuclei non-relativistic Hamiltonian
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complex conjugate. The expectation value expression is thus expressed formally as
a trace, with g,¢' in the role of row and column indices.

Another important operator is the transition operator, pxr = U ¥}, connecting
two states (¥x, Uz ), which is represented by the integral kernel ¥ x(g)¥1%(¢'). And
an off-diagonal matrix element of any operator A may then be expressed as

Apg =< U1|A|¥gx >= /\I’i(q)fi\llx(Q)dq = /[APKL(QQ )lgoedg.  (3)

Clearly px = pxxk is the special case L = K of pxr — in which it is immaterial
whether the single or double subscript is used.

If a discrete representation is adopted, by expressing all functions { ¥k} in terms of a
complete set {® g} and collecting any set of expansion coefficients as a column vector
ck, all equations turn into matrix equations, in the usual way; for example, when
¢ = AB there is a corresponding matrix equation C = AB, where the elements of
the (infinite) matrices are defined as above.

The density matrices play a special role in statistical mechanics; but also in any
situation in which we possess incomplete information about some general system.
In that case, the system will not be in a pure state and will thus not be represented by
a wavefunction: instead, the ‘mixed state’ must be represented by a density matriz.
The density matrix will then refer to an ensemble of identical systems of which a
fractional number wy are in the definite state ¥ g; and the ensemble density matrix

will be
p=ZwK\IIK\II}(. (4)
K

Since 3 x wg = 1, a system in which all the wx are equal has p = pg - the density
matrix for a single system, definitely known to be in state K; but when more than
one state is compatible with any given (often limited) knowledge of the system (e.g.
that it be in a state with given energy E, without reference to other constants of
the motion), the above sum does not reduce to a single term with wg = 1. The
criterion for the possibility of reduction to a pure state {irrespective of the particular
representation chosen) is that the density operator be idempotent, p* = p. When
this criterion is not satisfied (e.g. when there are many, equally accessible, states
(K) of the same given energy, the ensemble expectation value of any quantity A4,
with operator A, will be

A=tr pA:ZwK(terA)=ZwK<\I/K[/i|\IJK>. (5)
K K

Evidently a ‘double averaging’ is involved, the quantum mechanical averaging im-
plicit in the expectation value and the ensemble averaging associated with our in-
ability to specify more completely the condition of an individual system. The time-
honoured axiom of statistical mechanics (that of ‘equal a priori probabilities and



370 Roy McWeeny

random g priori phases’), whose validity is confirmed by inumerable applications
in fields extending from biology to stellar structure, then asserts that the correct
density matrix to use will be

()5

where ¢ is the number of terms in the sum (e.g. the number of distinct terms of
precisely specified energy).

3) Reduced density matrices; spin correlation

So far, no assumptions have been made about the precise form of the system of
interest — it may be an electron or an arbitrary many-particle system. At this point
we specialize to an N-electron molecule, introducing explicitly the variables (space
and spin coordinates), collectively x; = r;, s; for electron i. With a small notational
change, the wavefunction for state K of the system will be

U = Ug(x1,X2,... X§) = Ug(x), (7)

the second form {with no subscripts) sometimes being used for brevity. The system
density matrix, for pure state K, will then be (adding a superscript ‘sys’ to avoid

confusion in what follows) p}¥*(¢;¢') = Uk (q)¥%(¢') or more fully

sys

PR (6 x") = Uk (x1, X, .. XN Wk (X, X, .. Xy) (8)

- a function of both primed and unprimed variables. The so-called ‘diagonal element’
of the density matrix is obtained simply by removing the primes; and measures the
probability density for finding electron 1 at point x;, electron 2 simultaneously at
point X2, and so on. Since electrons are indistinguishable, the probability of finding
volume elements dxi, dxa, ... X simultaneously occupied by N particles in any order
will be N1p3¥" (x; x)dx.

Reduced density matrices, introduced by Husimi [9], yield corresponding probability
densities for the presence of n(n < N) particles simultaneously in selected volume
elements dxi,.. X,: thus, for n = 1, the probability/unit volume of finding an
electron (no matter which) at x; will be obtained by integrating N'p3¥" (x;x) over
the positions of all N — 1 volume elements dxz,...dxy and dividing by (N — 1)!
(to avoid multiple counting). The quantity so defined is the ‘one-particle reduced

density matrix’: more explicitly, it becomes
p(KKl|xy; %)) = N/@K(xl,xz, o XN TR (X, Xa, oo XN )dX2dXs . dxy. (9)

The n-particle density matrices are widely used in molecular quantum mechanics
(e.g.(10-12], where further references may be found. A well known property of the
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one-particle density is that it relates matrix elements and expectation values of one-
particle operators directly to the density: thus the kinetic energy (in state K) of all
N electrons in any given system is expressible as

< K|ZT(1)|K >= /[T(l)p(KK|x1;x'1)] 1o, dx1, (10)

where T'(z) denotes the kinetic energy operator for the ith particle and the prime is
removed after the operation.

The one-electron density matrix gives rise to others, for example P(KK|r;r}),
whose diagonal element gives the probable number of electrons per unit volume
(without reference to spin) in the spatial volume element dry at point ry; and the
spin density matrix @,(K K|ry;r}), whose diagonal element gives the contribution
to the expectation value of the total spin z-component, < S, >, associated with the
same volume element. These functions are related to p(K K|x1;x]) as follows:

PR rxitt) = [T 1 Xl o, (1)

Q.(KK|ry;x! /[S P(KK|x1;%1)]s =5, d51- (12)

It is important to note that, while P is a scalar density, Q, is one component of a
vector density®, the components transverse to the quantization axis being defined in
a similar way. Analogous transition densities, in which KK is replaced by KL, are
required in discussing transitions between states K and L of the system, but are not
needed in the present work.

It will be necessary to discuss also spin correlation: for if spins 8(1),8(2),... S(V)
are coupled, to a resultant S, then the expectation value of the squared total spin
in state K will be

< KIS -S|K >= <K|§:s S(i)|K >+ < K|>_S(i) - S()|K > (13)
i£]

and, while the first term involves only a one-electron operator working on the vari-
ables x;, the second term contains the two-electron operator

S(i) - 8(j) = 8o (i)8:(5) + Sy ()8, (5) + 5:(3)3:(5).- (14)

Every l-electron term in (13) reduces to 3 $ (e s(s+1) with s = 2) giving a
total 3N It is the scalar product of the dﬂﬁerent spins in (13) that describes their
couplmg to a resultant, with quantum number S; and discussion of the last term in

3 More correctly a pseudovector density, being an angular momentum per unit volume.
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(13) requires knowledge of the two-electron density matrix, which will be denoted
by (K K|x1,%2;X],x%). This is defined (cf.(9)) by

m(K Klx1,Xe; X}, X3) = N(N—l)/\IIK(xl,x2, e XN) U5 (X1, X, oo Xy )dX3 ... dX N
(15)
As in the case of p(K K|x1;x}) a number of spatial densities may be derived by spin
integration (the best known being the ‘pair density’ which gives the probability of
volume elements dry,dry, at points ry, ry, simultaneously holding particles).

A contribution to the expectation value of a spin scalar product may be associated
with every pair of volume elements in space through a ‘coupling density’, Q., defined
by [11]

Qc(KK‘rlvr%r’lrlz) = /[S(l)'s(z)”(KK‘rhsl:r2a32;r'ns’lvr’2vs'2)s;.s;—nhud51d52'

(16)
The key property of this function is that the diagonal element, denoted for brevity
by Q.(K K|rq,r2), integrated over all positions of points r; and ry , will give a
numerical measure of the spin coupling:

< Y 80)-8() >= /QC(KKl(rl,rg)drldrz. (17)
i
This coupling density allows one to give a rather precise meaning to the probable
degree of coupling between the spins of electrons occupying different volume elements
in space.

The densities introduced in (12) and (16) may be interpreted in terms of the various
‘spinless components’ of the 1- and 2-body density matrices: the latter may be
written, for brevity, in the forms

p = Puyalaa®) + Pup(af®) + Ppa(Ba™) + Pss(B8"), (18)
where, for example, the first term stands for P, (r1;r))a(s1)a(s)); and
7 = Hogaa(@aa*a®) + Mapmap(aaa® %) + ... +gpea(B88678%) (19),

where I 40;00(@0o* o*) means Magaq(r, re2; rh, rh) (a(s1)a(s2)a* (s])a*(sh), and so
on. For states of definite total spin (quantum numbers S, Mg), only the first and
last terms in (18) are non-zero; whereas only 6 of the 16 possible terms are present
n (19). The diagonal elements of the spatial components in (18) have an immediate
physical significance as probability densities: for example?,

Pa(rl) = Pa;a(r1§ 1‘1)

In referring to diagonal elements it is convenient to suppress the redundant variables
and labels that follow the semicolon
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is the probability per unit volume of finding an up-spin electron at point r;. Simi-
larly, in (19),
Map(r1, r2) = Hogiap(ry, ra; r1,r2)

is the probability density for finding an up-spin electron at point r; and a down-spin
electron simultaneously at point rs.

It is essential to note that the labels on the variables do not refer to the electrons,
but rather to points in space, which are chosen by an observer and are physically
distinguishable. The Pauli principle has been respected from the start by insisting
that |¥|? be invariant against any permutation of ‘electron labels’.

On removing the primes in equations (18) and (19) and integrating over spin, one
obtains the spinless densities:

P(r1) = Ps(r1) + Ps(r1), (20)

which is the probability density for finding an electron at ry, a sum of up-spin and
down-spin contributions; while

H(ry,ro) = Haalry,re) + Hag(ry, r2) + pa(ry, r2) + Hgg(ry, re), (21)

showing that the pair density is also a sum of contributions from the various spin
situations — both up, one up one down, or both down.

The spin density and the coupling density may be presented in a similar way, as
follows from the definitions (12} and (16).

An example: density functions for the hydrogen molecule

In this section we derive the density functions for a prototype system in which, to
quote Bohm [3] “we have a molecule containing two atoms in a state in which the
total spin is zero ... and suppose that the system is disintegrated by some process
that does not change the total [spin] angular momentum”. The simplest concrete
realization of such a system is, of course, the hydrogen molecule. Instead of the
usual two-spin Hamiltonian used by Bohm, Bell, and many others, let us start from
the standard non-relativistic Born-Oppenheimer Hamiltonian, using a wavefunction
which includes all electronic variables (both space and spin). This is the simplest
possible Hamiltonian that can do full justice to the physics of the system: for ex-
ample, even though it correctly® contains no spin operators, the indistinguishability
of the electrons dictates the form of the wavefunction through the Pauli require-
ment that ¥ be antisymmetric with respect to an exchange of space-spin variables

In the approximation normally used, the small magnetic interactions involving the
spins are ignored: they belong to treatments based on the Dirac equation and lead
only to the observed fine and hyperfine structure of the energy levels.
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X1,X2; and it provides for an actual separation of the system into two parts as the
nuclei (whose coordinates enter only as parameters) move apart ~ a process to be
considered subsequently.

The possible wavefunctions for singlet or triplet coupling of the spins assume the
well known forms [13}:

¥, = N,(AB + BA)(aB — Ba)/V2 (8§ =0,Ms =0)

U = N,(AB ~ BA)(ca) (S=1,Mg=1)

(22)
9 = N,(AB — BA)(af + Ba)/V2 (§ =0,Mg =0)
¥y = N.(AB — BA)(80) (§=1,Ms=-1).

Here A, B are hydrogen atomic orbitals centred on the two nuclei (a,b), while N, =
1

1
(2+25%5)7 2 and N; = (2 — 25% )" 2 are normalizing factors, Sag =< A|B > be-
ing the ‘overlap integral’ for the two AOs. The space and spin variables (not shown)
are assumed to be in natural order in all products: thus ¥,(x;, x2) contains the spa-
tial factor (A(r;)B(r2) + B(r;)A(rz) and the spin factor a(s1)8(s2) — B(s1)a(s2).
These wavefunctions become ‘exact’ as the internuclear distance R tends to infinity
and S4p — 0: for other values of R they can give a good account of the energy vari-
ation, as a function of R, provided the orbitals are optimized by standard methods.
The important thing however is that they ‘dissociate correctly’, all giving the same
energy 2Ey (that of two separate hydrogen atoms) for R — oo.

It is a simple matter to calculate, for each state, the expectation value of the total
electronic energy E and to derive expressions for the required density functions. For
the energy one obtains

_@+K) o (Q-K)
£ (1 +SiB)a Et (1 _ SiB)’ (23)

where @, K are the so-called ‘coulomb’ and ‘exchange’ integrals, which depend para-
metrically on the internuclear distance R.

The spin density ¢, and the spin coupling function @, follow from (12) and (16).
On starting from the wavefunctions in (22) and finally taking the diagonal elements
(rj,r5 — ry,ra), it follows that in the singlet state the spin density is everywhere
Z€T0,

Q3 (r1) =0, (24)
while the spin-coupling function takes the form
Q(ry,ra) = —3Fy(r1,13), (25)

the function F, being
Fy(r1,ry) = (2+25%5) ! x [ABAB + BABA + ABBA + BAAB], (26)
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(variables always in the order ry,r2,r;,rs). Corresponding densities for the three
triplet states are

Q:F = (1 - 54p)7[A%(r1) — 2S48A(r1)B(r1) + B*(r)] = Q4™ (r1),  (27)
@ (r1) being everywhere zero, and,
Qe (r1,r2) = Q¥ (r1,12) = Q4 (ry,12) = 1 Fi(r1,12), (28)
where
Fi(r1,rs) = (2-25%5)"! x [ABAB + BABA — ABBA — BAAB], (29)

{variables again in the order ry,ry,ry,r2).

It remains only to ask what happens to the molecule, initjally in its singlet ground
state, as the two nuclei move apart.

5) Dissociation of the hydrogen molecule

The energy curves for the singlet ground state and the first excited triplet state of the
hydrogen molecule have well known forms. The singlet curve shows a deep minimum
at R ~ l.4ag ® and then rises to Ej (the energy of two isolated hydrogen atoms)
as R — oo: the triplet curve shows no minimum, falling monotonically to the same
asymptotic limit. In general the energies are only approximate (being those of Heitler
and London (13]), but at R — oo they become exact (for a non-relativistic Born-
Oppenheimer Hamiltonian). The main concern here will be with this asymptotic
region in which the system approaches dissociation into two subsystems: when, for
example, R = 20.0ag the separation between the singlet and triplet curves is only
2.69 x 10~7 Ej;, and the crucial question is then whether the electrons still retain the
coupling to S = 0 appropriate to the equilibrium ground state. At this point the
integral S4p, which measures the overlap between the two subsystems is also small
(0.962 x 1079); and as R increases both quantities diminish exponentially to zero.
Nor is it reasonable any longer to regard the ‘molecule’ as an isolated system in a
stationary eigenstate; for it is exposed to random fluctuations of the ‘heat bath’ (the
rest of the universe!) in which it is embedded. Indeed, between the remote parts
of the system there is room for eight more hydrogen atoms! In such a situation,
as indicated already, the condition of the system is more correctly represented by
means of a mixed-state density operator, not by a single energy eigenfunction.

The validity of using a statistical ensemble to represent an incompletely specified
system is fundamental and is not in question. The important question is: which
‘accessible states’ are compatible with our limited information about the system?

Units of length, energy, and action are gy (the bohr radius), Ey (the ‘hartree’), and
h (Planck’s constant, h/27).
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In the example under discussion there are four states that lie within an energy
interval AE of the order 10~7 E},, among which there appears to be no possibility of
distinguishing experimentally. The difficulty is clearly connected with the energy-
time uncertainty relation, AEAt ~ K, which has been extensively discussed, from
many points of view (see [14] for a survey). For present purposes it is enough to
recall only the simplest approach [15]. One considers the time evolution of a (non-
stationary) wavefunction, represented as a sum of two states ¥y and ¥, with time
factors exp —iErt/h and exp —iF,t/h, respectively: the square of the wavefunction
then oscillates with period

b
|(Ey — B»)|’

which is a ‘characteristic time’ for change of the physical properties of the system.
To determine whether a system initially in State 1 is still in State 1 after a certain
lapse of time, the energy measurement must be repeated within a time interval At,
small compared with 7; otherwise there is no guarantee that the same value will be
found (i.e. that a transition has not occurred). In the hydrogen molecule example,
with R = 20ag, the characteristic time (which in essence measures the lifetime of the
state) turns out to be 0.90 x 1071% ; and the conclusion is that, when such stringent
requirements on state preparation are not fulfilled, all states with energies in the
small interval AE should be treated on an equal footing in setting up a density
operator of the type (6).

(30)

T=

First let us discuss the case in which singlet and triplet states are well separated
in energy and are represented by eigenstates of the Hamiltonian and the total spin
operators 52, S,. It is verified immediately (noting that the functions (26) and (29)
are normalized to unity on integrating over both variables) that

/Qc(l‘l,l‘z)dl‘ldrz =S(S+1)-3N (31)

for all states. It is also informative to consider the origin of the main contributions
to the integrals: thus, when volume element dr; is in the region of nucleus ‘a’ A(ry)
is large and B(r;) is small; and the density of spin angular momentum (when non-
zero) has the same form as the electron density P(r;), but with up-spin character in
state ‘t+', down-spin in state ‘t-’. The density of spin coupling, on the other hand,
arises mainly when the electrons occupy volume elements dry and drp which are on
different centres; this is true for both singlet and triplet coupling and is a crucial
embarrasment because it suggests that coupled spins will stay coupled forever, no
matter how far apart their parent atoms may move.

It is the non-zero value of the integral in {31), irrespective of the separation of A and
B, that violates any principle of locality: it appears as a direct result of applying
standard quantum mechanics and seems to imply some kind of ‘action at a distance’
that keeps the two spins coupled. It should be noted, however, that the postulate
of Bohm and Bell - that the sytem is “disintegrated by some kind of process that



On the Einstein-Podolsky-Rosen Paradox 377

does not change the total angular momentum” - effectively prescribes this result
at the outset. It is usually claimed that non-locality is a consequence of quantum
mechanics; but, more precisely, it is a consequence of insisting that the system stays
forever in its initial spin eigenstate. Let us now remove such restrictions.

On removing the atoms to a considerable distance, such that the singlet and triplet
energies fall within a sufficiently small interval, the use of a representative ensem-
ble becomes mandatory. The density matrix (6) then leads to ensemble averaged
densities, @, and Q., as follows:

Q(r1) = 1Q(r1) + 1Q0(r1) + QL+ (r1) + $Q4 71 (r1) =0 (32)
and
Qc(r1,12) = $Q%(r1,r2) + QP (r1, r2) + 1QUH (ry,r2) + Q57 (r1,r2) = 0 (33)

In other words, as soon as the system breaks into two subsystems any initial spin
density will fall to zero, along with any initial spin coupling between the subsys-
tems. The subsystems are then truly independent in the sense that all expectation
values for either may be calculated without reference to the other; and that the spin
coupling density, which connected the two, is now everywhere zero.

This example clearly shows that the EPR conflict is not between locality and quan-
tum mechanics but is simply between locality and non-locality — both alternatives
following from orthodox quantum mechanics, provided the appropriate representa-
tive ensemble (pure or mixed) is employed.

6) The general case

A study of the hydrogen molecule hardly provides a sufficient basis for formulating
general principles concerning the separation of a system into subsystems. In general
one is concerned with the interaction of two subsystems, A and B, in spin states with
quantum numbers (S4,M4) and (Sp, Mp), whose total spin vectors (S4,S% are
coupled to a resultant S, yielding a set of states with quantum numbers S, M(M =
$,S—1, .. —S). When A and B are close together and their interaction is
appreciable, states that differ in S are usually well spaced in energy. The general
question to be asked is again: What happens to the spin coupling between the
different systems when they are pulled apart to a large distance? For the hydrogen
molecule, there were only two spins and two possible couplings (S = 0, 1); exact wave
functions for the separate subsystems were available; and the 2-electron wavefunction
could be written as a product of space and spin factors, the Pauli principle being
satisfied by choosing one factor symmetric and the other antisymmetric. In in the
general case no such simplifications apply.

Let us now study the general case, postulating the existence of exact eigenfunc-
tions ®g, M, Psgy,mp for two quite arbitrary subsystems (many-electron atoms or
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molecules), with energy eigenvalues E4, Eg; and suppose all functions to be fully
antisymmetric in electron indices. It is then possible to set up spin-coupled linear
combinations of the (254 + 1)(25p + 1) product functions arising from different
choices of M4, Mpg: these will be

1
B m(X1,%z, - xy) = (=1)55=54-M 25+ )2 H~ ( ,f;; fjj; _‘L)
Ma,Mp
X Bg, M (X1,X2, oo XN, )RSy Mp (X1, X3, o X)),

(33)
where variables with labels 1,2, ... N4 refer to electrons of subsystem A, while those
with labels 1,2, ... Np (with k = N + k) refer to subsystem B. The round-bracket
quantity in (33) is a Wigner 3; symbol.

The vector-coupled function ®g ar is not properly antisymmetric against permuta-
tions which exchange electrons between the A and B subsystems. But this may be
remedied by applying the ‘antisymmetrizer’

A= (N)1Y epP = (NaINB!/NDYA' Asdp, (34)
P

where A4, Ap are subsystem antisymmetrizers (which will leave ®s,,um,, Psgs,M5
unchanged), while A’ denotes a coset sum of all (multiple) transpositions of variables
between subsystem A and subsystem B. On applying the operator (34) to the vector-
coupled function (33) we obtain a fully antisymmetric wavefunction

Us = KABsy (K = (NY/N4Ng!)2), (35)

where a convenient normalizing factor K has been added.

Expressions for the density functions P(SS|r1;r}) and II(SS|ry,ry; 1), rh), which
(with the usual Hamiltonian) determine the total electronic energy of the system,
are available elsewhere [16] and the derivations will not be repeated. Briefly, every
function is a finite sum of terms arising from 0, 1,2, ... Nmin (Vmin being the smaller
of N4, Ng) electron transpositions between the subsystems, and each term may be
written as a functional containing densities for the separate subsystems. Such sums
converge rapidly and in discussing molecular interactions it is seldom necessary to
go beyond single interchanges. In the present context, where interest is focused on
long range interactions, the effects of electron exchange are quite negligible and it is
sufficient to consider zero-interchange contributions to all expectation values: this
means that (33) in itself provides a satisfactory wavefunction for studying the spin
coupling when A and B are remote.

To obtain the spin coupling function Q. for any given vector-coupled state of the
composite system AB, when A and B are remote, we use (33) to evaluate the ex-
pectation value of the total spin operator 82, Thus,

< B pm|8%®s,m >=< D5 u|(S% +8% +2S4-Sp)|Psm > (36)
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The operator §% = D i=1,Na S2(4) represents a contribution from the electrons of
subsystem A, the contribution from B assuming a similar form with A replaced by
B and the summation index running from j = I to Np. The first two terms in the
expectation value (36) thus arise from the internal spin couplings in the separate
subsystems and should reduce to S4(S4 + 1) and Sg(Sp + 1), respectively. The
third contribution arises from the spin coupling between the electrons of different
subsystems: to evaluate it one may use the methods of Ref.[17]. Thus,

Na Np
< ®sm|Sa-SB|®su >= <‘I>SM|ZZS S(7)I®s,m >
i=1 3=
— (L1)(Sa+S+9) SA Ss 1 Sa\7(Ss 1 Ss\"
Sg SA SA 0 Sa ~Sg 0 Sp
X < ®s,,5, 55,5l ZS 2(1)1®54,54 855,55 >

i

(37)
where the scalar product S(i) - 8(j} was written in terms of rank-1 spherical tensor
operators (S, k = 0,41) in order to exploit well known theorems [17]: the matrix
element on the right now refers only to ‘standard’ states, with M4 = S4, Mp = Sp,
and is preceded by a Wigner 6j symbol and two 3j symbols.

The matrix element is easily related to the spin densities in subsystems A and B;
thus

<<I>5A,5A|ZS N®s,4,54 > =/@gA'SANAS'Z(I)QsmsAdrldsldxz o dXN,

= sz(SA]rl)drly
(38)
with a similar expression for the B-factor.

The factor involving the Wigner coefficients may also be put into a simpler form:

it is invariant against rotation of the axis of quantization and must therefore be

expressible in terms of invariants formed from the total spin operators of the two

subsystems. On denoting the numerical factor in (37) by fi1(Sa,Ss,S5), it follows

easily [16] that

< S,M|Ss-Sp|S,M >
5458 ’

The contribution to < §-8 > that arises from electrons belonging to the different
subsystems is thus

fl(sﬁasts) = (39)

< ®5Mm|Sa-SB|PsMm >= /QfB(l‘l,rz)dl‘ldrz, (40)



380 Roy McWeeny

where

Q2B(ry,r2) =< S, M|S, - Sp5|S, M > Q’(g"l“) Q’(gﬂlrl) drdrs. (41)
A B

The integrations in (40) obviously yield unity, since (41) contains two normalized
spin density factors: in fact (40) is a precise analogue of (25) and (28) in the hydrogen
molecule example. In any spin eigenstate the coupling density (41) will be non-
zero; but the integrations over all space will evidently yield a simple scalar product
coupling between the subsystems A and B, however complicated they may be. This
result is quite independent of the distance between A and B.

The contributions to < 8-S > that arise from electrons belonging to the same
subsystem follow immediately. Thus, for A, the expectation value of 33, 8(i)-S(j)
(7,7 both belonging to the same subsystem) the expectation value becomes

Na(Na—1) / %, pra (k1 Xa, - )S(1) - S@)B s pa (X1, %, - Jixrds - dx,

and this is easily seen to be

/Qf(l‘l,l‘z)drldrz-

There is a similar result for subsystem B and both are independent of M4, Mp.The
vector-coupled state ®g s thus yields ‘internal’ contributions

< ®gm|Sa-Sa|Psu >= /Qf(rl,l‘z)dﬁdl‘z = Sa(Sa+1), (42a)

< ®sm|Ss-SB|PsM >= /Qf(l‘l,rz)dﬁdrz = 5p(8p + 1), (42b)

which arise from strictly separate coupling functions, one localized in subsystern A
and the other in B.

In the absence of any spin coupling beteen the remote fragments, A and B, the
expectation value < S2 > would be simply Sa(54 + 1) + Sp(Ss + 1), as if neither
subsystem ‘knew’ anything of the other. This would be the ‘common sense’ result.
The fact that (40), on the contrary, takes a non-zero value in any state of definite
total spin is the ‘action at a distance’ result that Einstein found totally unacceptable.

It is now easy to show that in the long range limit, where the energy curves for
the (254 + 1)(255 + 1) alternative spin couplings approach indefinitely closely, the
ensemble-averaged coupling density derived from (41) becomes everywhere zero. The
spatial density factors in (41) are in fact quite independent of coupling scheme and
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the averaging thus concerns only the expectation value < S, M|S4-Sg|S, M > over
all §, M: the average value of the latter is zero, by simple angular momentum theory,
and this establishes that the ensemble-averaged values of the ‘action at a distance
term’ (40) and its related spin-coupling density approach zero as A and B separate.
It is also possible to estimate a good order of magnitude for the separation of A and
B at which the transition from non-locality to locality will take place. The analogue
of the squared overlap S% 5 in Section 5 is the quantity {16]

S =1 [ P4(SaSalri,r4)Pa(SeSalr, r1)dridr}

, (43)
+2f1(SA,SB,S)/QZ,A(SASA|r1,r'l)drldr'lQ,,B(SBSB]r'l,rl)drldr'l

which contains electron and spin densities for the separate systems in their ground
states. For the two hydrogen atoms in Section 5, this single interchange contribution
to a generalized overlap correctly reduces to 25% g and at R = 20.0ag takes the value
2 x 10~*2. A similar discussion, applied in the general case, then suggests that the
distance at which (43) assumes a value less than, say, 10~12 will provide a convenient
measure of the ‘forgetting distance’ beyond which no spin coupling can persist.

7} Conclusion

The system considered in this paper is, again in the words of Bohm [3], “a molecule
containing two atoms in a state in which the total spin is zero and the spin of
each atom is §”: but the restriction to a singlet state and to spin-} atoms has
now been removed. The molecule is dissociated by separating the nuclei to a large
distance and the course of the reaction AB — A + B is followed using standard
quantum mechanics. In the general case, the wavefunction ¥ for AB is taken to be
a spin-coupled antisymmetrized product of two factors ¥ 4, ¥, which are ‘exact’
many-electron wavefunctions for free atoms A and B in states of total spin Sa, S5,
respectively. In the dissociation limit ¥ yields the correct total energy E = E5+ Epg;
but it may be any one of (254 + 1)(2Sp + 1) accessible states, Vg nr, obtained by
coupling the spins 54, S5 to a resultant with S = S4+SB,S4+Ss—1, ... |S4—S3g|
and M = 8,51, ... —8, the energies of such states falling within an interval AF
which tends to zero.

In this energy regime, the condition of the system is correctly represented not by
any one state Ug ps but rather by a quantum statistical ensemble in which all the
accessible states appear with equal @ priori weights and random a priori phases.
The appropriate density operator is then

- ES,M ‘I’S,M‘I’§,M
P= 2SA+D28s + 1)

(44)

and its use implies the recognition of chaotic mixing of the states whose energies lie
within AE, which arises from arbitrarily weak interaction with the environment (or
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‘heat bath’). In the case considered by Bohm, S4 = Sg = % and there are 4 terms
in p; corresponding to S = 0 (1 term) and S =1 (3 terms). But for two nitrogen
atoms, say, Sg = Sp = % and there would be 16 terms — coming from S = 0 (1
term), S =1 (3 terms), S = 2 (5 terms) and § = 3 (7 terms).

It has been established in Sect.6 that whenever it becomes necessary to employ
a mixed (rather than pure) ensemble, with density operator (44), the interatomic
spin-coupling density QA5 (r;,rs) is everywhere zero and thus yields zero for the
expectation value of the spin scalar product S4 - Sp: there can be no spin coupling
between A and B. Two regimes may thus be distinguished:

(i) Well below the dissociation limit the system is well represented by a pure state,
the ensemble degenerates into a single term with the same spin (e.g. S = 0) as the
initial state, other states being energetically distant and therefore inaccessible under
weak (‘heat bath’) perturbations. Throughout this regime the generally accepted
conclusion holds: the spin coupling remains that of the molecular ground state, as
if each atom ‘remembers’ its coupling to the other — even when A and B are rather
distant. Non-locality is thus apparently confirmed. It could hardly be otherwise of
course! — because the coupling is imposed at the outset by Bohm’s postulate that
the molecule be “disintegrated by some process that does not change the total [spin]
angular momentum?”.

(ii) In the ‘AE’ regime, where use of the mixed ensemble is mandatory, the spin
coupling between A and B falls to zero, only the intraatomic couplings (to S4 and
Sp, within atoms A and B, respectively) remaining intact. At this point A and B
become completely independent, neither having any ‘recollection’ of any previous
coupling in the molecule. Throughout the rest of this regime, as A and B separate
to infinity, experiments may be performed separately on the two subsystems and it
is guaranteed that the expectation values of all observables will coincide with those
for the free atoms.

To summarize: Below the dissociation limit, the system AB will display non-locality;
but beyond that limit locality will re-emerge, each of the subsystems (A,B) being re-
stored to its original (free-atom) condition, irrespective of any previous interactions.
In other words, locality and non-locality are simply two faces of the same quantum
coin.

At this point is seems appropriate to add a few words on the subject of ‘physical
reality’ and ‘mathematical models’ ~ the touchstone for the EPR paper and the 60
years of discussion that followed it. EPR stress that “an element of physical reality
cannot be determined by a priori philosophical considerations but must be found by
an appeal to results of experiments and measurements”: their approach is thus essen-
tially pragmatic. Between this ‘reality’ and the ‘mathematical models’ we actually
use stands the physical theory, in this case quantum mechanics, which operates with
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the elements of reality and enables one to draw new, and experimentally verifiable,
conclusions. When the conclusions are verified the theory is considered ‘correct’
- or at least satisfactory. In fact, however, the theory (in anything approaching
a complete form) is almost always impossible to apply, owing to its mathematical
complexity; and it is here that the ‘mathematical model’ intrudes. Such a model
represents an attempt to simplify the theory, often drastically, by discarding all de-
tails not deemed essential for the purpose in hand (e.g. the prediction of some new
observable property or the derivation of some relationship among the observables).
To construct an adequate model, delicate and highly subjective choices have to be
made and the various models proposed aften lead to conflicting conclusions.

It has been argued that the mathematical model first put in concrete form by Bohm
and then adopted by Bell and others (as a ‘standard’ formulation of the EPR exper-
iment) does not do full justice to either quantum mechanics or physical reality. The
system considered is said to be a moleculei.e. a many-electron system whose particles
have masses, charges, positions, velocities and interactions: there is a Hamiltonian,
whose associated operator governs the time evolution of the system and determines
the energies of the stationary states and their dependence on molecular geometry
as the system is dissociated into two fragments; and there are inviolable principles
to be respected, notably the Pauli principle for fermions. These are all features
of quantum mechanics that cannot be discarded (least of all in discussing a ‘real
physical system’) except at the risk of tearing the whole fabric of the theory.

In the usual EPR model, the only variables considered are the six components of
the two spins: all the rest has been thrown away. There are no masses, charges,
positions, velocities, interactions, nor even particles! - only two disembodied spins.
To use the imagery of ‘Schrodinger’s cat’, this is a ‘Lewis Carrol’s Cheshire cat’: the
spin without the particle is like the grin without the cat.
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245-246
HPHF, see Half-projected Hartree—Fock
model
hybridization, 4-5
molecules with charge transfer
excitations, 288—294
PHF, spin orbitals, 255

RHF
DODS, 254-255
single Slater determinant, 254
S4, application of AL RMR CCSD,
242-245
Sc*, Fe*, and Cu®, 272-273
SCF, KS theory, 49-50
solvent, 123
CS INDO SCF, 125-129
UHF, spin orbitals, 254255
Molecules
atomic subunit partitioning, 28
biaryl-related, charge transfer processes,
285-288
bonding, hybridization description, 4-5
with charge transfer excitations
models, 288-294
time evolution, 294-298
Dunning’s contracted GTO, 34-38
models, Sc*, Fe*, and Cu*, 272-273
neutral, application of DFT, 100-102
properties, ACM, 68-69
small, electron correlation, 187-190
Momentum
hyperangular, hyperspherical coordinates,
350-354
orbital angular, radial and angular
variables, 343-344
rotational and orbital angular momentum,
347-349
MOPAC, for PA-ET calculations, 319
MP2, see Second-order many-body
perturbation approaches
Multicontigurational eigenstates, biaryl and
related molecules, 286
Multiconfiguration-based methods, in many-
electron methods, 197-199
Multireference second-order perturbation
methods, for transition metal cation
complexation, 273-275

N

Next-neighbor spacing distribuation, in NO,
absorption spectrum, 337
Nitrogen, SDCI computations, 33
Nitrogen dioxide, absorption spectrum,
Lanczos algorithm
calculation specifics, 326-328
convergence, 328~331
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Nitrogen dioxide, absorption spectrum,
Lanczos algorithm (continued)
nonadiabatic states, 324-325
spectral details, 331-337
N-H-Nitrone, reaction with acrylonitrile,
153
N-Me-Nitrone, reaction with acrylonitrile,
153
N-(t)-Bu-Nitrone, reaction with acrylonitrile,
153
Nitrones
endo—exo selectivity, activation barriers,
162-165
functionality, 151-152
reaction with acrylonitrile
computational methods, 154
solvent effects, 157-158
theory vs. experiment, 158-159
TS structures, 155
Nitronic esters, endo—exo selectivity, TS
structures, 159-160
NMR, see Nuclear magnetic resonance
Nonadiabatic state, NO, absorption
spectrum, Lanczos calculation
calculation specifics, 326-328
convergence, 328-331
Hamiltonian, 324325
spectral details, 331-337
Nuclear magnetic resonance
chemical shifts, in ACM, 68-69
spin-spin, and hybridization, 17-20

0

One-electron basis sets, in many-electron
methods
coupled-cluster methods, 195-197
full CI, 190-192
MBPT, 193-195
multiconfiguration-based methods,
197-199
2-particle density matrix, 192-193
Optical excitation, biaryl and related
molecules, 286
Orbital angular momentum
hyperspherical coordinates for reaction
dynamics, 347-349
separation of radial and angular variables,
343-344

INDEX

Organic bases, metal ion affinity, 111-114
Overlap matrix, hybrid orbitals, 7-9
Oxygen, SDCI computations, 33

Ozone, PA, 108-109

P

PA, see Proton affinity
Padé summation approximation, DF, 54
PA-ET, see Proton-assisted electron transfer
Pairing theorem, HPHF function for singlet
ground state, 258
Pearson’s principle, application, 97
Peptide bridge, effect in PA-ET, 307-312
Perdew—Wang correlation functional
in ACM, 58
as DF, 56
Perdew—Wang exchange functional
for covalent interactions, 59
as density functional, 51-53
Perturbation methods
many-body perturbation, 193-195
multireference second-order perturbation,
273-275
second-order many body perturbation,
51-52
Phenolphthalein dianion, charge transfer
processes, 287-288
C-Phenyl-N-methylnitrone, reaction with
acrylonitrile, 153
PHF, see Projected Hartree—Fock model
Photosynthesis, RCs, PA-ET, 301-302,
315-319
Politzer’s formula, core—valence separation,
40
Potential energy surface
analysis, 312-315
in DFT, 114-116
hyperspherical mapping, 355-359
Projected Hartree~Fock model, spin
orbitals, 255
Proton affinity
determination, 105-109
gas phase, in DFT, 98-99
Proton-assisted electron transfer
application of computational packages,
319
in EDA pairs, driving force, 306307
general structure, 303-306
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mechanism, 302-303, 312-315
peptide bridge effect, 307-312
in photosynthetic RCs, 301-302, 315~
319
Protonation, aniline, 104
Proton transfer, in cytosine
geometrical parameters, 173-175
tautomeric stabilities, 175-179
tautomers, 171173
water-assisted transfer kinetics, 179-181
PW, see Perdew~Wang exchange functional
1-Pyrroline-1-oxide, reaction with
acrylonitrile, 153

Q

Quantum-chemical flashback, hybridization,
20-21

Quinone, PA-ET, in photosynthetic RCs,
315-319

R

R12 method, and basis size, convergence,
199-202
Radial variables, and angular variables,
orbital angular momentum, 343-344
RC, see Reaction centers
Reaction centers, photosynthetic, PA-ET,
301-302, 315-319
Reaction dynamics, hyperspherical
coordinates
adiabatic and diabatic representations,
344-346
hyperangular momentum, 350-354
orbital angular momentum, 343-344
potential energy surface mapping,
355-359
three-body problem, 347-349
Reactivity index, analysis with chemical
hardness, 96--98
Reduced density matrix, in EPR paradox,
370-373
Reduced multireference methods, CCSD,
ALCC, 234-236
n-Representability problem, 2-particle
density matrix, 192-193

Restricted Hartree—Fock model
DODS, 254-255
single Slater determinant, 254
RHF, see Restricted Hartree—Fock model
Rhodopseudomonas sphaeroides, RCs, PA-
ET, 301-302, 315-319
Root mean square deviation, in contracted
GTO, 36
Rotational angular momentum,
hyperspherical coordinates for reaction
dynamics, 347-349

S

S4 model, application of AL RMR CCSD,
242-245
Scandium cation, as molecular model,
272-273
SCF, see Self-consistent field
Schrédinger equation, in full CI, 190-192
SDCI calculations, ground-state atoms and
ions, 31-33
Second-order many-body perturbation
approaches, as DF, 51-52
Self-consistent field
calculations, solute—solvent interaction,
132-139
KS theory, 49--50
solvation model, 125-129
Singlet excited states
cyclobutanone, application of HPHEF,
266-267
3-cyclopenten-1-one, application of
HPHF, 267
Singlet ground state, HPHF function
applications, 261-262
Brillouin theorem, 257-258
HPHF equations, 258-260
pairing theorem, 258
Slater determinant, single, in RHF, 254
Slater—Kohn-Sham-type methods, for
electron correlation, 210-212
Slater orbitals
ground-state atoms and ions, 31-33
valence state theory, 3-4
Sodium, ion affinity for glycine and
cytosine, 113
Solute—solvent interaction, in SCF
calculations, 132-139
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Solvatochromism, merocyanine M2 and M3,

139-146
Solvent effects
models, 123
nitrone reaction with acrylonitrile,
157-158
solute interaction, in SCF, 132-139
Spin correlation, in EPR paradox, 370-373
Spin density, in DF for hydrogen, 374-375
Spinorbitals
in PHF, 255
UHF, 254-255
Sulfine
attach sites, 103-104
Fukui index, 104
PA, 108-109
Symmetric parameterization, in
hyperspherical mapping, 358-359
System density matrix, in EPR paradox,
368-370

T

Tautomers, cytosine
proton transfer, 171-173
stabilities, 175-179
Thermochemistry, in DFT, 98-99
Three-body problem, hyperspherical
coordinates for reaction dynamics,
347-349
Time, evolution, molecules with charge
transfer excitations, 294-298
Transformation, unitary, hybrid orbitals, 8
Transition metal complexes
cyanide and isocyanide
charge distribution, 278-279
as molecular models, 272-273
multireference second-order
perturbation methods, 273-275
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T

INDEX

structure, 275-278
MCN* MNC+, 272-273
Transition operator, in EPR paradox, 369
Transition-state structures
nitrone reaction with acrylonitrile, 155
nitronic ester endo—exo selectivity,
159-160
Triphenil-methane dyes, charge transfer
processes, 286
TS, see Transition-state structures

U

UHF, see Unrestricted Hartree—Fock model
Unrestricted Hartree—Fock model, spin
orbitals, 254-255

Vv

Valence-bond treatment, H, molecule, 2-3
Valence-region energy, equations, 30-31
Valence state theory, atomic orbitals, 3-4
Van der Waals interactions, in ACM, 62-64
Vosko—Wilk-Nuisar parameterization

in ACM, 58

DF, 55
VWN parameterization, see Vosko—Wilk—

Nuisar parameterization

w

Water
DZ model, 245-246
PA-ET, peptide bridge effect, 307-312
role in cytosine proton transfer, 179-181
Wigner’s rotation matrix, in hyperangular
momentum, 352



